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Abstract

The classical theorems of Mittag-Leffler and Weierstrass show that when (1,),>1 is
a sequence of distinct points in the open unit disk D, with no accumulation points in
D, and (w,),>1 is any sequence of complex numbers, there is an analytic function
¢ on D for which ¢(A,) = w,. A celebrated theorem of Carleson [2] characterizes
when, for a bounded sequence (w,),> 1, this interpolating problem can be solved with
a bounded analytic function. A theorem of Earl [5] goes further and shows that when
Carleson’s condition is satisfied, the interpolating function ¢ can be a constant multiple
of a Blaschke product. Results from [4] determine when the interpolating function ¢
can be taken to be zero free. In this paper we explore when ¢ can be an outer function.
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1 Interpolation

Interpolation problems for analytic functions have been a mainstay in complex and
harmonic analysis since its conception in the late 19th century. The general idea is
that we have a certain class X of analytic functions on the open unit disk D (e.g.,
all analytic functions, bounded analytic functions, analytic self maps of I, Blaschke
products, zero-free functions, outer functions). Then, for a sequence (A,),>1 of distinct
points in D and sequence (w;),>1 of complex numbers, when can we find an f € X
such that

fOy) =w, foralln > 1? (1.

If we are not able to solve this problem for all ()Ln);’lozl and (wn);’lo:1 , what restrictions
must we have?

Suppose X is the class of all analytic functions on ID. For a sequence (A;)n>1
of distinct points in D (with no limit point in D) and any sequence (wy),>1, an
application of the classical Mittag—Leffler theorem and the Weierstrass factorization
theorem produces an f € X that satisfies (1.1). In other words, for the class X of all
analytic functions on I, besides the obvious restriction that (A,),>1 has no limit points
in D, there is no other restriction on (A,),>1 to be able to interpolate any sequence
(wy)n>1 with an analytic function.

Of course, there are the finite interpolation problems. For example, a well known
result of Lagrange (from 1795) says that given distinct Ay, ..., A, in C and arbitrary
wi, ..., w, in C there is a polynomial p of degree n — 1 such that p(A;) = w; for
all 1 < j < n. There is also the often-quoted result of Nevanlinna and Pick (from
1916) which says that given distinct Aq, ..., A, in D and arbitrary wy, ..., w, in D,
there is an analytic f : D — DD for which f(A;) = w;, 1 < j < n, if and only if the
Nevanlinna-Pick matrix

=]
1 —aihj di=ij=n

is positive semidefinite [1,7].

When X is the class of bounded analytic functions on D, denoted in the literature
by H*°, a well-known theorem of Carleson [2] (see also [7]) says the following: for
a sequence (A,),>1 C I the following conditions are equivalent:

(i) given any bounded sequence (wy),>1 there is a ¢ € H satisfying (1.1);
(ii)
A — Ay

1 — Ahn (12)

Such a (A,),>1 is called an interpolating sequence since the map
A H® > 2N), Al@) = (@An))n=1

is surjective.
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In this paper we investigate the type of functions ¢ € H that can perform the
interpolating. For example, a result of Earl [5] says that when (1.2) holds, one can
always take the interpolating function ¢ to be a constant multiple of a Blaschke product.
Blaschke products have zeros in D which leads us to ask: can one choose ¢ to be zero
free? Can one choose ¢ to be outer? Under certain circumstances, the answer to the
first question is yes and was explored in [4]. The answer to the second question is not
as well understood and is the focus of this paper.

2 Some notation

Let us set our notation and review some well-known facts about the classes of analytic
functions that appear in this paper. The books [3,7,9] are thorough references for the
details and proofs. In this paper, I is the open unit disk {z € C : |z] < 1}, T the unit
circle{z € C: |z| = 1}, and dm = d6/2x is normalized Lebesgue measure on T. For
0 < p < oo, we use L?(m) to denote the space of (Lebesgue) integrable functions
and L*(m) to denote the essentially bounded measurable functions.

For 0 < p < oo, the Hardy space H? is the set of analytic functions f on D for
which

171 = ( sup /|f(r§>|f’dm<s>)E < co.
1JT

O<r<

Standard results say that every f € HP? has a radial limit
f@€) = lirgl_ fré)
r—

for almost every & € T and || fllLrm) = Il fllp- As is the usual practice in Hardy
spaces, we use the symbol f to denote the boundary function on T as well as the
analytic function on D.

Let H denote the bounded analytic functions on D and observe that H* C H”
for all p and thus every f € H® also has a radial boundary function. In fact,

sup | f(2)] = | fllLoo@m)-
zeD

If f € HP\{0} then

/log|f|dm > —00
T

and thus the boundary function for f does not vanish on any set of positive measure.
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3 Known facts about outer functions

For W € L'(m) and real valued,

oo =exo ([ werdn ) G.1)

is analytic on D and is called an outer function. The class of outer functions will be
denoted by O. For all z € D, observe that

1 -]z

2
- 2:2 W(E) dm &),

toglp @) = [ W(EEDwE an) = |
T \§ T

-z
which is the Poisson integral of W. By some harmonic analysis [7, p. 15],

rgﬂl{ log e (r¢)| = logle(d)| = W(Z) (3.2)

for almost every ¢ € T. Moreover, ¢ € H” precisely whene" € L?(m)and ¢ € H*®
precisely when eV € L>®(m).
The outer functions belong to the Smirnov class

Nt={f/g: feH® ge H°NO}

and every F € N7 can be factored as F = I O, where I is inner (Ir € H*® with
unimodular boundary values almost everywhere on T) and OF is outer. There are also
the (proper) inclusions H® C HP? C Nt,

The following are well known classes of outer functions.

Proposition 3.1 If f is analytic on D, then any of the following conditions implies that
feO.

(a) Rf > 0onD.
(b) f € HP for some0 < p <ooand 1/f € H" for some 0 < r < oo.
(c) f is a rational function with no zeros or poles in .

Important to this paper will be outer functions which take the form f = ¢V, where
¢, ¥ € O. Indeed this is something that needs checking since if ¢, ¥ € O, then
f = ¢V, though analytic on ID and zero-free, need not be outer. In fact with ¢ = ¢ (a
constant outer function) and

Y(z) =—

1 -z

which is outer by Proposition 3.1, then

1
f@ = @' =exp (= 1)
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is inner! Note that the only functions that are both inner and outer are the unimodular
constants.
Ifu € L'(m)\{0} and u > 0 on T, the Herglotz integral

H,(z) = /
T

-z
& —zI?

S dm @) (33)
E—z

is analytic on D and

NH,(z) = /
T

By Proposition 3.1, H,, is outer. In fact H, € H? forall0 < p < 1.

u)dmE) >0, zeD.

Lemma3.2 For f € H' there are Gje N7T with RG; > 00nDfor j=1,2such
that f = G| — G».

Proof Functions in H'! have radial boundary values almost everywhere on T and so
let u4 and u_ be defined for almost every £ € T by

up(§) = max(Mf(§),0), u_(§) =max(=Nf(§),0).

Since [Rf ()| < |f(&)|and | f]isintegrable on T, we see that u, u_ are nonnegative
integrable functions. Furthermore, by the discussion above, H,, and H,_ belong to
N7 and have positive real parts on D. Finally, H,, — H,_ belongs to N and has
the same real part as f on T. Thus, by the uniqueness of the harmonic conjugate,

f=H,, — H, +icforsomec € R. This completes the proof. O
Lemma3.3 If f € H', then e/ is outer.

Proof By the previous lemma, f = H, + — Hy_ +icandso

ic

e =e 7
e i+

From the formula for the Herglotz integral in (3.3) and the definition of outer from
(3.1), the functions e Bt and e~ Huo are outer. Thus, e/ is also outer. O

Proposition3.4 Let o € O andy € ON H™®.

(a) Ifargp € L' (m), then f = ¢V € O.
(b) Ifargp € L®(m) and Wy > 0 on D, then f = ¢V € ON H®.

Proof On T we have
|logg| < |log|g|| + |arg¢|

= | log(l¢l/lI¢llso) + log lllloo| + | arg @]
< |log(lel/llglls)| + | log @llo| + | arg |
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= —log(lpl/ll¢lls) + | log ll@llo| + | arg @]
= —loglg| +2log" [lglloo + | arg ¢|.

Since log |¢| € L'(m) and |arg¢| € LY (m), it follows that |log¢| € L'(m). Since
@ is outer, logp € NT. A standard result [3, p. 28] of Smirnov implies logp € H'.
Therefore, ¥ logg € H'. By the previous lemma, f = exp(y log¢) is outer. This
proves (a).

If we assume that

ISlogg| =|argg| <M and Ry >0
on T, we have

| f| =expOy log |p| — Iy arge)
< exp(I¥lloo log(1 + [l@lloo) + M1V lloo)-

Thus, the function f is bounded and outer. Note that

R log ol < ¥ ]loo log(1 + ll¢lloo)

follows from the fact that 91y, > 0 on T. This proves (b). m]

4 Positive results

We start off with examples of bounded (w,),>1 which can be interpolated by outer
functions and explore the ones which can not in the next section.

Theorem 4.1 Suppose (A,)n>1 € D is interpolating. If (wy)n>1 is bounded such that

inf |w,| > 0,
n>1

there is a ¢ € O N H™ such that ¢ (L) = w, for all n.

Proof For a suitable branch of the logarithm, the sequence log w), is bounded and thus
there is an f € H* such that f(1,) = log w, (Carleson’s theorem). By Lemma 3.3,
0= e/ is bounded and outer with o(Ap) = wy. O

This next result says that for outer interpolation, we can always assume, for example,
that the targets w,, are positive.

Proposition 4.2 Suppose (A,)n>1 is interpolating and (wp)y>1 and (w)),>1 are
bounded with

!
0<m§|&|§M<oo, n>1.
Wn
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Then (wy,)n>1 can be interpolated by an outer (bounded outer) function if and only if
(w))n>1 can be interpolated by an outer (bounded outer) function.

Proof By Theorem 4.1 there is a bounded outer v such that ¥ (A,) = w), /w, for all
n > 1. If there is an outer (bounded outer) ¢ such that ¢()1,) = w, for all n, then
the outer (bounded outer) function ¢y (note that the class of outer functions is closed
under multiplication) performs the desired interpolation for (w;,)"° ;. O

Remark 4.3 If ¢ is outer (bounded outer) then so is ¢ for any ¢ > 0. Thus (w§),>1
can be interpolated by an outer (bounded outer) function whenever (w,),>1 can.

5 Negative results-existence of an inner factor

If (A,,)n>1 is interpolating, we know that given any bounded (w,, ),>1 thereisagp € H*>
such that ¢ (A,) = w,. This next result says that under certain circumstances, any N -
interpolating function for (w,),>1 must have an inner factor.

Theorem 5.1 If (Ap)n>1 is interpolating and (wy,),>1 € C\{0} satisfies
lim (1 — [A,]) log |wy,| # 0,
n—oo

then any ¢ € N7 satisfying ¢(h,) = wy, for all n must have a non-trivial inner factor.

Proof The proof of this theorem follows from the following fact from [10]: If ¢ € O,
then

lim (1 —[z])logle(z)| = 0.
lz|—>1

We include a proof for the sake of completeness.
Leta > land E, = {§ € T : |¢(&)| > a}. Then log|p| > 0 on E, and an
application of

1—|z2
L dmE) =1 forallz €D, 5.1
T 1§ — 2
and
Ul i forallz € Dand€ € T (5.2)
€ —z> ~ 1 -z ' '
give us

1—|z?

toglo@)] = [ 115 loglp(®lan(e)
v ie— &l

1 — (22 1— 1z
— [ rreele®@lan@+ [ s oglp@ldme)

E, |z — & \E, |2 — €12
2 1 —|z)?
< / log [¢(&)|dm(&) + loga / L2l e
1=zl JE, T™E, 12— §]



168 Page8of 17 J. Mashreghi et al.

2
1 —z]

=<

/E log l(&)ldm (€) + loga.
Hence for all z € D,

(I'—1zDlogle(2)| < 2/ logle(&)ldm (&) + (1 — |z|) loga,

a

which implies

lim (1 —|z))logle(2)| < 2/ log @ (&)ldm(§).

lz]=1 E,

Now let a — +o00 and use the fact that log |¢| € L'(T) to deduce

lim (1 —|z)loglg(2)| < 0. (5.3)

|z]—>1

Since 1/¢ is also outer, the above argument also implies

lim (1 — |z log|1/¢(x)| <0,

e
or equivalently
lim (1 —z])log|e(2)| = 0. (5.4)
|z] =1~
The result now follows by comparing (5.3) and (5.4). O

Example 5.2 1f

1
Wy, ::exp(— 7 |), n>1,
n

e¢]

then any interpolating ¢ € N for (w,) =1 18 not outer.

Remark 5.3 One notices from the proof of Theorem 5.1 that if
lim (1 — [A,|) log |wa| # 0,
n—oo

then any ¢ € N7 satisfying |@(A,)| =< |wy| for all » must have a non-trivial inner
factor.

Let us comment here that when the hypothesis of Theorem 5.1 is satisfied, the inner
factor that appears in the interpolating function ¢ plays a significant role in the decay
of ¢.
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Corollary 5.4 Suppose (Ay)n>1 is interpolating and (w,)n>1 € C\{0} is bounded and
satisfies

lim (1 — |, ]) log |wy] # 0.
n—oo

If 1, is the inner factor for a ¢ € Nt for which ¢(A,) = wy for all n, then

lim |7, (A,)| = 0.

n—o0

Proof Let ¢ = Fyl,, where F, is outer and I, is inner. If |/,(A,)| > & > O for all
n, then Iy(A,) = wy/Fy(A,) satisfies the hypothesis of Theorem 4.1 and so there is
ay € ON H*® with ¥ (A,) = I,(A,) and hence F,y is outer and interpolates w,,.
This says that (w,),>1 can be interpolated by an outer function — which it can not. O

Remark 5.5 The above says that a subsequence of (1,)7° | must approach
[eeT:lim 1@ =0},
=&

the boundary spectrum of the inner factor /,. This set will consist of the accumulation
of the zeros of the Blaschke factor of 1, as well as the support of the singular measure
associated with the singular inner inner factor of I, [6, p. 152].

6 Negative results-existence of a Blaschke factor

This next result says that under the right circumstances, any N T-interpolating function
must have a Blaschke factor.

Theorem 6.1 Suppose (1,)n>1 is interpolating and (wy)n>1 S C\{0} is bounded and
satisfies

lim (1 — A, )| log |wy || = .
n—oo

Then any ¢ € N for which ¢(A,) = w, for all n > 1 must have a Blaschke factor.

Proof Any zero-free ¢ € N can be written as

oo =exp ([ FEwem©)er (- [ ). 6

where W is areal-valued integrable function and p is a positive measure that is singular
with respect to Lebesgue measure m. The theorem will follow from the following fact:
if ¢ € NT and zero free, then

lim_(1 — |z])|loglp(2)I| < co.

lz|—>1
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From (6.1) we have

|z|2

D du(8).

—|zI?
log lp(2)| = / ” W (E)dm(&) — /

Iz — €1 |z

The proof of Theorem 5.1 shows that

— |z|?
lim (1—|z |)/ " W(&)dm (&) =0.

lz|—>1~ §|2

From (5.2) we have

1 — '2
0<(- |z|>/ e < 2/ dp = 2(T).
T |2 — &l T

Combine these two facts to prove the result. O

This says, for example, that for an interpolating sequence (A;)°°
for which

any ¢ € H®

n=1>

@ (Ay) = exp ( - m)

(and such ¢ exist by Carleson’s theorem) must have a Blaschke factor.

Remark 6.2 From the proof of Theorem 6.1 if

lim (1 — |,])|log |wy || = 0o
n—o00

Thenany ¢ € N for which |@(A,,)| =< |w,| foralln > 1 must have a Blaschke factor.

7 Growth rates

We know from Corollary 5.4 that if (A,),> is interpolating and if (w,),>1 can be
interpolated by an outer function, then

lim (1 — A,)log|w,| =0.
n— o0

What is the decay rate of (1 — XA,;) log |w,|? To make our results less wordy, we focus
our attention on the case when (A,),>1 € (0, 1). Though it does not play a role in
our results, it is known [3, p. 156] that (A,),>1 < (0, 1) is interpolating if and only
if there is a 0 < ¢ < 1 such that

(I =2dnp) =cl=2y), n=1
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Such sequences are called exponential sequences. Naively speaking, the following
discussion from [8] says that the decay rate of (1 — A,) log |w,| is controlled by an
absolutely continuous function and this can not be of any desired decay. The sharpness
of this observation will be studied in Theorem 7.2.

Theorem 7.1 Suppose (1,)n>1 < (0, 1) is interpolating and (wy),>=1 < C\{0} satis-

fies

M = sup |w,| < oo.
n>1

Suppose thereisa ¢ € O for which (L,) = w, foralln. Then thereisanh € L'[0, 1]
that is positive and decreasing such that

1—Ay
5/ h(tydt, n>1.
0

w
(1= ) log |22

Next we improve Theorem 7.1 with this sharpness result.

Theorem 7.2 Suppose (Ay)n=1 C (0, 1) is interpolating and h € L0, 1] is positive
and decreasing. If (wy)n>1 S C\{0} is bounded and satisfies

1=,
—(1 = Ay) log |wy] x/ h(t)dt,
0

then there is a ¥ € O N H* such that

1-Xx,
—(1 = 2 log Y () = / h(t)d.
0

In the above we use the notation A,, =< B, to mean there is a ¢ > 0 such that
%An < B, < cA,, for all n.

Without getting into the fine details, which are carefully done in [8], let us mention
the ideas that go into proving these two results. Let 4 : [0, 7] — [0, 0co) belong to
L0, 1] be decreasing, right-continuous, and is zero on (1, 7]. If

1—r2

P(t)y)=—"—"79¥—¥——,
r() 1 —2rcost +r?

O0<r<l1, —m<t<m,

is the standard Poisson kernel, consider the function
T dt
Ap(r) =1 —r) Pr(Oh(|t]) .
- 2

Then, 1
Ap(r) < / h(t)dt. (7.1)
0
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If ¢ € O N H™ and, without loss of generality, |¢| < 1 on D, then

Y

. d
—(1 =r)logle(r)|=—(1~—r) P, (t) log pr(e”)lé
T dt
<-r Pr()k(t) =,
2

—TT

where k = —min(0, log |y|). If k* is the symmetric decreasing rearrangement of k,
a classical theorem of Hardy and Littlewood shows that

(I—r) i Pr(r)/’<(t)ﬂ <=7
2

-7

a . dt
P.()k (I)E.

-7

Thus,
— (1 =r)logle(r)| < Ag=(r). (7.2)

To prove Theorem 7.2, use (3.2) to define the outer function ¢ by

lp(e™)| = exp(—h(|t])).

Now use (7.1) to obtain the desired estimate. The proof of Theorem 7.1 follows from
(7.2).

8 More delicate interpolation

Given & as in Theorem 7.2, there is a ¢ € O N H* such that

1_)\11
logp(h,) < /0 h(t)dt foralln > 1.

1 —A,

Can we replace < with = in the above? Equivalently, can we find an outer (bounded
outer) ¢ such that

=2,
@(An) = exp ( — /0 h(t)dt) foralln > 1?

I — A,

We certainly can find 0 < o < d, < B < oo such that

1 1—Apn
) = — f h(t)dt).
oot =ep( =5 | hoar)

By Theorem 4.1 there is a v € O N H* with Ry > 0 with ¥ (A,) = 1/d, for all n.
The function f = ¢V is analytic on ID with

1 1—Ap
h(t)dt
o T

f ) =exp (-
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and thus performs the interpolation. But of course we need to check that f is outer
(bounded outer).
Let us use the results above to refine Theorem 7.2.

Theorem 8.1 Suppose h € L0, ] is positive and decreasing. Let (Ay)p>1 < (0, 1)
be interpolating and (w,)n,>1 S C\{0} be bounded with

l_kn
—(1 = Ap) log |wy| x/ h(t)dt, n>1.
0

(a) If h(|t]) logt h(|t|) € L'[—m, 7] then there is an f € O such that f(A,) = w,
for all n.
(b) If

T 06—t dt
P - -
V/ cot( > )h(|l|)2

-7

is bounded on [—m, 7t then there is an f € O N H* such that f(L,) = wy, for
all n.

Proof From the discussion at the very beginning of this section, we can find ¢, ¢ €
O N H>® such that f = ¢V satisfies f(A,) = wj, for all n. We just need to check that
f is outer (bounded outer).

By the proof of Theorem 7.2, log |¢(e'’)| = —h(|t|) and

@(z) =exp (/;r

E+z otz
ZeXP(/T?ﬁ(S_Z)1<>glso(&‘)|cimthfTJ(é Z)loglw(é)ldm).

§+z
s loelo@ldm)

From

+z

argw(z)=i/ts(§ )log |¢(&)ldm forallz € D,
T

-z
and standard theory involving the Hilbert transform on the circle, we have

T

. 06—t dt
i0
— —_PV - _
argp(e'”) / cot( 5 )h(|t|)2

-7

A classical result of Zygmund [11, Vol I, p. 254] says that if
h(t]) log* h(|t]) € L'[—n, 7],

then arg ¢ € L' (m). An application of Proposition 3.4 yields f = ¢¥ € O.

If the above Hilbert transform is bounded, another application of Proposition 3.4,
along with the fact that we can always choose ¥ so that iy > 0, yields f = ¢¥ €
ONH®™. O
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Example 8.2 If (A,),>1 < (0, 1) is interpolating, Theorem 5.1 says that any ¢ € N
with

®(Ay) = exp ( - ) foralln > 1,

1 — A,

must have an inner factor. In fact, the obvious guess at an analytic function that
interpolates this sequence is

w(z)=exp(— li)

which turns out to be a constant multiple of an inner function. Indeed, the singular
inner function

14z
exp (=)

can be written as

oo (+22) o (- 2522) (- e

Thus ¢ is a constant multiple of a singular inner function.

Example 8.3 Let (A;)s>1 < (0, 1) be interpolating and

1 1
w,; = X ( — )
TP TSR og 1202

The funciton

h(t)

=—F—— forO<t <1,
t(log(192))3

is positive and decreasing on [0, 1] and A(|¢]) log™ A (|¢]) belongs to L'[—1, 1]. Thus
(wy)n>1 can be interpolated with an outer function.

Example 8.4 1et

Wy, =exp<— m)

where 0 < o < 1. In this case,

1l—«
tOl
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is positive, decreasing, and
h(|t])log™ h(t]) € L'[—m, 7].

Thus, by the previous theorem, (w,),>1 can be interpolated by an outer function. In
fact, one can take ¢ € O N H°. To see this, observe that (1 — z)™* € H! and so

®(z) = exp ( - ﬁ)

is outer (Lemma 3.3). Furthermore,

1 #1012 o—if/2 1

1 —elf e 102 _ 012~ 2isin0/2)  2sin0/2)°

1

cT—0
2

Thus,

lp(e'?)| < e72" @2 forallf e [—x, 7],
and so ¢ € O and is bounded on T. A result of Smirnov [3, p. 28] says that ¢ € H*.

If0 <m <d, <M < oo, one can also interpolate

1
wy, =exp<—dn—(1 5 )a>
n

with an outer function.

Example 8.5 1f (1,),>1 € (0, 1) is interpolating and (d,),>1 satisfies 0 < m < d, <
M < oo for all n > 1, one can appeal to Proposition 3.4 directly to interpolate
w, = (I — A,)% with a bounded outer function. Here f = ¢V, where ¢(z) = 1 —z
(which clearly has bounded argument) and v is the bounded outer function with
Ny > 0and Yy (X,) =d, foralln > 1.

9 A Harnack restriction

As it turns out, a characterization of when one can interpolate with an outer function
seems to depend on the regularity of the targets (w,);2, and not merely the decay
rate in (5.1). We outline the following example, a variation of one from [4], to better
explain what we mean here.

Consider the interpolating sequence A, = 1 —27" and targets w,, = 27" forn > 1.

If p(z) = 1 — z, then ¢ € O (Proposition 3.1) and ¢(A,) = w,. Furthermore,

| 1
—(1 = i) logw, <n2™" < / log (?)dt.
0
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On the other hand, if one considers the targets

wy, =

— 1 n is odd,
27" n iseven,

then Carleson’s theorem says there is a ¢ € H* for which ¢(1,) = w,,. Observe that

1-5
— n 1
—(1 =) logw, <n2™" < /(; log (;)dr.

In other words,
—(1 =iy logw, and — (1 —x,)logi,

have the same upper bound.
However, ¢ ¢ O. Otherwise,

||5||oo)

u(z) = log ( Q)|

would be a positive harmonic function on D. The invariant form of Harnack’s inequality
says that

I —p(z1,22) - u(z1) - 1+ p(z1,22)

< < forallzy,zo € D,
149Gz ~u@) ~ 1—pG1h22) !

where

lz1 — 22|

p(z1,22) = —
[1 —Z1z2]

is the pseudohyperbolic metric. Applying this to
21 = A2 and 22 = Agpyi
gives us

1 — p(A2n, Aong1) _ u(A2n) _ 14+ p(A2n, Aont1)
1+ pan, Mnt1) ~ uang1) — 1= pQhan, Aong1)’

which works out to be

I _ log(IFlloe/27")
2F(-1+2:2)T = log 1§l

<24 (=1+2-221)7",
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These inequalities do not hold for arbitrarily large n. Thus, ¢ ¢ O. That being said,
Theorem 8.1, with 4(¢) = log(1/¢) on (0, 1], supplies ¥ € O for which

-1,
W Om) = / log(1/1)d.
0
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