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Preface

Let us take a moment to examine the matrix representation of the following
linear transformation from ¢? — ¢? (defined later),

One can see that this matrix is unitary and has eigenvalues {1, —i,—1,},
each of infinite multiplicity.

Throughout the remainder of this thesis, we will convince the reader
that the above linear transformation is actually the Fourier transform. We
will compute the commutant, as well as its invariant subspaces. The key to
do this relies on the Hermite polynomials.

Why do we recast the Fourier transform from its well-known and well-
studied integral form to the matrix form shown above? As we will see,
the matrix form allows us to efficiently discover the operator theory of the
Fourier transform obfuscated behind an integral that is difficult to com-
pute.

In the Chapter 1, we establish some basic notation about Hilbert spaces
and introduce the two Hilbert spaces central to the ideas developped in
this thesis, L?(R) and /2. We then define the Hermite polynomials and the
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ii Preface

Hermite functions in Chapter 2, which we will show form a convenient or-
thonormal basis for L?(R). The Hermite polynomials are further employed
in Chapter 3, where we establish the Fourier-Plancherel transform F on
L%(R). A central step in this is to compute the eigenbasis of the Fourier
transform, which we show is the set of Hermite functions. After establish-
ing the Fourier transform, we further characterize it in Chapter 4 by defin-
ing the set { ¥}/, which contains all bounded linear operators on L?(R) that
commute with 7. We continue this characterization in Chapter 5 by defin-
ing v/F, the set of bounded linear operators on L?(R) that are square roots
of F. Finally, we conclude our analysis of F in Chapter 6 by describing all
of the invariant subspaces of the Fourier transform.



Chapter 1

Preliminaries

1.1. Notation

First, we establish our basic notation.

0 L2 (R o p.2
O p-2
L p-2
e C={a+bi:a,beR} ... p- 4
e 3(H) bounded operators on a Hilbert space H ............... p-4
o N = {1, 2, o p-7
0 Ny = £0,1,2, oot p.7
e H,, the nth Hermite polynomial ............................. p-7
e h, the nth normalized Hermite function ..................... p-9
o S={p(@)e ™ px) €Clz]} ..o iiii p.-9
e F the Fourier transform ....................... ... ... p- 19
o {F} thecommutantof F ...... ..., p- 31
o My, xn the set of complex valued matrices of sizem xn ..... p- 32
e V/F the set of square roots of F ........cc.vveiiinniieannnn.. p- 53

1.2. Basic Definitions

In this chapter we will introduce important concepts used throughout this
thesis. We will not go into technical details and refer the reader to the texts
[13, 14]. We begin with the very important definition of a Hilbert space.

1



2 1. Preliminaries

Definition 1.2.1. A Hilbert space H is a vector space over the complex num-
bers that is endowed with an inner product (-, ) such that H is complete
with respect to the norm || - || = 1/(:, -) induced by this inner product.

Here complete means Cauchy complete in that if (x,),>1 is a Cauchy
sequence in H, then there is a vector x € H such that
lIx, — x| — 0.

All of the Hilbert spaces in this thesis will be separable, meaning they have
a countable dense set.

Three results used many times in this thesis without much fanfare are
the following.

Theorem 1.2.2 (Cauchy-Schwarz Inequality). If x,y are vectors in a Hilbert
space, then

[ )< X[l
Theorem 1.2.3 (Triangle Inequality). If x,y are vectors in a Hilbert space, then
I +yll < [l + llyll

Theorem 1.2.4 (Polarization Identity). If x, y are vectors in a Hilbert space,
then

1 : ,
(x,y) = Z(HXerll2 —llx =y +illx +y)? = illx = y[*)

The two Hilbert spaces discussed in this thesis are L?(R) and ¢* . The
first, L?(R), is the space of complex valued Lebesgue measurable functions
on R such that

/ |f(2)])?dx < oco.
R

The inner product in this space is

(f.g) = /IR F@)g(@)dz.

An alert reader might have some reservation about the convergence of the
integral on the right. However, an application of the Cauchy-Schwarz in-
equality says that this inner product is well-defined. The corresponding
norm on L?(R) is

171 = VT = ([ 15@ra)”

One can argue that L?(R) is a vector space and a technical detail called the
Riesz-Fischer theorem will show that it is complete, and hence a Hilbert
space. It is also separable.
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The second Hilbert space discussed in this thesis, ¢2, is the set of all
complex sequences a = (ay)n>0 such that

Z lan|? < oco.
n=0
Here the inner product is
<a7 b> = Z anaa a = (an)n207 b = (bn)n>0-
n=0

Again, there is some reservation about the convergence of the infinite sum
on the right, which is resolved by the Cauchy-Schwarz inequality. The cor-
responding norm is

[N

Jall = Voa) = (Y lael?)
n=0

This space is also separable.

One might wonder why we are indexing our sequences (a,)n>o start-
ing at zero instead of one (which would be more natural). As we will see
in the next chapter, we will be writing every function f € L?(R) as an infi-
nite linear combination of (h,),>0, the Hermite basis for L?(R), where the
indexing naturally starts at zero (and not one).

With any separable Hilbert space H comes an orthonormal basis.

Definition 1.2.5. An orthonormal basis for a separable Hilbert space H is a
sequence of vectors (X, )n>0 in H such that

( - 1 ifm=n
XnyXm) = Omn = .
’ 0 ifm=#n

and if x € H and (x,x,) = 0 for all n, then x = 0.

The first condition in the above definition says that the vectors x,, are
pairwise orthogonal and have norm one, while the second condition says
that the linear span of the vectors x,, is dense in H. A separable Hilbert
space always has an orthonormal basis. With an orthonormal basis (x,)r>0,
a theorem of Parseval gives that any x € H can be written uniquely as

[e.9]

X = Z(x, X)X

n=0



4 1. Preliminaries

In the above, the convergence of the infinite sum of vectors is understood
in the norm of H. By this we mean

N
lim Hx—Z(x,xn>xn =0.

N—oo

n=0

From here, it follows that
x> =[x, xa) .
n=0

For the Hilbert space ¢2, an obvious orthonormal basis is (e;, )0, where
€n = (070707"' ,0,1,0,0,"')

such that the 1 appears in the nth slot. For the Hilbert space L?(R), an or-
thonormal basis is less clear. This thesis will use the Hermite basis (hy,)n>0,
which we will develop in the next chapter.

A linear transformation 7" on a Hilbert space H is said to be bounded if
there is a Cr > 0 such that

ITx|| < Cr|lx|| Vx € H.

The optimal constant Cr (the smallest Cr for which ||Tx|| < Cr|x|| for all
x € ‘H) will be called the norm of T' and will be denoted by ||7'||. If # = C",
the norm of a linear transformation 7 is the largest singular value of the
matrix representation of 7. The set of all bounded linear transformations
(called bounded operators) will be denoted by B(H). With any bounded op-
erator 7' comes an adjoint 7* € B() which satisfies

(Tx,y) = (x,T"y) Vx,y € H.

When H = C”, the adjoint is the usual conjugate transpose of the matrix
representation of 7. One can show that B(#) is closed under addition and
scalar multiplication, as well as operator composition.

A skeptical reader may wonder why we are focusing our attention on
bounded linear operators and not all linear operators on a Hilbert space.
The reason comes from adjoints, which will be used at various points in this
thesis. Without the assumption of a linear transformation being bounded,
the adjoint becomes difficult, and sometimes impossible, to define. In ad-
dition, we will often prove facts about a linear transformation by first ver-
ifying it on a dense set and then extending the result to the entire Hilbert
space. This process only works when the linear transformation is bounded.

AT € B(H) is isometric if
|1Tx| = ||x|]| Vxe€H.
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Notice that by the Polarization Identity, the above condition is equivalent
to

(Tx,Ty) = (x,y) Vx,y € H.
AT € B(H) is unitary if it is isometric and onto. Notice that 7" is unitary if
and only if 77 =TT = I.






Chapter 2

The Hermite Basis

It is a well known fact that L?(R) is a separable Hilbert space. What is less
known is a useful orthonormal basis. In this chapter we will develop the
Hermite basis, which will drive the rest of this thesis. Some of the treatment
below of the Hermite functions comes from Hsu [8].

2.1. The Hermite Functions

Definition 2.1.1. For n € Ny, the nth Hermite function is defined to be

() (2)e

We will use the notation N := {1,2,3,...} and Ny := N U {0}. This next
result helps us relate the Hermite functions with the well-known Hermite
polynomials.

Theorem 2.1.2. The nth Hermite function satisfies
.F]n(a:)ffmﬁ7

where H,,(x) is a polynomial of degree n.

() ()

be the nth Hermite function. By the Leibnitz formula for the nth derivative

of the product of two functions, (- ) e~27%* will produce some polynomial

in z, call it p(z), multiplied by the exponential e

Proof. Let

—2ma?

. To obtain the degree

7



8 2. The Hermite Basis

condition on p(z), we will use induction. For the base case, observe that
when n = 0 we have
0
(d) 672#362 — 67271':02’
dx

so that p(x) = 1 with degree 0. Suppose

d\"* 2 2
<dx) e—27rx :p(x)e_2”

for some k > 0 where p(z) is a polynomial of degree k. Observe that
d r —2mx? —2ma? / —2mx?
e e = —4dmxp(x)e +p'(z)e .

Note that p(z) will now have degree k — 1. Then —47wap(z) has degree k+ 1
and thus we can conclude by induction that p(x) is a polynomial of degree
n for all n € Ny.

We now have

((—nl!)n>em2 <(Zc)ne—2m2 _ ((—nl!)n>em2p($)e—2m2 _ <(_nl!)n)p(x)e_” .

Define

n!
Then H,(x) is a polynomial of degree n. O

The functions H, (x) are called the Hermite polynomials. The first 6 Her-
mite polynomials are given below.

Hy(z) =1 Hs(z) = (64m32° — 48n2x)
H(z) = 4nzx Hy(z) = (2567 2" — 384732 + 4872)
1

Hy(z) = 5(16m22% — 4mr)  Hs(z) = (10247525 — 25607123 + 960732)

ot

This is a well-known class of polynomials that appear as the eigenstates
of the quantum harmonic oscillator, in combinatorics as an example of an
Appell sequence, and in signal processing as Hermitian wavelets. An im-
portant consequence of defining the Hermite polynomials is demonstrated
below.

Proposition 2.1.3. For the Hermite polynomials (Hy,) x>0,

span{Hy, Hy, Hs, ..., H,} = span{1,x,2* ... 2"} forall n € Ny.
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Proof. Recall that H,, is a polynomial of degree n. Let

n
pla) =) cpa®
k=0

be a polynomial of degree n. We will proceed by induction. In the case
where n = 0, p(x) = ¢ for some ¢ € C. Note that Hy = 1. Then p(z) = cHy
and span{1} = span{Ho}. Suppose
span{l,x,xQ, e ,xk} = span{Hy, Hy, Hy, ..., H,}
for some k > 0. Then
Hyp1 = cea2™ + q()

for ¢;+1 # 0 where ¢(z) is a polynomial of degree less than k£ + 1 such that
q(z) € span{Hy, H1, Hy, ..., H;} by assumption. We then have that

1 1
xk+1 _ H 1 —

k+ q(z).
Ck+1 Ck+1

Thus,
o € span{Hy, Hy, Ha, ..., Hi11}

and we conclude by induction that the assumption is true foralln > 0. O
We need to know the value of
e ™ = ([ Hala)e ™ i)
R

in order to normalize this function. This is done with the following.

1/2

Theorem 2.1.4. (H,e™ ™" H,e ™) = (\%2; forall n € No.

The proof of this theorem makes use of the orthogonality of the Hermite
functions, which we have yet to show. We will delay this proof until this
property is established.

Definition 2.1.5. The normalized Hermite functions h,,(z) are defined to be

14/l
hM@:<2¢v

—7TZL'2
(am) 2 >Hne for n € Ny.

We will now show that (h,, h,,) = 0 for m # n; in other words, that
the Hermite functions are orthogonal in the inner product of L?(R). To
show this, we will define a useful operator. Let C[x] denote the set of all
polynomials with complex coefficients.

Definition 2.1.6. Let S be the vector space of functions of the form

S = {p(x)e™™" : p(x) € Cla]}.
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Routine integral estimates will show that S C L*(R). The following
theorem of M. Riesz [12] (see also [1, Ch. 2]) plays an important role later
on.

Theorem 2.1.7 (M. Riesz). S is dense in L?(R).

Proof. The proof of this result is very technical and beyond the scope of
this thesis, so we will only give a brief outline.

First, it suffices to show that the polynomials are dense in L?(wdz),

—2mx?

where w(zx) = e . To prove this, we must first show that the set

N

(2.1.8) > - ff'a'
J

J=1

for ¢; € Cand a; ¢ Ris dense in L?(wdz). By basic orthogonality of Hilbert
spaces, it suffices to show that if g € L?(wdx) and

/OO 9() w(z)dx =0

O

for all z ¢ R, then g = 0. One can verify this fact by the Poisson Inte-
gral Formula, a Theorem of Fatou [5] (see also [7, p. 34]), and the solu-
tion of the Dirichlet problem. Next, use the Gram Schmidt method on the

set {1,z, 22, ...} with respect to L?(wdx) to produce an orthonormal set of
polynorruals {pg,pl,pg, ...}. Fix z ¢ Rand let
1

Qn = <E7pn>L2(wdx)'

One can verify that Parseval’s theorem holds for this z, i.e.,

> e | 2
Z lan)? = / 2672” dzx.

This is a significant part of Riesz’s technique and though it has the name
Parseval’s theorem, it is not quite Parseval’s theorem. Finally, it follows by
orthogonality that

oo

2
§ : —2mx? _ —27r:c § : 2
/ ‘x—z_ ,pn b dx_/—oo |95—2‘2 =2 lenl”

Now, let N — oo to see that - can be approximated by a sequence of
polynomials. From here, it follows that any function of the form (2.1.8) can
be approximated by a sequence of polynomials. O

Definition 2.1.9. Define the linear transformation K : S —+ S by
d*f

da?

K[(x) = —25(2) + 4n°a> (@),
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We will now show that the Hermite functions are eigenfunctions of this
linear transformation. To establish this, we need a few identities.

Lemma 2.1.10. Define h_1(x) := 0. Then for n € Ny, the Hermite functions
satisfy the following identities:

(i) <7 — 27rx>h =hl, = 2nxh, = —(n+ Dhys

(ii) ( + 27736) hyn = hl, + 2nzhy, = 47hy,_q

Proof. We will first prove (7). Recall

—-1)"» od _ 2
hn($> — n( n') efrx % 2mx
where o0,, = 2( /)*n/; is the normalizing constant. Then
—1)" d\" _ —1)" d\"
hIn(SC) — 27T‘T0'n( n') emUQ <d$) e 2 x? +Un( n') eﬂxg <dx> e 22

(=)t o d N\,
wxhy(z) — (n+ 1)o (n+1)!e T e

= 2nxhy(x) — (n 4+ 1)hpt1(x).
Thus,
hl (z) — 2rzhy(x) = —(n + 1) hpe(2).

We will now prove (iz). To begin, define h_;(z) := 0. Next we establish
the following identity,

d\" 2 d " 2 d\"* 2
4 el —2mx*y _ [ 2 —2mxey\ 4 el —2mx )
7r:c<dx> (e ) (daz) (e ) ﬂn(dx> (e )

We can show that this holds for n = 1 as follows,

o)) - (1) ) s

Corm2 d o2 o 2
Arx(—Anz)e” 2™ = —d—(—47m‘e T _ Yre 2
x
_ _ _ _ 2
—1671'2 2 272 — 4re 272 1671'2 2 272 — 4rre 2mx
— _ 2
—167T2x26 22 — —1671'21’26 2w

We will prove this identity holds for n > 1 by induction. Suppose

o= (3) e 2) e
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for some k > 1. Taking the derivative with respect to  on both sides of the
previous line shows that

a\* N
47T<da:> (e )+47m(d3:> (e )

() e () (e,

Combining these two equations and grouping like terms gives

Az <CZE> kH(e—?mQ )=— <;;> k+2(e—2m2) —dr(k+1) (;i) k(e—W).

We conclude by induction that the identity is true for alln > 1.

_1)n 2 .
%e” and rearranging terms

is equal to

Multiplying each side of this identity by

yields that
_1\n n _1\n n+1
(2111) 47T.’E( 1') e7rz2 <dd> e—27rac2 + ( 1') 67'(]32 <dd> e—?ﬂa}2
n. X n. X
is equal to

(—l)n_l 2 d n—l o2
4 s [ M L
4 (n—1)! ¢ dx °

Note that the right hand side of the above equation is equal to 47 H,,_1e~
Additionally, we have that

d [ (=1)" _ofd\" o2
P [ 2mx
fin = dx <Un nl € (dm) ‘ >

+1
e (_1)11 e7r:l:2 i ne—27ra:2 + o, (_1)n emcz i ! 6_27“62,
n! dx n! dx

71'2?2

Adding 2mzh, gives

_]_ n d n _1 n d n+1
h/n + 27T$hn — 47rx0n( ) eﬂ’xQ < > 6727rx2 + O'n( ) eﬂ-x? < ) 6727“)32'

n! dx n! dz

Then, normalizing the functions in equation (2.1.11), we have
h;b + 2nxh, = 47h,_1

as desired. O

We are now ready to present the following theorem which identifies
each Hermite function h,, as an eigenfunction of K.

Theorem 2.1.12. For n € No, Kh,, = 47(n + 5)h,.
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Proof. To begin, observe that

(;lx + 27rx> (CZC _ 2m> ( + 2m> (f' — 272f)

di(f —2nxf) 4 2naf — Anlatf

= f" —2maf —2nf 4+ 2nxf — dwiatf
= f" —2nf —4n’2?f.

Now,
d
d + 21z | — —2mx | f —2nf = —f" + 20 f + An22f — 20 f
dx dx

= —f" 4+ Awz?f
= K(f).
Apply this to the Hermite functions h,, to obtain

d d
K(h,) = — <dx + 27736) <da: — 27mc) hy — 2mhy,

d
=— (dm + 27rx) (—=(n+1)hpt1) — 27hy,

=d4n(n+ 1)hy, — 27hy,
= 4mnh, + 27h,

1
=4 —
7r<n+ 2)

Thus, the Hermite functions are eigenfunctions of K with corresponding
eigenvalues 47 (n + 3). O

Theorem 2.1.12 shows that the Hermite functions are eigenfunctions of
a linear transformation, each from a distinct eigenspace. To finally prove
that they are orthogonal functions, all that is left to show is that K is Her-
mitian on S.

Theorem 2.1.13. For f,g € S, (K f,g) = (f, Kg).

Proof. Observe that
(Kf.9) = [ (@) + 402 (@)oo

/ " (x)g(x)dx + /OO A’ f(2)g(x)d.

—00

Then we must show that we can pass d‘fz to g(z) in the first integral. We

will use integration by parts. Let u = g(z), du = ¢'(z)dz, dv = f"(x)dx
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and v = f’(z). Then
/ 1"(@)g(@)dz = 9(z) / f(
- / ) f’<x>g'<x>dw

Note that because f,g € S, we have f(—oc0) = f(o0) = 0 and the same for
g 50 that g(z) f' ()|, = 0.

Performing integration by parts once more yields

/ fl/ dflf — / f
Then we have

(Kf,g) / f(x)g" (z)dx + / 4l f(2)g(x)da

/ f(x)(g"(z) + 4m2x2g(z))dx
= (f,Kg)
and thus K is Hermitian. O

This yields the following orthogonality relation.
Corollary 2.1.14. For all m,n € No with m # n,
<hna hm> =0

Proof. Let ¢, = 4m(n + 3). Then for n # m,
cn(hny him) = (cnhn, hin)
= (Khp, hum)
= <hn,Kh )
= (hn, Cmhim)
=cn <hn,h ).

Since ¢, # ¢y, it must be the case that (hy,, hy,) = 0. O

The last step in showing that the Hermite functions form an orthonor-
mal basis is to show they are complete. This is done with the following.

Proposition 2.1.15. Suppose f € L*(R) satisfies (f, h,) = 0 for all Hermite
functions (hy)n>0. Then f = 0.
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Proof. Since Sis dense in L?(R), it is enough to prove that when (f, h,,) = 0
foralln € Ny, (f,s) =0foralls € S.

Suppose f € L?(R) satisfies (f, h,,) = 0 for all n € Ny. By Proposition
2.1.3, we can take linear combinations of Hermite polynomials to produce
any z* for k > 0so that coHo+c1 Hi+- - -+ Hy, = x¥. Then (f, ahe=m*) = 0.

Then for any polynomial of degree N where p(z) = YN a,2",

(f,p(@)e™ ™) = (f, (a0 + @12 + - + ayz™)e™™)

N
= Z an<f, xnefﬂ'12>
n=0
—0. O

In the next chapter we will show that, in fact, the Hermite functions
form an eigenbasis for the Fourier-Plancherel transform.

We now return to the proof of the normalizing constant for the Hermite
functions delayed in this section.

Proof of Theorem 2.1.4. We will begin by showing that for the Hermite
polynomial H,, of degree n, the leading coefficient is @‘nﬂ. One already

saw this for the first few Hermite polynomials shown earlier in this chap-
ter. We will proceed by induction. For the case where n = 0, observe

0
floe—mc2 — ((_01')0)677x2 (Cld) e—27ra?2 — 6—71'372’
: T

(4&)0 = 1. Suppose

—mx? _ <_1)k w2 d * —2mx? _ _—ma? (47T)k k
Hye —( I )e (dm)e =e k!x+

for all k > 0. Taking a derivative with respect to x of the above equation

gives
(71)k w2 d g —2ma? (71)k T2 d FH —2ma?
2w < )€ i) € + o )e I e

is equal to

k k
—ompe ™ (M;):ck +-- ) 4 (M;r')kxkl +--- >

and thus the leading coefficient of Hy is

Note that the second term on the right hand side of the above equation
includes only lower order terms of = and will thus be omitted from the fol-
lowing computations since we are only interested in the leading coefficient
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of H,,. Multiplying the above by k‘—+11 and combining terms gives

k k
—2mx (_1)k 671':02 i 6—271'932 + (_1)k+1 671':02 i +le—2ﬂ'as2
E+1\ K dx (k+1)! dx

is equal to
gk k+1
9T R+l
e <(k: T 1)!:5 + +

Then by Theorem 2.1.2, this is equivalent to

4kﬂ.k+1
(k+1)!

—2nx
k+1

By the induction hypothesis,

k
erfﬂxQ — 6771'.’172 <(4;[") .Tk 4. >

Hype ™ + Hk+1e_”2 = 2¢™ T ( AR ) + e

so that

—2mx —mz? (47T)k k —mx?
E+1° ( gt ) e

is equal to

4kﬂ.k+1
9T k1
e ((k+1)!x + +

Combining terms, we have

4k k41
_2677“1:2 ( m xk+1 + .. > + Hk+1677rx2

(k+1)!
is equal to
o [ ARkt X
¢~ +1 cen
e < i 1)!90 + ) +
Thus,
—mz? —mx? (47T)k+1 k+1
Hirie ™ = <(k+1)!x T )
We can conclude by induction that the leading coefficient of H,, is % for
all n > 0. Define
N
n!

We will now show
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By the orthogonality of the Hermite functions, for k < n we have

k
<e*”2 Z c;Hj, Hne*”2> =0
§=0

forc; € C. Let H,, = ap2™ + 12" "+ +a by Proposition 2.1.3. Then
<Hne_”2,Hne_”2> = <anm"e_m2 + an_lan'"_le_”2 4. ,Hne_m2>

= an<x”e_”2, e_MQHn)

00 —1)* d n
=a, / $n6_7m2 ( ') e7ra72 <d) 6_27m2d$
— 00 n. €T

— an(=1)" [ [ d " —27x?
= /_Oosc <daj> e dz.

We will proceed by integration by parts. Let u = 2", du = nz" 'dz, v =
(Lyn—1le=2m2* and dv = (L)"e~2"*"dz. Then

_1\n o] n
(Ln( 1) / " i 6_27TIQ dr
n! oo dx
is equal to

an(_l)n n d o —omz?|* an(_l)n > n—1 d o —2ma?

Note that the first term on the right hand side of this equation is an element
of § and will thus go to 0. Then

an(—=1)" [ d\" 5 .2 —an(—1)" /OO AN e
Yn\— ) nf % T gy — N n s T
n! /oox (dw) ¢ v (n—1)! 70033 dx ‘ v
Applying integration by parts n more times will give
an(_l) / " i 6727rx2dx _ an/ 6727r22d:C
n! oo dz oo

= an/ e (V20 g

—0o0

Using u-substitution, let u = v/2x and du = v/2. Then

o) o0
an/ e—ﬂ(ﬂ$)2dx — an\}ﬁ/ 6—7ru2du

an

V2

by Proposition 3.1.1 (i) (we prove this proposition in the following chapter)
and the theorem follows. O






Chapter 3

The Fourier-Plancherel
Transform

3.1. An alternate definition of the Fourier-Plancherel transform

Most people define the Fourier-Plancherel transform on L?(R) via the in-
tegral formula

(Fh)() = / 7 f)e e,

However, there are technical difficulties with convergence of the integral
since, for particular f € L?(R), the integral may not converge for all values
of t. Some people get around this issue by understanding the integral in
the Fourier transform as a limit in the mean, i.e.,

N
lim H]—"f —/ f(x)e*%mda:” =0,
N—o00 —-N
where the norm above is the L?(R) norm, and use the notation
) o
L. m./ f(z)e ™ dg.
—0o0
To avoid these difficulties, and to avoid the integral representation of the

Fourier transform altogether, we will define the Fourier transform via the
Hermite basis (hy,)n>0 discussed in the previous chapter. Recall that

S = {p(a)e™™" : p(x) € Cla]}
is a dense subset of L?(R) by Theorem 2.1.7.
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For f € S, define
(FH(t) = / f(x)e 2Tty

Note that there is no issue of convergence in this integral since f € S
rapidly decays to zero near infinity. We now wish to show that 7 : § — S.
To do this, we first present a few integral identities.

Proposition 3.1.1. The following identities are true:

(i) / e e = 1

—00

o0
(i) / e ™ e gy — =™ forallt € R
—0o0

Proof. We begin by proving (i). Observe that

/ e~ dt = \// e‘”tht/ e~ ds
— \// / e~ (5 +) dtds
[e'e) 2T
= / / e~ rdfdr
o Jo

o
=27 / e~ rdr
0

after conversion to polar coordinates. Using u-substitution, let u = —7r?

and du = —27rdr. Then

0 1 0
V2T / e~ rdr = \/2m or / etdu
0 T

—00

We will now prove (ii). Using integration by parts, let u = e~™" and
dv = ™2™t 5o that

00 —2mixt
2 _9ri _-.2€
/ e T QmItdx e~ T

NS —2mit
_1 [

= - e
it

00
2r [ 2 o
o : re T e 27rzxtd$
2mit

—0o0

—00
—mx? —Qﬂixtdx

—0o0
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Let us examine —7z? — 2mizt. Completing the square yields
—ma? — 2mixt = —m(x? + 2ixt)
= —m(x? + 2ixt — t* + %)
= —n((x +it)? +t2).

We then have
-1 /> —rx?—2mizt -1 [> —m(x+it)?  —mt?
— Te dr = — Te e dx
it J_oo it J_
—mt? e’}
—e 7 _ N2
= - / e~ T@tit)® g
it oo

Using u-substitution, let u = = + it and du = dx. Then

_ 7t 00 . _ 7t o]
e.t / ze " gy = e‘t / (u — it)e ™ du
i i

—00 —00

_efﬂtQ 0o 00
— . </ ue_MQdu—/ Z'te_MQdu>
Zt —Oo — 0o

_6771'2‘52 )
= (i)
— e—ﬂtZ

invoking property (i). Note that

/ we" ™ du = 0

since the integrand is an odd function.

Proposition 3.1.2. If f € S, then Ff € S.

Proof. Let f € S. Then f(z) = p(x)e ™", where p(z) is a polynomial of
degree N. The Fourier transform of f will then depend on how F acts on
"¢~ ™ for all n < N. We will proceed with a proof by induction. For

n = 0, we have
[e.9]
/ e*ﬂx26727rixtdx — ef7rt2
—0o0
invoking Proposition 3.1.1 (4i), which is in S. Suppose
o0 5 )
/ .,L,k:e—ﬂx e—27r7,ztdx cS
—o0
for some k£ > 0. Taking a derivative with respect to ¢ gives
d > k, —mx? —2mixt > k —mx? - —2mixt
x"e e dr = x"e (—2mix)e dx

dt J o

—00
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o

_ . k+1 —mx?  —2mixt

= —271'2/ " e e dx,
—00

which must be in S, as any derivative of an element in S is also in S by
Definition 2.1.6. Then F(z"e ™") € S for all n < N and thus Ff € S for
all f € S. O

Then if f = p(z)e~ ™" where p(z) is a polynomial of degree NN, use the
orthogonality of (hy,)n>0 to see that

N
f= {f hn)hn
n=0

(note that (f, hy,) = 0 for all m > N + 1). In Section 3.2, we will show that
Fhy, = (—i)"hy,. Assuming this, we see that

N
IFFI =D [(f )P = (£
n=0

Thus F is isometric on S. The polarization identity yields

(Ff, Fg)={[.9)
forall f,g € S.
Consider the linear transformation G : S — S defined by
N N

n=0 n=0
Then
N N
GF(D _{fohadhn) = G(Y_{f: ) (i) )
n=0 Nn—O
= 3 U b (i)
n=0
N
= Z(f: hn>hn'
n=0
Additionally,
N N
FGY (fha)hn) = FOQ (S, ha)i"ha)
n=0 n=0
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N

= {f, hn)hn.

n=0
ThusG = F 'onS.

We now want to know how G acts on any given basis element h,,, as all
f € S can be written as linear combinations of these basis elements. We
claim that

(Ghn)(t) = /_ (@)X

To show this, we will use u-substitution. Let u = —z and du = —dz. Then
/ B (—u)e 2™ dy = (—1)" / B (1) e ™2™t dyy
= (=1)"(=4)"hn(t)
= i"hy(t)

Note the identity h,(—z) = (—1)"hy(z) is used in the above computation.
To see this, let o, be the normalizing constant for a given h,, so that

L I

Then via the chain rule, we have

d i dz
d(—z)  dxd(—x)
d
= (1)
Thus
(_1)71 T2 d " —27rx? (_1)71 T2 d " —27rx?
n - n — 1
T d(—x) T da:( )
_ n (_1)n w2 d " —27x?
= (—1) Onp, I (& %
= (=1)"hn(2)
We then have
GO = [ f@yems
forall f €S
We now have one crucial fact to show. Observe

N

N M M

n=0
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M
Zan hnah >

m=0

I
M=

S
I
o

—z)"E

I
WE
£

3
I
o

[
Dgz

n(4)"y,

i
o

M
> an (@) b (i, )

m=0

Z anhn, )by )

mO

= <Z anhn, g(z byham))
n=0 m=0

Then 7* = G on §. What we have accomplished in this section is the first
definition of the Fourier transform we will consider. Additionally, we have
shown that it is unitary and defined its inverse.

Here is how we extend F to all of L(R). If f € L?(R),

I
z ‘iMZ

N

fN = Z<f’ hn>hn
n=0
and
M
fM = Z<f’ hn>hn
n=0

for N > M, then
|Ffv = Ffull = I1F(fn = fao)ll

N
= > [ k)P =0
n=M

Then (F fn) is a Cauchy sequence and thus F fx converges to some func-
tion we will denote by F f. By this we mean

IFfn = Ffl = 0.

Then
N N

FO ) =3 ) (=) .

n=0 n=0
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One can show that Ff + Fg = F(f + ¢g) and F(af) = aF(f) for all
a € Cand f € L*(R).
3.2. Eigenbasis

We will now show that the Hermite functions (A, ),>0 form an eigenbasis
for F. As with Chapter 2, some of the computations from this chapter come
from Hsu [8].

Theorem 3.2.1. For eachn € Ny, Fhy, = (—1)"hy,.

To prove Theorem 3.2.1, we must first present some identities involving
the Fourier transform.

Lemma 3.2.2. For f € S, the following identities are true:

@) (Ff)(t) = @mit)(F 1)),
(it) (F(=2miz)f)(t) = (Ff)(2).

Proof. Let f € S. We will begin with the proof of part (7). Recall that

_ / f/ (m)e’2mxtdx.

We will proceed with integration by parts. Let u = e 27, y = f(x), du =
—2mite~ 2™ dy and dv = f'(z)dx. Then

/ f 727rz:vtd$ —e 27rzztf / f 27T7,7f 27ri:ptdx

= (2mit) / f(:c)e*%ixtdx

= (2mit)(F f)(t).
Note that f € S,and so f(—o0) = f(c0) = 0. Thus (Ff')(t) = (2mit)(F f)(¢).
We will now prove part (ii). Observe

(F(—2mit) f)(t) = / T orinf()e 2y

/ f —27rz:ctd
— dt/_oo f(m)e—%ria:tdx
= (Ff)(t)

Thus (F(—2miz) f)(t) = (FF)(t) O

For the use of Lemma 3.2.2 for f € L?(R), refer to Theorem 2.1.7. We
are now ready to prove Theorem 3.2.1.
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Proof of Theorem 3.2.1. Recall the identity
hl (z) — 2rzhy(x) = —(n+ 1) hpi1 ()

from Lemma 2.1.10 (7). Taking the Fourier transform of this identity gives
1
F(hl (z)) + g]‘“(-?ﬂ'ixhn(x)) = —(n+1)F(hn(z))

orin(Fhn)(z) + %(}'hn)’(m) (1) (Fhot) (@)
(FhaY () — 2702(Fho) (@) = —(n + 1)i(Fhns1)(x)
i Fh) () — 272 (Fho) () = — (1 + 1) (Fhos) (@)

by Lemma 3.2.2. We will proceed by induction to show (hy,),>0 are eigen-
functions of F. In the case where n = 0, we have ho(z) = e~™ and

(Fho)(t) = / e e g — ¢~

—00

Then hq(x) = i°(Fho)(z). Let k > 0 and suppose hy(z) = i*(Fhy)(z). Then
from the computation above, we have

i (Fh) (@) = 2m2i® (Fhy) (@) = =k + 1) (Fhig) ()
Wy, (x) — 2mahy(z) = —(k + )i (Fhypyr) (2)
—(k + Dhisa (@) = = (b + )i+ (Fhygr) (2)
hiyr () = i (Fhyga) ()
by the induction hypothesis and another application of Lemma 2.1.10. Then
hn(z) = i"(Fhy)(z) foralln > 0. Dividing by i" gives (Fhy,)(x) = (—i)"hy(z).
Thus, the nth Hermite function is an eigenfunction of the Fourier transform
with corresponding eigenvalue (—i)". O
This brings us to the most important theorem of this section.
Theorem 3.2.3. Let F be the Fourier transform considered as a bounded operator
on L2(R). Then (hy,)n>o is an eigenbasis for F.
Proof of Theorem 3.2.3. We have by definition that
span{h, :n >0} =S
and by Theorem 2.1.7, S is dense in L?(R). We have already shown that

(hn)n>0 are eigenfunctions for F, and the theorem follows. O

An immediate result of Theorem 3.2.3 is the following, which will play
an important role later on.

Corollary 3.2.4. F* = 1.
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Proof. Let f € L*(R). To see how F* acts on f, it is enough to learn how
F* acts on basis elements (h,,),>0. Observe

Fhhy = F3((—1)"hy) = F2((=1)*"hyy) = F((—1)*"hn) = (=0)""hyy = hy.

Then F* is the identity operator for all basis elements, and thus F*f = f
for all f € L?(R). Hence, F* = I. a

3.3. Matrix Representation

In this section, we will consider matrix representations of linear operators
on L?(R). As discussed in Chapter 2, the set of all Hermite functions form
an orthonormal basis for L?(R). Then for a bounded linear operator T :
L?(R) — L?(R), we wish to know how T acts on the basis elements h,,.

Let us first consider Thy. We can write this vector as some linear com-
bination of basis vectors, so that

Tho = Z thj
7=0

for some coefficients ¢;. Then via the orthonormality of h;, any one c¢; is
equal to

Cj = <Th0, hj).

Similarly, for
Thy = d;hy,
=0

we have that d; = (T'hi, h;). Continuing to perform this computation for
all basis elements, the matrix representation T of T is

(Tho,ho) (Thi,ho) (Tha,hg)
(Tho,h1) (Thy,h1) (Tha,h1)
(Tho,ha) (Thi,h2) (Tha,ha)

To observe how T acts on some f € L?, we can write f as a linear
combination of basis elements

F = A hi)h;.
=0

J
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Then T'f is given in matrix form by

(Tho,ho) (Thy,ho) (Tha,ho) ...] [(f,ho)
- (Tho,h1) (Thy,hy) (Tha,hy) ...| |{f, k1)
 |(Tho, ko) (Thi,ho) (Tha,ho) ...| |(f,ha)

Then

T(> (f,hi)hy) =D (f,hy)Thy.
=0 =0

J J

Let us compute the matrix representation F of the Fourier transform F.
Using the matrix form of any linear operator on L?(R) as given above, we
have that

(Fho,ho) (Fhi,ho) (Fha,ho) (Fhs,ho)
(Fho,h1) (Fhi,h1) (Fha,h1) (Fhs, h1)
F = [(Fho,h2) (Fhi,ha) (Fha,he) (Fhs,hs)
(Fho,h3) (Fhi,hs) (Fha, hs) (Fhs,hs)
(ho, ho) —i(h1,hg) —{(ha,ho) i(hs,ho)
(ho,h1) —i(h1,h1) —(ha,h1) i(hs,h1)
= |(ho,ho) —i(h1,h2) —(ha,h2) i(hs,ha)
(ho,hs) —i(h1,hs) —(ha,hs) i(hs,hs)

5!
I
o o s} —
o
\
—
o
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so that F is an infinite diagonal matrix. Because the eigenvalue of F for
some hy, is (—i)", this 4 x 4 pattern will repeat itself on the diagonal infin-
itely. Let

1 0 0 o
0 — 0 0
D=
0 0 -1 0
0 0 0 =
Then in block form,
D ;
D
F:
D

omitting zeros. This representation of F as a matrix will be used in later
chapters. We will also see another matrix representation which will be
more useful in discussing various properties of the Fourier transform. We
presented this matrix representation first since it is the most natural one.






Chapter 4

The Commutant

In linear algebra, we have often asked what matrices commute with a given
matrix. We now ask this question for the Fourier transform. In this chapter,
we fully characterize the set of bounded linear operators in the commutant
of F in their matrix representations, considering F as given in Chapter 3.

4.1. Basic Facts

Definition 4.1.1. The commutant of F is defined by
{FY ={T € B(L*(R)) : TF = FT}.
These are the bounded operators on L?(R) that commute with the Fourier

transform. Note that {F}’ is closed under addition and scalar multiplica-
tion. Indeed, for T € {F}' and ¢ € C, we have

F(cT)=¢c(FT)=c(TF)=(cIF
so cT' € {F}'. Additionally, for T, 7" € {F}’, we have
FT+T)=FT+FI'=TF+T'F=T+T)F
so that (T'+ T") € {F}'.

We also have that that {7} is closed under operator composition. For
instance, for S, T € {F}/, we have

STF = SFT = FST

and thus ST € {F}.
Finally, { F}' is closed under adjoints. Indeed, if T € {F}’, then

TF = FT = (TF)* = (FT)*
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= F'T" =T"F"
=T"=FT"F*
=T"F=FT".

Some obvious operators in {F}’ are p(F)q(F*) for p,q € Clz]. A some-
what less obvious one is in the following.

Example 4.1.2. Consider the operator A : L?(R) — L?(R) defined by (Af)(z) =
f(=z). Then

UFN@) =4 [ e

— /OO f(t)ezm”tdt.

Let u = —t and du = —dt. Then

/ f(t)e2m=tqt = / - f(—u)e™ 2@t dy

/ f —27ria:udu

= (FAf)(x).
In the other direction, we have
(FAf)(z) = (=)
/ F(—t)e=2miot gy
(AFf)(x).

Thus A € {F}'.

4.2. Kronecker Product

We now define an important operation for the section that follows, the Kro-
necker product.

Definition 4.2.1. Let A = [a;;]{5_; be an infinite matrix and B € M;xy.
The Kronecker product A ® B is the 1nf1n1te matrix

a;1B a1sB a13B

a21B  asB  as3B
ARB=
az1B a3B a33B
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Taking a more in depth look at an arbitrary block a;;B, we have that

aijbi1  a;jbi2
aijbo1  a;jbas
a;jB = |a;jb31  ai;bs2
aijbn1  a;jbpa

a;jbi3
a;ijba3

;b33

a;;bsn

aijbin
a;jbay

aijb3n

aij bnn

It is sometimes the case that the interesting matrix to compute is the
product of two Kronecker products. This is called the mixed product, defined

below.

Theorem 4.2.2. Let A and C be infinite matrices such that AC existsand B, D &
My, xn. The mixed product of A, B, C, and D is

(A®B)(C®D)=AC @ BD.

Proof. Let A and C be infinite matrices and B, D € M,,«,. Then

A®B=

and

Co®D=

a11B
a21B
a31B

a41B

011D
02]_D
Cng
C41D

algB
a22B
a32B

a42B

012D
622D
632D
C42D

a13B
(123B
a33B

a43B

013D
623D
633D
C43D

a14B
(I24B
a34B

Q44 B

c14D
CQ4D
634D
C44D
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Multiplying these two matrices together gives

00 00 00

Zj:l aleleD E j=1 alengD E j=1 alengD
00 00 00

Zj:l a2jCj1BD Zj:l angszD E j=1 CLQjngBD

(A@B)(CeD)= | . "
Zj:l a3j6j1BD Zj:l agjchBD Zj:l angngD

Note that the product AC in summation notation is given by

o0 ]
AC = |:Z amcm}

Then the above matrix is exactly AC @ BD by Definition 4.2.1. O

4.3. Main Theorem

In the matrix representation of F as described in Chapter 3, we claim the
following theorem.

Theorem 4.3.1 (Commutant of F). A bounded linear operator T on L*(R) com-
mutes with F if and only if the matrix representation T of T with respect to the
Hermite basis takes the form T = [T;;]75_, where each T;; is a 4 x 4 diagonal
matrix.

Proof. Let T : L?(R) — L?(R) be some bounded linear operator. Suppose
TF = FT. Consider T as being composed of an infinite number of 4 x 4
matrices in its matrix representation, so that we can write T = [T;;]72; =1
for T;; € Myx4. Then, in terms of block matrix multiplication,

Ti1 Tio T13 - D
Ty Too T23 - D
TF =
T31 T32 T33 - D

-T11D T12D Tyi3D
To1D ToD To3D
T3 D T3D Ts3D




4.3. Main Theorem

35

Similarly,

DTy,
DTy
DTs

FT =

DTi9
DTy
DT32

DTi3
DTss
DT33

Comparing (block) entries says that T ;D = DT}y, for all j, k.

Let us examine this relationship for an arbitrary selection of j, k,

_t11 t12 t13 t14_ (1 0 0
tor oz taz taa| |0 —i O
t31 t32 tzz 34| |0 O —1

tar taz ta3 taa| (O O O

Matrix multiplication yields

tin (=i)tiz —tiz (9)t1a
tar (—i)tae —taz (i)tos
t31 (—i)ts2 —t3z (7)t34
tar (—i)taz —taz (0)taa]

o] [t o o o[
0 B 0 — 0 0] |tar
ol lo 0o -1 0| |ts
i_ _0 0 o0 i_ | ta1
[ ti t12 t13
(=i)tar (—i)taa (—1i)tas
—l31 —l32 —l33
Gt ()t (Dt

t12 t13

tog  to3
t3o 133

tyo 143

14
(—1)taa
—t34

(1)tas |

t14
toyg
t34

12V

It is clear from the above equation that all but the diagonal elements of
T, must be 0 to produce equality. Thus, each block of T must be a 4 x 4

diagonal matrix.

Suppose T = [T;]32; ,_; so that each block T is a 4 x 4 diagonal
matrix. Consider an arbitrary block T;. Then T ;D = DT}y, as diagonal

matrices commute. Thus
[T,D TpD TisD

TF =
T3 D TseD TssD

and TF = FT.

DTy,
DTy
DTs,

DT
DTo
DTs,

DTi3
DTo3
DTs3

FT,

O

A powerful consequence of this theorem is that producing a 7' € {F}/
is not at all difficult. Take any known bounded operator A represented as
a matrix on ¢? and any 4 x 4 diagonal matrix A and compute A ® A. A
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technical result from operator theory will show that this defines a bounded
operator. This product will commute with the Fourier transform.

Corollary 4.3.2. Let A be any bounded linear operator on ¢ and let A be any
4 x 4 diagonal matrix. Then A ® A commutes with F.

Proof. Let A be abounded operator and A be a 4 x 4 diagonal matrix. Note
that one can write F = I® D where I is the infinite identity operator. Then,
by Theorem 4.2.2,

(A@A)(I®D)=AI®AD and (I®D)(A®A)=IA@DA.

Thus, A A)(I® D)= (I®D)(A ®A), and the product A ® A commutes
with F. O

The remainder of this section is composed of several interesting exam-
ples of Theorem 4.3.1.

Example 4.3.3. Any polynomial in the Fourier transform is in the commu-
tant of F. Let

T =aol + a1 F + asF2 + ...+ ap F".

Let p(2) = ag + a1z + az2® + ... + a,z". Then

is a diagonal matrix. Thus, T is in the commutant of F.

Example 4.3.4. The integral example of this was shown at the beginning
of this chapter, with (T'f)(x) = f(—z). In the matrix representation, note
that (Thy,)(z) = hp(—2) = (—1)"hy(z) (this result was shown in Chapter
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3). Then

is in the commutant of F.

Example 4.3.5. Let H be the Hilbert matrix

1 1 1

L 5 35 1
10101 1

2 3 4 5
|11 11
H_3456
10101 1

4 5 6 7

A result of Schur [15] says that Hx € ¢2 for all x € (2. Additionally, we

have
[H[| = sup [Hx| =
x€02;||z||=1
Thus H is a bounded operator on /2. Let
M 0 0 0]
Ao 0 X 0 O
0 0 X3 O
[0 0 0 A
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Then the matrix

A2 A2

D=

Ho A= %)\1

is in the commutant of F.

Example 4.3.6. Let T, be the Toeplitz matrix

a a-1 G-2 a-3 0G4
aq ag a1 a—_o2 a_3
a2 ai ayg a-1 Ga-2
as as a ag a-—1

a4 a3 ag ai ag

for some sequence a = (ay)5>_ . As first explored by Toeplitz [16, 17] but
then more rigorously verified by Hartman and Wintner [6], T, defines a
bounded operator on ¢? if and only if

1 27

_ —inf
n = ; o(0)e """do

for some bounded measurable function ¢ on [0, 27]. In other words, if a is
the sequence of Fourier coefficients of ¢. The norm of this matrix is given

by

| Tal = Slelplcb(ew)
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Then for any 4 x 4 diagonal matrix

_)\1 -
A= ro :
A3
L )\4_
aoh La_1\ .
[ [
CL())\Q : a_l)\Q : .
[ [
apA3 : a_1)3 : .
[ [
ao)\4 : a_l)\4 : .
Ta & A= al)\l i ao/\l i .
al)\g i CL())\Q i .
a3 : apAs g
[ [
aths | aoMs |
,,,,,,,,,,,,,,,, (A
[ [
[ [

is an element of {F}'.

Example 4.3.7. Let C be the Cesaro matrix

(1 0 0 0 ..
1200
11 1 1
C=|5 5 50
11011
4 4 4 4

A well known result of Brown, Halmos, and Shields [3] says that Cr2 c (2
and

ICll=sup [Cx| =2
x€L2 ||z||=1
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Then

A | i

Ao 1 ¥

| |

A3 1 B

| |

Ao g
e el ___ o o L ____J__.

I i%xl 3

X : 32 g

| |

Col= 23 1 23 K

| |

1

%M: A
77777777777777 \71777777777777777

§)\1 :g)\l :

1 | |

g)\z : g)\? :

| |

§A3 : §)\3 :

%)\4: %)\4:-
,,,,,,,,,,,,,, S (R

| .

| |

is in the commutant of F.

4.4. A Better Approach

Though the matrix representation of 7 from the previous section seems
the most natural since the indexing corresponds to the natural indexing of
(hn)n>0, one can see that the description of the commutant of F is a bit cum-
bersome, and one might argue, not all that useful. In this section, we give
another matrix representation of 7 that yields a more useful description of
{F}'. To begin, decompose L?(R) into the closed linear span

L*(R) = \/{ho, hy hg, ...} @ \/{hl, hs, hg, ...} ®
\/{ha2, b6, hao, ...} & \/{ha, hz, b, ...}
Note that
\/{ho, ha, s, ...} = ker(F —I)
\/{h1,hs, ho, ...} = ker(F — (—i)I)
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\/{ha, hg, ho, .. .} = ker(F — (—1)I)
\/{hs, h7, b1, ...} = ker(F — iI)

and these eigenspaces are orthogonal. Then we can rewrite the matrix rep-
resentation of F so that

(4.4.1) F— '

I

where each jI for j = +1,+i is an infinite diagonal matrix with j on the
main diagonal, omitting zeros. For f € L?(R), define

f=hHh®fm®f® f,

where f; € ker(F — jI) for j = 1, +i. We now have

1 ] [ oa]

Ff— —i R I
-1 —1 —fa1

_ al [ x| [

Then for T € B(L*(R)),

One can see from the above equation that each T, is a linear transforma-
tion such that Tj; : ker(F — (—i)*I) — ker(F — (—i)7I). We can now
characterize the elements of {7}’ using this representation of F.
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Theorem 4.4.2. Let T : L*(R) — L*(R) be some bounded linear operator. Then
the matrix representation T commutes with F, both represented according to equa-
tion (4.4.1), if and only if

where each T; € B(¢?) for 0 < j < 3.

This proof is carried out in much the same way as the proof for The-
orem 4.3.1; however, one can also achieve this result by noting that this
new definition of F is simply a new notation, gathering all terms in a given
eigenspace together. Then re-notating 7" € {F}' in the same way will yield
the matrix given in the above theorem. We will use this notation through-
out the remainder of this thesis unless otherwise noted.

If not already apparent, the convenience of this notation will be fur-
ther demonstrated in the following chapters on square roots and invariant
subspaces of F.

We now return to some of the examples in Section 4.3 and express them
in their new notation.

Example 4.4.3. The transformation of Examples 4.3.3 and 4.3.4 are analo-
gous to the way in which we renotate 7, as these examples involve diago-
nal matrices. For a polynomial p(z) = ag+ a1z + asz® + ...+ a,z", we have
that
Py

P_;

P,

P;

where each P; is an infinite diagonal matrix with p(j) on the main diagonal.
Additionally, for (7" f)(z) = f(—x), we have

T/
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Example 4.4.4. We now return to Example 4.3.5 involving the Hilbert ma-
trix. For H® A € {F}/, we have
O H
AoH
AsH
AMH

in the new notation. Note that this is exactly A ® H. For the Toeplitz and
Cesaro operators, the result from the examples in the new notation is also
givenby A ® T, and A ® C, respectively.

4.5. The Fourier Cosine and Sine Transforms

We now turn our attention to two forms of the Fourier transform: the
Fourier cosine transform and Fourier sine transform.

Definition 4.5.1. The Fourier cosine transform is
1 *
Feos = 5(]—"+]~' )
Similarly, the Fourier sine transform is

1 *
Fin = 5:(F = F").

To find the matrix representation of these operators, we will again ob-
serve how they act on the basis (hy,),>0. Let us begin with F.,s. We have
1 k 1 %
Feoshar = 5(]:+.7: Vhag = 5(-7'7%14; + F hag) = hay,
for k € Ny. A similar computation shows
]:cosh4k+1 =0

Feoshak+2 = —hapyo
]:cosh4k+3 =0

so that the eigenspaces of F.s are ker(F—1I) and ker(F+1), where ker(Fcos—
I) = \/{har : k € Ny} and ker(Feos + I) = /{hagso : k € Ng}. Then the
matrix representation of F is

Fcos:
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One can go through similar computations to show that the eigenspaces for
Fsin are ker(F + iI) and ker(F — iI) so that the matrix representation is

As with the Fourier transform, we wish to characterize the commutant
of Fsin and Fos. This is demonstrated in the following theorem.

Theorem 4.5.2.
- i
Too
T T3
{F cos}/ =
Too
gl T3 T3]
and
Too To2
T
{Jrsin}/ -
Tao T2

such that Tj), € B(€2) where Ty, : ker(F — (—i)*I) — ker(F — (i)’ 1), omitting

Zeros.

Proof. We will begin with {F..s}’. Let T : L?(R) — L%(R) be represented
by the (second) matrix representation with respect to the decomposition of
L*(R) as ker(F — I) @ ker(F + I) @ ker(F — il ) @ ker(F +il),

Too

To1

To2
T2
T
T2

Tos
Tis
Tos
T3
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where each T, is a bounded operator on 2. Suppose T'Feos = FeosI'. Then,
in terms of block matrix multiplication,

Too Tor To2 Toz| |1
Tio T Tio Tis 0
T]:cos —
Toy Tor Too Tos -1
| T30 Ts1 Ta Tsz| | 0]
Top 0 —To2 O
Ty 0 -T2 O
Ty 0 -T2 0
Ty 0 -T2 0
Similarly,
Too Tor  To2  Tos
0 0 0 0
‘FCOST -
—Toyg —To1 —Ta —To3
0 0 0 0

We see here that all but the diagonal elements and the T3, T4, T3z, and

T35 are non-zero. Thus,

omitting zeros.

Suppose

Too

Too

T3
Tao

T3

Tis
T

T3
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omitting zeros. Observe

Too I
T T3 0
T]:COS =
Too -1
i T3 T3] | 0
Too
0
—Tao
0
I Too
_ 0 T T3
-1 T
i 0] | T3, T3]
= JrcosT-

Thus, T € {Fcos}'- A similar proof will show {Fgn}' is as described. O

We will revisit the Fourier cosine and sine transforms in Chapter 6
when discussing their relative invariant subspaces.

4.6. von Neumann’s Double Commutant Theorem

We have characterized {F}’; what about {F}”, {F}", {F}", etc.? Thank-
fully, this process terminates (quickly) via the double commutant theorem.
First, let us mention that {F}"” = {F}/, {F}" = {F}", etc. The proof
of this claim will come after we have determined {F}".
We now state von Neumann’s double commutant theorem, and in a
moment we will prove it in the special case of the Fourier transform. Note

that all matrix representations of operators will be in the notation of Section
44.

Theorem 4.6.1 (von Neumann’s Double Commutant Theorem [18]). Let A
denote a subset of B(H) such that Ais closed under addition, scalar multiplication,
operator composition, adjoints, and contains the identity operator. Then

A" ={T € B({) : TR=RT VR c {A}}

is equal to the strong operator closure of A.
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The set A" is known as the double commutant of A. We will not get into
the meaning of the term “strong operator closure” since we will not need it
for the discussion below.

In the following, we formulate and prove a version of the double com-
mutant theorem for the Fourier transform. Consider the set
A(F) == {aol + a1F + asF? + a3F> : a; € C,0 < j < 3}.

Using Corollary 3.2.4 and the fact that 7 F* = F*F = I, it follows that
A(F) is closed under addition, scalar multiplication, operator composition,
and adjoints. Since A(F) is a finite dimensional vector space, it is also
closed in the strong operator topology.

Before stating the double commutant of F, we establish the following
helpful lemma.

Lemma 4.6.2. Let T € B({?). If TA = AT forall A € B((?), then T = al for
some a € C.

Proof. Let T € B({?) for T = [tij]75-1- Suppose TA = AT forall A €
B(¢?). Then T commutes with

1 00
A=1|0 0 0
We then have
TA = AT
t ot tis o[t o0 ] [t oo ] [tn tie ts
t21 t22 t23 P O 0 0 .. == O 0 0 “ .. t21 t22 t23
ti7 0 0 ... t11 tia ti3
top 0 O =10 0 O

so thatall of ¢1,¢;; = 0 for j > 1. Similarly, we have that T commutes with

010
A=10 0 0



0 0
0 too
0 t32

o o O

Following the computation above, we arrive at

0 0
0 0

0

to3
0

4. The Commutant

so that all of ¢j2,t2; = 0 for j > 2. Continuing for more basis vectors (e,)
shows that the nonzero entries of T lie on the main diagonal, such that

t17 0 O
T=1(0 ty O
We now consider
01 0
A=1(0 0 O
For TA = AT, we arrive at
0 t1 O 0 ta O
0O 0 0 ...[=10 0 O
so that ¢; = t9. For
0 010
A=|0 0 0 0 ...|],
we have
0 0 t1 O 0 0 t3 O
0o 0 0 0 .../=100 0 0 ...|,

so that t; = t3 = t3. Continuing by shifting e; one position to the right, we
tind that all diagonal entries are equal. Then T = al for some a € C. O
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Theorem 4.6.3 (Double Commutant of F). {F}" = A(F).

Proof. By the discussion at the beginning of this chapter, { 7}’ is a *-closed
algebra of operators. Additionally, we have that in block matrix form with
respect to the decomposition of L?(R) into the four basic eigenspaces for F,
as before, an arbitrary element of A(F) is equal to the sum of

a()I
apl
apl = 0
aoI
aoI
a11
—ialI
a1]::
—aq1
iall
CLQI ]
—asl
(12./'_"2 = 2
CLQI
—(12:[
and
agl
1a3l
a3.7:3 = K
—asl
—iasl

We now want to show that A(F) is the set of matrices of the form

col
ClI
col

CgI
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for arbitrary ¢y, c1,c2,c3 € C. Equating the 5 above equations yields the
4 x 4 system

co=ag+a; +as+as
Clzao—ial—a2+ia3
Cg =ap — a1 +az —as

03:a0+ia1—a2—ia3

which we can write in matrix representation by

1 1 1 1 ap co

1 —i =1 a c1

1 -1 1 —1| |as - Co
_1 v —1 —i_ | a3 | €3]

A quick computation shows the determinant of the above complex matrix
is 164, and thus this system has a unique solution for every co, c1, c2, c3.

We claim that A(F)" = {F}'. To see this, firstlet T' € {F}'. Then

T,

To
T;

Ty

by Theorem 4.4.2. Then T' € A(F)’ (since every element of A(F) is a linear
combination of powers of F), so {F}' C A(F)". Now let T" € A(F)". Then
TF=FTasF € A(F)soT € {F}. Thus A(F)" C {F} and we conclude
A(F) ={F}.

We now want to examine {F}". Let T € {F}". Then, since F € {F}/, T
commutes with F and it follows from Theorem 4.4.2 that 7" has the form

T
To
T3
Ty




4.6. von Neumann’s Double Commutant Theorem 51

However, we also have that 7' commutes with all operators of the form

A

D

by Theorem 4.4.2 and so T1A = AT, for all A € B(L?*(R)). Thus, it must
be the case that 71 = al for some a € C by Lemma 4.6.2. A similar compu-
tation shows this result holds for all 7} for 1 < j < 4. In other words,

al
bl
cl

dl

for some a,b,c,d € C.
We claim that { F}" = A(F). To show this, let T' € {F}". Then for T as

described above, we have T' € A(F). Conversely, suppose that " € A(F).
Then
al
bl
cl
dl

fora,b,c,d € C. If S € {F}/, then by Theorem 4.4.2

A

D

and thus TS = ST via block matrix multiplication. Then T' € {F}". Thus,
{F}'" = A(F) by Theorem 4.6.1. O
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We can now prove that {F}"” = {F}/, and thus {F}"" = {F}", etc. To
see this, let T' € {F}'. Then

by Theorem 4.4.2. We wish to show that ' € {F}"”. In other words, we
must show TA = AT for all A € {F}'. Let A € {F}". Then by Theorem
4.6.3, we have that the matrix representation of A has the form

- 17

I
3 .
—iI
A = Z Cj
=0 -1
11
Then
- 1 7
T, I
Ty —I
TA = = AT
T3 -1
Ty il

as diagonal matrices commute. Then T € {F}"". Now, suppose T € {F}".
Then TA = AT for all A € {F}". However, we have that F € {F}”, so
that TF = FT. Thus, T € {F}'. We can now conclude {F}"" = {F}'. Then
{F}"" will contain all bounded operators that commute with { F}" = {F},
which is exactly {F}". Thus, {F}"" = {F}' = A(F).
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Square Roots

We will now use our description of {F}’ as in Section 4.4 to discuss the
square roots of F.

5.1. Main Theorem

We begin with a definition of the set of square roots of the Fourier trans-
form.

Definition 5.1.1. /F = {T € B(L*(R)) : T? = F}.

Of course, as it stands now, this set may be empty. We will establish
that this is far from the truth. We can use our knowledge of the commutant
of F to claim the following.

Proposition 5.1.2. If T € VF, then T € {F}'.
Proof. Let T € VF. Then TF = TT? = T?>T = FT. Thus, T € {F}. O

An obvious example of an element of v/F is given below. Recall that
we represent F with respect to the decomposition of L?(R) into the four
eigenspaces of F.

Example 5.1.3. If we represent the Fourier transform as

1
—iI

i1
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then
+1
+/—il
+1
+/il

are elements of V. F.

To produce a broader range of examples of square roots, we remind the
reader of two important types of operators. For A € B(#), A is involutary
if A2 = I. Additionally, for P € B(H), P is idempotent if P> = P. This leads
us to the following theorem.

Theorem 5.1.4. A € B(H) is involutary if and only if A = +(I — 2P) for some
idempotent P € B(H).

Proof. Let P be a bounded linear operator such that P? = P. Suppose A is
a linear operator such that A = I — 2P. Observe that

A? = (I -2P)?
= 1?2 — 4P + 4P?
=1 —4P +4P
=1I.

Thus, A is involutary.
Suppose A = —I + 2P. Then

A? = (-T+2P)?

=% — 4P + 4P?
— ] — 4P + 4P
=I.

Thus, A is involutary.
For the other direction, suppose A2 = I. Let P = (I — A). Then

P2 3(1—2A+A2) _ 3(21—2/1) _ %(I—A) _p
thus P is idempotent and A = I — 2P. Let P = (A + I). Then
p?— %(AQ 1244 I?) = %(2A+2]) _ %(AJrI) _p
thus P is idempotentand A = —1I + 2P. O

In the matrix representation of 7, we claim the following theorem.
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Theorem 5.1.5 (Square Roots of F).

VF

(

T
ViTy

1T3

vV—iTy

such that Ty, To, T3, T4 € B(¢%) are involutary.

Proof. Let

T

ViTy

By block multiplication, we have

T

Thus, T € VF.

;2

ng

2
0T |

1T

v—iTy

—I

il

Suppose T € vV F. Then T € {F} by Proposition 5.1.2 and has the form

A

D

by Theorem 4.4.2. Squaring the above matrix yields

A2

B2

I
—il

1
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Then

AI
V—iB’
iC’
ViD'

where A2, B2, C"?, D'? = I. Matrices with this property are involutary, and
the theorem follows. U

The remainder of this section contains a few interesting examples as a
result of Theorem 5.1.5.

Example 5.1.6. First, note that for all z € C,

0 z| [0 =z 220
z 0] [z O 0 22
Then
_0 . _
I 0
0 v —I
v —1I 0
T:
0 I
I 0
0 Vil
_ Vit o |

satisfies T2 = F.

Example 5.1.7. An easy calculation shows that
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if and only if a® + bc = 1. Then

satisfies T? = F.

5.2. Mehler’s Formula

ol

I

e

[VIES

So far, the reader might be unsatisfied with the fact that we are using block
matrices to describe the square root of an integral operator. In this section,
we will find an integral formula for one of the square roots of 7, namely

mula that later came to be known as Mehler’s Formula. This formula has
been used in quantum physics, harmonic analysis, and probability theory.
We note that we have adapted Mehler’s formula to the form of the Hermite

polynomials used in this thesis.



58 5. Square Roots

Definition 5.2.1. For the Hermite polynomials (H,,),>0 defined in Chapter
2, define the Mehler kernel

> L) H )

n=0

We are being a bit vague about the allowable range of p. The following
theorem will make this range clear.

Theorem 5.2.2 (Mehler 1866).

i e_ﬁ(m2+y2)n! n g ( )H ( ) 1 W(4pzy7(12+32)(1+p2))
o a = P Hn\T)Hp\Y) = —F————<€ 1=p
n=0 (47‘(‘)”ﬁ 7T(1 - p2)

forlpl <1,p#1,-1

Proof. The following proof is taken from G.H. Hardy [19]. To begin, we
will invoke Proposition 3.1.1 (ii) to obtain

1 & 2 ,
(5.2.3) 6—27r172 _ = e~ W T2V 2mizu g
\f

Differentiating this equation n times gives the known result

—92/92 n 2mwx? 00 )

H,(x) = ( mi)e / ule iRV 2miTU gy
V/n! o

Substituting this expression for H,, into the left-hand side of Theorem 5.2.2

shows that

0 e—ﬂ'(I2+y2)n! TLH ( )H ( )
o = P n\T)dnYy
= (m)nyT
is equal to
m +y -2 . .
7T3/2 / / [ puv) ] —u2+2\/ﬂwu—v2+2\/ﬂzyvdudv.

Using the exponential form of the infinite sum gives that the above is equal
to
em (@ +y?)

524 _—
(5.2.4) 7

—u? 2
/ / u®+2v2mixu—2puv—v°+2v/ 27r2yvdudv
Performing the integral in u first, we have
% o0 9 A
/ 67u2+2\/ 2mizu—2puv 1, / e +2v/2mi
—00 —00
1 2
_ \/%67271'@7 NeLS pv)
_ \/%e—%r(xz-‘riq / %mpv—ﬁpzzﬁ)

1
7P g
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by equation (5.2.3). Substituting this into equation (5.2.4) and simplifying
gives

Y 2—5(32 e}

€ W ) / e—(l—p2)v2+2 27rz'(y—xp)vdv‘

™ —00

We will solve this integral using substitution. Let s? = (1 — p?)v? such that
ds = ﬂdv. We then have

2 2
em(y"—a%) oo 249 2m’( y_zp >s
Vi dv

,p2

_ e y———

/1 —p?J (1 —p?)
after another application of equation (5.2.3). Simplifying the above expo-
nentials gives

2
em(y?—2?) ,2ﬂ<M>

17;)2

1 m(dpzy—(2?+y%) (1+p%))
_— ¢ 1—p2
m(1 - p?)

and the theorem follows. O

Simplification of Theorem 5.2.2 gives an expression in terms of Defini-
tion 5.2.1 so that

0 n | 1 (4x 72(z2+ 2) 2)
S H @) Hay) = e
n=0 (47T) L= p2
Recall
21/4y/n! i

Then, expressing Definition 5.2.1 in terms of the Hermite functions yields

— " m(s2 2 oo

2 (27:;; H(s) Ha(t) = 6‘\/;” 5 ol

By Theorem 5.2.2, we have
w(s24t2 oo I
(E(J;);pnh”(s)h”(t) = 11_p26(4tp12(p22+t2>p2)

Setting p = —i ;elds
(5.2.5) i(*i)nhn(s)hn(t) — e—7r(32+t2)€7r(—4ist+2(s2-w2)) _omist

n=0

The reader may recognize this as the Fourier kernel, as expected.
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We can then write

77(4zyp 2(1 +y )0?)

e @A) £ (y)dy.

Recall that the Fourier transform of a function f € L?(R) can be written
in its eigenvalue expansion as

Ff=> (~i
n=0

Expressing the inner product in its integral form shows

—° [ n=0

= [ ey

from equation (5.2.5), as expected.

One natural square root is p = v/—i = ' such that

is equal to

w(dzye "N/ £o(22442)i)
T+i

—m(z%+y?)
viexaa fy)dy.
The previous line is an integral expression for a square root of F. Techni-
cally, this integral is not defined for all f € L?(R), but certainely for f € S.
This integral expression of a square root was given in its matrix representa-
tion at the beginning of this chapter. This natural square root is simply the
square root of the entries in

where i = ¢! expressed in polar form. This is exactly the result of Example
5.1.3 with all positive entries on the diagonal (note that this example was
written in the notation of Chapter 3).



Chapter 6

Invariant Subspaces

The invariant subspace problem, first posed in the mid-1900s by von Neu-
mann, is an unresolved problem which asks the following: given a T' €
B(#H) where dim(#) > 2, does there exists a (closed) subspace M of H
where M # {0} and M # H such that TM C M? For a finite dimen-
sional Hilbert space, we know that for any 7' € B(#), the eigenspace of T,
Ex = {z € H : Tx = Az} is an invariant subspace. An advanced version
of the spectral theorem gives us that, for an infinite dimensional Hilbert
space, unitary operators always have invariant subspaces. We thus pose
this question of the Fourier transform.

To show the complexity of the invariant subspace problem, Everett
Bishop posed a class of bounded operators on L?[0, 1] which are possible
candidates for operators without non-trivial invariant subspaces. Consider
T, : L?[0,1] — L?[0,1] defined by

(Taf)(x) = zf({z + o)

for o € R. In the above, {z + a} is the fractional part of x + «. Various
authors [2, 4, 9] were able to show that for many «, 7, has non-trivial in-
variant subspaces. For a € Q, Parrott [11] characterized all of the invariant
subspaces of T,,. For certain “highly irrational” «, it is unknown whether
T, has non-trivial invariant subspaces.

Throughout this chapter we will be dealing with subspaces of L*(R).
These are vector subspaces of L*(R) that are also topologically closed. In
this chapter we are faced with the opposite of the Bishop problem, where
the invariant subspaces seem to be sparse. On the other hand, the Fourier
transform has a very rich class of invariant subspaces, and we wish to de-
scribe them all.

61
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6.1. Basic Facts

We begin with a definition of an invariant subspace of the Fourier trans-
form.

Definition 6.1.1. A (closed) subspace M C L?(R) is invariant for F if FM C
M.

Example 6.1.2. Recall the Hermite functions (hy,),>0 defined in Chapter 2.
Set

My ={f € L*R): (f h,) =0Vn c A}

where A C Nj.

We will first show that M4 is closed. Suppose (fi)r>0 is a Cauchy se-
quence in My. Since M4 C L?*(R) and L?(R) is a Hilbert space, then there
exists some f € L%(R) such that f, — f. We will now show f € My.
Observe that for every n € A,

<f7 hn) = <f7 hn> - (fka hn>
= (f = fi, In)-

Then, by the Cauchy-Schwarz inequality,

(f = feo )| <\ f = fxll - 1.
Note that || f — fx|]| — 0,s0 (f, h,) =0foralln € A, so M, is closed.

Next we prove that M4 is an invariant subspace for 7. For any f € My,
the fact that F is unitary gives

<f7hn> = <Ffvfhn>
= (Ff, (=0)"hn)
=i"(Ff,hp).

Then (F f, hy) = 0 for all n € A (since (f, h,) = 0), and FM4 C M4. Then
M 4 is an invariant subspace.

6.2. Invariant versus Reducing

A somewhat stronger criteria of a subspace is called a reducing subspace,
defined below.

Definition 6.2.1. A (closed) subspace M C L?(R) is reducing for F if FM C
M and F*M C M.

Note how this definition is equivalent to FM = M as F is a unitary
operator.
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Example 6.2.2. Let’s revisit the subspace M4 as defined in Example 6.1.2.
Let f € M4 be such that (f, h,,) = 0 for all n € A. Observe that

(f,hn) = (F* [, F hn)
= (F*f, ({)"hn)
= (=0)"(F"f, hn).
Then (F*f,hy,) = 0 and hence F*f € M. Thus F*M, C M,. We have

previously shown that FM4 C My, therefore M, is a reducing subspace
of F.

The following two theorems show that it is not entirely difficult to find
reducing subspaces. To produce more (in fact, all of them), we must first
define an orthogonal projection.

Definition 6.2.3. A bounded operator P on L*(R) is an orthogonal projection
if P> = Pand P* = P.

This is the infinite dimensional analog of a projection matrix in linear
algebra defined the same way. The following result is standard in Hilbert
space theory, but we give a proof anyway.

Proposition 6.2.4. If M is a closed subspace of L?(R), then there exists an or-
thogonal projection P : L*(R) — L?(R) such that M = PL*(R).

Proof. Let (m;);=0 be an orthonormal basis for M. For f € L*(R), define

Pf: Z<fam]>m

§=0
This will define a bounded operator on LQ(R). Moreover, for any my, we
have

Pmk = Z(mk,mj>mj = M.
7=0
Observe that
P(Pf):P(Z f,m] m] Zf,m] Pm] Z(f,mj>mjzpf_
J=0 Jj=0 7=0

Thus, P? = P. Additionally,

(Pf,g) =) (f,mjym;,g)

“

i
o

<f’ mj><mj’g>

<
Il
o

o
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and
<fvpg> <f7z<gam]>m]>
=0
Z mj, g f7 m]
7=0

Thus, P* = P. Then P is a projection that takes a function in L?(R) onto
the subspace M so that M = PL*(R). a

This next result relates reducing subspaces with projections onto those
subspaces.

Theorem 6.2.5. Let M be a subspace of L?(R) and P be the orthogonal projection
of L*(R) onto M. Then the following are equivalent:

(i) FM =M
(ii) M is a reducing subspace of F
(iii) FP = PF

Proof. The proof for (i) <= (ii) is given by Definition 6.2.1 and the fact
that F is a unitary operator. We will now show (i) = (iii). Suppose F'M =
M. Let f € M. Then

FPf=Ff.
Note that F f € M by assumption. Then we also have
PFf=Ff,

and so PF = FPfor f € M. Let f € M*. Then Ff € M~ (since F is
unitary) and since PM L=,

PFf=0=FPf.
Thus, PF = FP for f € L*(R).
We will now show (iii) = (i). Suppose PF = FP. Let f € M. Then
Ff=FPf=P(Ff),

so Ff € M and FM C M. Additionally, operating on both sides of FP =
PF by F* gives PF* = F*P. Then following the same argument as above,
we can conclude that 7*M C M. Then M C FM, and we have that FM =
M. O

Theorem 6.2.6. Every invariant subspace of F is also a reducing subspace.
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Proof. Suppose FM C M. Let f € M. Then f = fi + f—i + f—1 + fi where
each f; € ker(F — jI). Observe that

Fof=h+fitfa+fieM
Ff=h-if-i—fa+ifie M
Ff=f—fui+tfa—-fieM
Ff=h+ifi—fa—ifie M.
Then, taking linear combinations of these equations gives
(FO+F+FP+F)f=4f1eM

(FO+iF —F* —iF)f=4f e M
(FO—F+F—Ff=Af1 €M
(FO—iF = F2+iF°)f = 4fi € M.

Thus, f1, f—i, f-1, fi € M. Observe
Ff=h+if-i—fa—ifie M.
Therefore 7*M C M and M is a reducing subspace for F. O

Theorem 6.2.6 is not a general fact for unitary operators. Consider the
following example.

Example 6.2.7. This example will be of a unitary operator with an invariant
but not reducing subspace to demonstrate the significance of Theorem 6.2.6.
Let M : L?(%9) — L2(42) be defined by (M f)(e?) = e f(e?) for all f €
L?(42). We will first show that M is unitary. To begin, note (M*f)(e?) =
e~ (). Indeed, bserve

2 o
(MF.g) = /0 ¢ () g(e®) 2

2

2T L df

= | 7Tyl
= (f,e "g)
= (f,M"g).

We also have
M*<Mf) _ M*(ezef) _ e—ieeief _ f
and ‘ -
M(M*f) _ M(e—zOf) _ ezee—zef — f’
thus M is unitary.
Consider the subspace H = {f € L}(Z) . f =3, f(n)em?}, the set
of functions in L?( ‘2”’) where all negative Fourier coefficients are 0. One can

s
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see that H is a linear subspace of L?(%) and a revisiting of Example 6.1.2
will show that H is topologically closed Applying M to H yields

M= (e 2(90) s = Zf el )0

From this equation, one can see that M/ shlfts all Fourier coefficients of f one
position in the positive n direction. Thus M H C H, as all negative Fourier
coefficients remain 0, and H is an invariant subspace of M. However,

wH={fer?(2): = Zf

Here, we see that M * shifts all Fourier Coeff1C1ents of f one position in the
negative n direction, so that f(0) is shifted to f(—1). Thus, M*H ¢ H as it
is possible that f(—1) is nonzero. Therefore, H is not a reducing subspace.

The following theorem allows us to completely characterize the invari-
ant (and consequently the reducing) subspaces of the Fourier transform.

Theorem 6.2.8. For a closed subspace M of L*(R), the following are equivalent:
(i) M is invariant for F
(ii) M is reducing for F
(iii) M = My & M_; & M_; & M, where each M, for = = £1,+i is a closed
subspace of ker(F — zI).
We remind the reader that (h,,)% is the Hermite basis for L?(R).

Proof. The proof of (i) <= (ii) was given in the proof of Theorem 6.2.6
and by Definition 6.2.1.

We will now show (iii) = (it). Suppose M = My & M_; & M_1 & M;
where each M, for z = +1, +i are subspaces of ker(F — zI). Let (g;);>1 be
an orthonormal basis for M;. Then

o

9j = Z Cijhai.

i=0
Observe

Fgj = Z cijFhai

oo
= cijhai
i=0
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Then for f € My, f = 2% ajg; and Ff € M. Thus f‘Ml = I);, where
Iy, is the indentity operator on M;. A similar computation can be done to
show F‘M—i = —il, }-‘M,l = —J,and f‘Mi = ¢]. Then FM = M and so
M is reducing for F.

We will now show (ii) = (ii). Suppose M C L*(R) such that FM =
M. Then if P = P, is an orthonormal projection onto M, by Theorem 6.2.5
we have that PF = 7P, and by Theorem 4.4.2

Ao
Ay
Az
A3z

where A,, for 0 < n < 3 are bounded operators on the respective ker(F —
(—i)"I). However, P> = P and P* = P implies that A3 = Ay, A? =
A1, A3 = Ao, and A3 = A, as well as A} = Ag, A} = A1, A5 = A,
and A3 = A3z. Then A, are orthogonal projections onto the subspaces
ker(F — (—i)"I), respectively. Moreover, each of these subspaces are or-
thogonal to one another. Then
M= PM = (A0+A1+A2+A3)M
=AM & A\M & AsM & AsM
=M ®&M_; ®M_1 ® M. O

Note that if z = +1, +i and w = +1, i such that z # w, then
ker(F — zI) L ker(F —wI).

Thus, for f € ker(F — zI) and g € ker(F — wlI), we have (f, g) = 0.

The novel approach described in Section 4.4 can be used here to pro-
vide a visual representation of the projection matrices necessary in Theo-
rem 6.2.5. Theorem 6.2.5 (iii) gives that P € {F}/, so that we can invoke
Theorem 4.3.1 and the notation of Chapter 4.4 to arrive at

P
P_;
P

P;

in its matrix representation, where each P for z = +1, £ is a distinct pro-
jection onto the eigenspace of F corresponding to a given eigenvalue. This
makes the classification of the invariant subspaces for F given in Theorem
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6.2.8 (iii) much more intuitive. We can now see how PL?(R) produces M
in the presented form.

6.3. The Fourier Cosine and Sine Transforms

We now revisit the Fourier cosine and sine transforms introduced in Chap-
ter 4.5. Recall

~Fcos = and Jrsin =

We can immediately note that Foos = Fis and Fn = F3,, so that all in-

variant subspaces are also reducing automatically. This leads us to the fol-
lowing theorem.

Theorem 6.3.1. A (closed) subspace M C L?(R) is reducing for Feos if and only
if
M=M®M_ &N

where M, is any closed subspace of ker(F — I), M_; is any closed subspace of
ker(F+1), and N is any closed subspace of ker Feos = ker(F +il) @ ker(F —il).

Proof. Suppose M C L?(R) such that FoosM = M. Then if P = Py is an
orthogonal projection onto M, PF.os = FcosP by Theorem 6.2.5, and by
Theorem 4.5.2,

Ao
Ay Aqs
Ay
As Ass

where A j; for 0 < 7,k < 3 are bounded operators from ker(F — (—i)*I) —

ker(F — (—i)/I). However, P* = P and P? = P implies that

Ado

Aty Az
As

ATy Az
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so that A3; = AJ;, and
Aj
p_ Al + AzAj; AplAiz +AzAss
A3,
i ATsA + As3AT, AlsAq3 + A§3
We then have that Ay and Ag; are orthogonal projections onto ker(F — I)

and ker(F + I), respectively. Additionally, we have
A =A% +AAj,
Az =AnAz+ AzAss
13 = ATzAn + AgzATy
Ass = Aj3A13 + A
Consider the matrix
A Agg
Als Ass

We have that (P’)* = P’ by previous results. Observe that

P
A Agg A%+ A3AT; A A+ AjzAsg

P =

P

Als Ass A A+ AAl; AR A+ AL
Thus, P’ is an orthogonal projection onto ker(Fqs). Then
M= PM = (AOO =+ A22 =+ P,)M

= A()()M D A22M D P/M
=M ®&M_14¢ N.
Suppose M = M; @& M_; @ N. Let (g;)j>1 be an orthonormal basis for
M. Then
9= cijha.
i=0
Observe that

00
]:cosgj = E Cij]:coshlli
=0

oo
= cijhai
i=0
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Then for f € My, [ = Z;’io a;jgj and Feosf € M. Thus ‘FCOS}Ml = Iy,
where I/, is the identity operator on M;. A similar computation can be
done to show Fu| v, = n_,. Similarly, let (n;)n>0 be an orthonormal

basis for N C ker(F + i) & ker(F — iI). Then

oo oo
nj = Z Cijh4i+1 + Z C/ijh4i+3-
=0 =0
Observe that

00 00
/
—Fcosnj = E Cijfcosh4i+1 + § Cijfcosh4i+3 =0.
1=0 =0

Then N C ker(Feos), and FeosM = M. Thus, M is reducing for Feos. O

Note that this description of an invariant subspace for F is different
than that of F. In fact, there is a relationship between the two that immedi-
ately follows from Theorem 6.3.1.

Proposition 6.3.2. Forany M C L*(R), if FM = M, then FeosM C M.
Proof. Let M C L?(R) be a closed subspace. Suppose FM = M. Observe
FewM = S(F 4 F)M = FM 4 F'M C M,
thus M is invariant for F,,s by definition. O

The following example demonstrates that the converse is not necessar-
ily true.

Example 6.3.3. Let M = span{h; + h3} where h; and hs are the first and
third Hermite functions. Then

FeosM = {0} C M,
thus M is invariant for F..s. However, note that for (h; + h3) € M,
F(h1 + hg) = —ihy + ihg # c(h1 + h3)
for any c € C. To show this, observe
(—ihy + ihs, h3) = —i
(chy + chs, h3) = ¢
so that c = —i. However, —ihi +ihs # —ih1 — ih3. A similar result is found

for (—ihy + ihs, h1). Thus, M is invariant for F.s but not .

We can extend the claims given in this chapter to Fi, with the follow-
ing.
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Theorem 6.3.4. A (closed) subspace M C L*(R) is reducing for Fy if and only

if
M=M_;®M;, &N

where M_; is any closed subspace of ker(F + iI), M; is any closed subspace of
ker(F —iI), and N is any closed subspace of ker Fsin, = ker(F —I) @ ker(F +1I).

Proposition 6.3.5. Forany M C L*(R), if FM = M, then FsnM C M.

The proofs of the above two claims follow directly from the proofs of
Theorem 6.3.1 and Proposition 6.3.2.
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