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THE SURFACE DIFFUSION AND THE WILLMORE FLOW FOR
UNIFORMLY REGULAR HYPERSURFACES

JEREMY LECRONE, YUANZHEN SHAO, AND GIERI SIMONETT

ABSTRACT. We consider the surface diffusion and Willmore flows acting on
a general class of (possibly non—compact) hypersurfaces parameterized over a
uniformly regular reference manifold possessing a tubular neighborhood with
uniform radius. The surface diffusion and Willmore flows each give rise to a
fourth—order quasilinear parabolic equation with nonlinear terms satisfying a
specific singular structure. We establish well-posedness of both flows for initial
surfaces that are C'T®-regular and parameterized over a uniformly regular
hypersurface. For the Willmore flow, we also show long—term existence for
initial surfaces which are C1t®close to a sphere, and we prove that these
solutions become spherical as time goes to infinity.

1. INTRODUCTION

The surface diffusion and Willmore flows are geometric evolution equations that
describe the motion of hypersurfaces in Euclidean space (or, more generally, in
an ambient Riemannian manifold). The normal velocity of evolving surfaces is
determined by purely geometric quantities. For both flows, the mean curvature is
involved in the evolution equations, while the Willmore flow additionally depends
upon Gauss curvature.

These flows have been studied by several authors for compact (closed) hyper-
surfaces. In this setting, existence, regularity, and qualitative behavior of solutions
have been analyzed in [I3}, 14}, 20} 27, B3] 36l 37] for the surface diffusion flow, and
in [9] 17, I8, 19, 24 25] 26, B2, B5] for the Willmore flow, to mention just a few
publications.

In this paper, we consider uniformly regular hypersurfaces. It should be empha-
sized that these surfaces may be non-compact. The concept of uniformly regular
Riemannian manifolds was introduced by Amann [3, 4] and it contains the class of
compact Riemannian manifolds as a special case. The study of geometric flows on
non—compact manifolds is an active research topic, both from the point of view of
PDE theory and in relation to its applications in geometry and topology. To the
best of our knowledge, the current literature on the surface diffusion and Willmore
flows for non—compact manifolds all concern surfaces defined over an infinite cylin-
der or entire graphs over R™, or the Willmore flow with small initial energy, cf.
[8) 16, 17, 211 22]. Our work generalizes the study of these two flows to a larger
class of manifolds.
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2 J. LECRONE, Y. SHAO, AND G. SIMONETT

In our main result we establish well-posedness for initial surfaces that are C1+2—
regular and parameterized over a uniformly regular hypersurface. Moreover, we
show that solutions instantaneously regularize and become smooth, and even an-
alytic in case X is analytic. In order to obtain our results, we show that the per-
tinent underlying evolution equations can be formulated as parabolic quasilinear
equations of fourth order over the reference surface ¥. Our analysis relies on the
theory of continuous maximal regularity and the results and techniques developed
in [22] [33] [34].

The results in Theorem and Theorem are new. However, we note that
in case ¥ is an infinitely long cylinder embedded in R3, an analogous result to
Theorem [4.3| was obtained in [22] for the surface diffusion flow.

For the Willmore flow, Theorem is also new even if 3 is a compact (smooth,
closed) surface. Previous results impose more regularity on the initial surface, for
instance C?** in [35].

Theorem [5.2] where global existence and convergence to a sphere is shown for
surfaces that are C'*®—close to a sphere, also seems to be new. A corresponding
result was obtained in [35] for surfaces close to a sphere in the C?T*—topology. The
authors in [I8] showed the existence of a lower bound on the lifespan of a smooth
solution, which depends only on how much the curvature of the initial surface is
concentrated in space. In [I7,[19], the authors proved convergence to round spheres
under suitable smallness assumptions on the total energy of the surface. Here we
note that the energy used in [I7, [19] involves second-order derivatives, whereas we
only need smallness in the C'*+*~topology. In particular, we obtain global existence
and convergence for non—convex initial surfaces.

The organization of the paper is as follows:

In Sections 2.1 and 2.2, we introduce the concept of uniformly regular manifolds
and define the function spaces used in this paper. In Sections 2.3 and 2.4, we review
continuous maximal regularity theory and its applications to quasilinear parabolic
equations with singular nonlinearity. These results form the theoretic basis for the
study of the surface diffusion and Willmore flows.

In Section 3, we introduce the concept of uniformly regular hypersurfaces with a
uniform tubular neighborhood (called (URT)-hypersurfaces) and work out several
examples. We utilize these concepts to parameterize the evolving hypersurfaces
driven by surface diffusion and Willmore flows as normal graphs over a (URT)-
reference hypersurface.

In Section 4, we establish our main results regarding existence, uniqueness, regu-
larity, and semiflow properties for solutions to the surface diffusion flow over (URT)—
hypersurfaces in R™+!. In Section 5, we likewise establish well-posedness properties
for solutions to the Willmore flow over (URT)-hypersurfaces in R3. Additionally,
we show stability of Euclidean spheres under perturbations in the C''*®—topology.

We conclude the paper with an appendix where we state and prove some addi-
tional properties of normal graphs over (URT)-hypersurfaces.

Notation: For two Banach spaces X and Y, X = Y means that they are equal
in the sense of equivalent norms. L£(X,Y) denotes the set of all bounded linear
maps from X to Y and Lis(X,Y) is the subset of L(X,Y") consisting of all bounded
linear isomorphisms from X to Y. For z € X, Bx(x,r) denotes the (open) ball
in X with radius r and center z. We sometimes write B(z,r), in lieu of Bx (x,r),
in case the setting is clear, and we write B"™(z,7) when X = R™. We denote by
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gm the Euclidean metric in R™. Given an embedded hypersurface M in R™, g,,|m
means the metric on M induced by g,,. Finally, we set Ny = N U {0}.

2. PRELIMINARIES

2.1. Uniformly regular manifolds. The concept of uniformly regular (Riemann-
ian) manifolds was introduced by H. Amann in [3] and [4]. Loosely speaking, an
m—dimensional Riemannian manifold (M, g) is uniformly regular if its differentiable
structure is induced by an atlas such that all its local patches are of approximately
the same size, all derivatives of the transition maps are bounded, and the pull-back
metric of g in every local coordinate is comparable to the Euclidean metric g, .

We will now state some structural properties of uniformly regular manifolds
which will be used in the analysis of the the surface diffusion flow and and the
Willmore flow in subsequent sections.

An oriented C°°—manifold (M, g) of dimension m and without boundary is uni-
formly regular if it admits an orientation-preserving atlas 2 := {(Ox, ¢x) : kK € &},
with a countable index set K, satisfying the following conditions.

(R1) There exists K € N such that any intersection of more than K coordinate
patches is empty.

(R2) ¢.(0,) = B™, where B™ is the unit Euclidean ball centered at the origin
in R™. Moreover, 2 is uniformly shrinkable; by which we mean that there
exists some r € (0,1) such that {¢;(rB™) : k € &} forms a cover for M,
where 1, == @ 1.

(R3) |lonovllkoo < c(k) for all k € R, k € Ny and 1 € & such that 0,NO,; # 0.

(R4) |1¥iEgllk,c0 < c(k) for all kK € R and k € Ny.

(R5) ¥fg ~ gm for all k € R. Here g, is the Euclidean metric in R™ and g
denotes the pull-back metric of g by .

Here (R5) means that there exists some number ¢ > 1 such that
(1/e)l€]* < rg(@)(&,€) < clé]?, zeB™ EeR™, ke R
Given an open subset U C R™, a Banach space X, and a mapping u: U — X,

l[ull 00 := max [|0%ul|o
la|<k

is the norm of the space BC*(U, X), which consists of all functions u € C*(U, X)
such that ||ul|x,00 < 0.

Any uniformly regular manifold (M, g) possesses a localization system subordinate
to 2, by which we mean a family {(w,, ;) : k € &} satisfying:

(L1) 7 € D(04,[0,1]) and {72 : k € &} is a partition of unity subordinate to

the cover {O, : k € &},
(L2) (x = i with ¢ € D(B™, [0, 1]) satisfying (lsupp(yrr,) =1, £ € R
(L3) 1vkmellk,co + IC]Ik,00 < c(k), for & € R, k € No.

Given k € NU {w}, the concept of C*—uniformly regular manifold is defined by
modifying (R3), (R4), (L1)-(L3) in an obvious way, where w is the symbol for real
analyticity.

Remark 2.1. In [12], the authors showed that a C° —manifold without boundary
is uniformly regular iff it is of bounded geometry, i.e. it is geodesically complete,
of positive injectivity radius and all covariant derivatives of the curvature tensor
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are bounded. In particular, every compact manifold without boundary is uniformly
regular and the manifolds considered in [20, 21] are all uniformly regular.
Given o, 7 € Ny, we define the (o, 7)-tensor bundle of M as
TM := TM®? @ T*M®T,
where TM and T*M are the tangent and the cotangent bundle of M, respectively.

Let 7°M denote the C°°(M)-module of all smooth sections of T2 M.
Throughout the rest of this paper, we will adopt the following convention.

e p always denotes a point on a uniformly regular manifold.
e ke Njyand s >0.
e 0,7 €No, V=V7:={I7M, (|)g}v E=E7:= {ngmev (1)}

Setting R} = R™ for x € &, we define Ly jo.(R™, E) :=[], L1,10.(R, E),
Ryt Lijoc(M, V) = Liioc (R, E),  u— iy (meu),
Re: L11oc(RY,E) = L1 1oc(M, V), v = Tepiv.
Here, and in the following, it is understood that a partially defined and compactly

supported tensor field is automatically extended over the whole base manifold by
identifying it to be zero outside its original domain. We further introduce two maps:

RC : Ll,loc(M7 V) — Ll,loc(Rmv E); U — (Rzu)neﬁv
R: Ll,loc(Rma E) — Ll,loc(M7 V)7 (UH)K,ER = Z anfi-

KER
2.2. Holder and little Holder spaces on uniformly regular manifolds. In
this subsection we follow Amann [4, [3], see also [34]. We define
BC*(M, V) := ({u e C* (M, V) : [|ull}! s < 00}, |- [lk,00);
where [|ul|g,00 := maxo<i<k|||Viulylloo- Set
BC™(M, V) :=(BC*M,V)
k
endowed with the conventional projective topology. Then
bck (M, V) := the closure of BC*®(M, V) in BC*(M, V).
Letting k < s < k + 1, the Holder space BC*(M, V) is defined by
BC*(M, V) := (bc*(M, V), bc* (M, V) 1. oo -
Here (-, )g,00 is the real interpolation method, see [I, Example 1.2.4.1]. For s > 0,
we define the little Holder spaces by
bc® (M, V) := the closure of BC*(M, V) in BC*(M, V).
The spaces BC*(R™, E) and bc®(R™, E) are defined in a similar manner. When

s ¢ Ny, we can give an alternative characterization of these spaces on R™. For
0<s<1and0<d < oo, we define a seminorm by

u(-+h) —u(-
B JHCER) —uOl

S he(0,6)m |h|* o e =i

For k < s < k + 1, the space BC*(R™, E) can be equivalently defined as
BC*(R™,E) = ({u € BC*(R™,E) : ||ulls,00 < o0}, |-

s,oo)a

where ||ul|s,00 = [[t||k,00 + Max|q|=k[0%U]s—k,00; and
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u € BC*(R™, E) belongs to bc*(R™, E) iff gir%[ﬁau]g_[s] w =0, |af=]s].
- :

For § € {bc, BC}, we put §° := [[,. & with § = §° (R}, E). We denote by
loo (&%) the linear subspace of F° consisting of all € = (24 )xegq such that

)l ze) = sup [lzellgs < oo.
K

We define lm7unif(bck) as the linear subspace of loo(bck) consisting of all u =
(uk)res such that (0%u,)kes is uniformly continuous on R7* for |a| < k, uniformly
with respect to k € R. For k < s < k + 1, we define I unir(bc®) as the linear
subspace of lw7unif(bck) of all u = (ux)xes such that

lim max [0%u,)° =0 uniformly with respect to k € &. (2.1)

550 [a|=k s—k,00

The following properties of little Holder spaces were first established in [3] [4].
We also refer to [34, Theorem 2.1 and Proposition 2.2].

Proposition 2.2. Let s > 0. Then R is a retraction from leo unit(bc®) onto
bc* (M, V') with R¢ as a coretraction. Similarly,

[U — (¢:(§mu))neﬁ] S [’(bcs(M7 V)7 loo,unif(bcs))-
Let (-, .)2700 denote the continuous interpolation method, c.f. [I, Example 1.2.4.4].

Proposition 2.3. Suppose that 0 < 0 <1, 0 < sy < s1 and s = (1 — 0)sg + 0s1
with s1, 82,5 ¢ No. Then

(be*® (M, V), bc® (M, V))g o, = bc® (M, V).

2.3. Continuous maximal regularity. For a fixed interval I = [0,7T], p € (0,1),
and a given Banach space X, we define

BC, (I, X):={ueC(I,X): [t t'"""u] e C(I,X), lim, 11 lu(t)]| x = 0},
t—

lulle,_, = supt'~#|lu(t)]|x,
tel

where I = I'\ {0}; and
BC{_,(I,X) ={ue C'(I,X):u,i € BCi_,(I,X)}.
If I =10,T) is a half open interval, then
Ci_u(I,X):={veC(,X):ve BC_,(0,t,X), t<T},
Cl_,(I.X):={veC"(I,X):v,0€Ci_,(I,X)}.
We equip these two spaces with the natural Fréchet topology induced by the topol-
ogy of BC1_,,([0,t], X) and BC]_,([0,t], X), respectively.

d
Assume that F; — Ej is a pair of densely embedded Banach spaces. An operator
A is said to belong to the class H(FE1, Ey), if —A generates a strongly continuous
analytic semigroup on Ey with dom(A) = E;. We define

EO,M(I) = Bleu(I, Eo), ELH(I) = B01,M(17E1) ﬂBC%?H(I,Eo), (22)
which are themselves Banach spaces when equipped with the norms

olle,,,. 1) = sup =" [[u(t)]| .
tel

vl = sup £ (e o + (e 2.
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respectively. For A € H(Ey, Ey), we say (Eo,(I),Eq,(I)) is a pair of maximal
regularity of A if

d .
(@ + 4,%) € Lis(E1u(D), Bou(1) x E,)
where 7 is the evaluation map at 0, i.e., yo(u) = u(0), and E,, := (Eo, E1)], ... In
this case, we use the notation

A€ Mp,(El,EO)-

2.4. Quasilinear equations with singular nonlinearity. Consider the follow-
ing abstract quasilinear parabolic evolution equation

Dt A= Fi(u) + Fa(u), >0,

dt (2.3)
u(0) = z.

We assume that V,, C E,, is an open subset of the continuous interpolation space
E, = (Ep, E1)27(>O and the operators (A, Fy, F») satisfy the following conditions.
(H1) Local Lipschitz continuity of (A, F):

(A, Fy) € C'(V,,, M, (E1, Eo) x Ey).

(H2) Structural regularity of Fs:
There exists a number v € (i, 1) such that F» : V,, N E, — Ey. Moreover,
there are numbers v; € (1, 7], ¢; > 0, and m € N with

(V= + (=
IL—p
so that for each 2y € V,, and R > 0 there is a constant Cr = Cr(z¢) > 0
for which the estimate

<1, forall j=1,2,--- ,m, (2.4)

m

|Fo(21) = Fa(w2)|my < Cr Y _(1+|aa|f + |2al @)1 — 22|E, (2.5)
j=1

holds for all z1,x2 € B, (w0, R) N (V, N E,).

Following the convention in Priss, Wilke [30] and [22], we call the index j sub-
critical if (2.5)) is a strict inequality and critical in case equality holds in (2.5)).

Theorem 2.4. [22, Theorem 2.2] Suppose (A, F1, F) satisfies (H1)—(H2).

(a) Given any xg € V,,, there exist positive constants T = 7(z0), € = £(x¢), and
o = o(xg) such that (2.3) has a unique solution

u(- x) € B ,((0,7])

for all initial values x € IE%EM (zo,€). Moreover,

HU(',fl) - U('7$2)||E1,M([0,T]) < UHfCl - -TQHEM T1,T2 € IB3E,1,(9€07€)~
(b) Each solution with initial value xo € V), exists on a maximal interval

J(zo) :=1[0,tT) = [0,t"(x0)) and enjoys the reqularity

U(', 1:0) € O([07 t+)a EH) n O((07 t+)7 El)
(¢) If the solution u(-,xo) satisfies the conditions:
(1) u(-,xz0) € UC(J(x0),E,) and
(ii) there exists 1 > 0 so that distg, (u(t, o), 0V,) > n for all t € J(x¢),
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then it holds that t*(xg) = oo and so u(-,xg) is a global solution of

Moreover, if the embedding E1 — Eqy is compact, then condition (i) may be

replaced by the assumption:

(i.a) the orbit {u(t,zg) : t € [1,t7(20))} is bounded in Es for some § € (u, 1]
and some T € (0,tT (x0)).

3. URT—-HYPERSURFACES

Suppose ¥ is an oriented smooth hypersurface without boundary which is em-
bedded in R™*!. Let a > 0. Then ¥ is said to have a tubular neighborhood of
radius a if the map

X ¥ x (—a,a) = R™: [(p,7) = p+rvs(p)] (3.1)

is a diffeomorphism onto its image U, := X((—a,a) x X). Here vy is the normal
unit vector field compatible with the orientation of ¥.. We refer to U, as the tubular
neighborhood of ¥ of width 2a and note that U, = {x € R™*! : dist (z, %) < a}.

Finally, we say that ¥ has a tubular neighborhood if there exists a number a > 0
such that the above property holds.

Remarks 3.1. (a) We lose no generality in assuming 3 is oriented, as any smooth
embedded hypersurface without boundary is orientable, cf. [31].
(b) Any smooth (in fact, C*) compact embedded hypersurface without boundary has
a tubular neighborhood, see for instance [15, Exercise 2.11].
(c) Suppose ¥ is a smooth (oriented) embedded hypersurface with unit normal field
vy. Then X is said to satisfy the uniform ball condition of radius a > 0 if at each
point p € X, the open balls B(p + avs(p),a) do not intersect X.

The following assertions are equivalent:

(i) X has a tubular neighborhood of radius a.
(ii) X satisfies the uniform ball condition of radius a.

For the reader’s convenience, we include a proof of this equivalence.

Proof. (i) = (ii). Suppose there exists p € ¥ such that B(zg,a)NX # (), where zy :=
p+ avs(p). Then s := dist (z¢, B(z0,a) N ¥) < a and there exists q € B(zg,a)N'T
such that g = q + svs(q). Hence o = X(p,a) = X(q,s), with (p,a) # (q,s),
contradicting the assumption that X is bijective. The case g = p — avs(p) is
treated in the same way.

(ii) = (i). We only need to prove the injectivity of X. Suppose, by contradiction,
that X (p1,71) = X(p2,r2) = « for (p1,71) # (p2,r2). Without loss of generality
we may assume that r; € (0,a), as we can otherwise replace vs(p;) by —vs(ps).
Moreover, we may assume that |ra| < r1. Let s € (r1,a) and set

y:=X(p1,5) =z + (s —r1)vs(p1).
Then we have |y — pa| < |y — z| + |z — p2| = s — r1 + |r2] < s, showing that
p2 € B(y, s) = B(p1 + svs(p1),s) C B(py + avs(p1),a).
Therefore, B(p1 + avs(p1),a) N X # (), contradicting the assumption in (ii). O

(d) Suppose ¥ has a tubular neighborhood of radius a. Let {k1,...,km} be the
principal curvatures of ¥, and Ly, the Weingarten tensor.
Then it follows from part (c) that |k1], ..., |km| < 1/a and |Lx| < 1/a.
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In the following, we say that ¥ is a (URT)-hypersurface in R™*1 if
(T1) ¥ is a smooth oriented hypersurface without boundary embedded in R™*1.
(T2) (%, g) is uniformly regular, where g = ¢,,+1|s denotes the metric induced

by the Euclidean metric g,,+1.
(T3) X has a tubular neighborhood.

Examples 3.2. (a) Every smooth compact hypersurface without boundary embed-
ded in R™*! is a (URT)-hypersurface.

(b) All of the manifolds considered in [20, 21] are (URT)-hypersurfaces. In partic-
ular, the infinite cylinder with radius r > 0,

CT = {(x,y,z) S RB : y2+Z2 :7'2, xT 6R}7
is a (URT)-hypersurface with tubular neighborhood of radius a = r.

(c) Assume that f : R™ — R belongs to BC*(R™). Then the graph of f has a
tubular neighborhood of radius a for some a > 0.

Proof. By the inverse function theorem, there exist uniform constants n > 0 and
€ > 0 such that, at every point 2 € R™, f|gm ;) can be expressed as the graph
of a BC?function h, over T,gr(f), the tangent space to the graph of f at the
point (z, f(x)), such that the set {(y,hz(y)) : ¥ € By, grs)(0,€)} is contained in
{(z, f(2)) : z € B™(x,n)}. Moreover, there exists a uniform constant ¢, independent
of x, such that

[hzl2,00 < c (3.2)
where the supremum is taken over the ball By, 4.()(0,€). We refer to the proof
of Claim 1 in Proposition b) in the Appendix for a more general situation.
Further, we have h;(0) = 0 and Vh,(0) = 0. Due to (3.2)), after Taylor expansion
of h, around 0 € T,gr(f), we have

he ()] < IV3halloclyl®s ¥ € Brgr(s)(0,€),

for sufficiently small e. Choosing C' > ||[V2h,||o such that 1/2C < e, we define
a:=1/2C. Tt follows that the ball B™*!(av,,a) lies above the graph

{(y, he(y)) - y € Togr(f)(0,¢)},

where v, is the upwards pointing unit normal of gr(f) at the point (z, f(x)). An

analogous argument shows that the ball B™*!(—av,,a) lies below the graph.
Since the constants ¢ and a are independent of z, combining with Remark 3.1(c),

this proves that gr(f) has a tubular neighborhood of radius a. O

(d) We refer to |3, A, [B] for additional examples of uniformly regular manifolds. In
particular, embedded hypersurfaces with tame ends, considered in [B, Theorem 1.2],
are (URT)-hypersurfaces. More precisely, given a compact hypersurface without
boundary B, embedded in R™, and 0 < o < 1, we define

F.(B) :={(t,t%y) : t > 1,y € B},

which we endow with the metric gr, (p) induced by its embedding into R™+L. An
embedded hypersurface ¥ C R™+! is said to have tame ends if

zzvouovi,

=1
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where (Vo, gm+1lvy) is compact and (Vi, gm1lv;) is isometric to (Fo(B), gr, (B))-
Then, (3, gma1ls) is a (URT)-hypersurface.

In particular, when o = 0, (X, gm+1|x) has finitely many cylinder ends; when
a=1, (3, gm+1|n) has finitely many (blunt) cone ends.
(e) Let

Cr = {(2,9,2) €ER3: 9+ 22 =1+1/k, 2 € R}, keN.

Based on part (b), the manifold ¥ = J,, Cx, endowed with the metric induced by
g3, is uniformly regular. But it is obvious that (X, g) does not have a tubular
neighborhood.

(f) There also exist connected uniformly reqular hypersurfaces that are not (URT).
For instance, we can construct a smooth connected curve C in {(x,y) : y > 0} such
that C N {(z,y) : * > 0} is compact and

Co{(z,y) 2 <0} ={(z,y) :y =1} U{(2,9) :y = 1 +€"}.

Then (C, g2|¢) is a uniformly regular hypersurface that is not (URT). One can take
the product of C' with R™ to produce higher dimensional examples.

Additionally, one can rotate the curve C' around the x—axis to obtain a connected
rotationally symmetric uniformly regular hypersurface which is not (URT).

4. THE SURFACE DIFFUSION FLOW

In solving the surface diffusion flow, one seeks to find a family of (oriented) closed
hypersurfaces {I'(t) : t > 0} satisfying the evolution equation

{V(t) = —ApryHrw), t>0,

I(0) = T, (4.1)

for an initial hypersurface I'y.

Here, V/(t) denotes the velocity in the normal direction of I' at time ¢, Hp() is
the mean curvature of I'(¢) (i.e., the average of the principal curvatures), and Ap(y)
is the Laplace-Beltrami operator on I'(t). We use the convention that a sphere
has negative mean curvature. We note that this convention is in agreement with
[29, 82 B3], but differs from [13] 20, [22].

In the following, we assume that ¥ is a (URT)-hypersurface in R™*+! with tubular
neighborhood U, and with an orientation-preserving atlas 2 := {(O, px) : £ € R}
with 1, = ;! satisfying (R1)~(R5). In the following, we assume that ¥ carries
the metric induced by the Euclidean metric g,,+1. Finally, we assume that Iy lies
in U,.

For a € (0,1) a fixed parameter, we define

FEo:=bc*(¥) and Ej :=bctTo(%).

For 6 € (0,1), let Ey := (Eo, E1)g - Taking = 1/4 and v = 3/4, it follows from
Proposition [2.9] that

E,=bc"(2) and E, =bc*t(%).

Given p € E, with ||p||« < a, it follows, by assumption that ¥ is (URT) with
tubular neighborhood U,, that

U,: L= R™ U, (p) = p+p(p)ra(p), (4.2)
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is a diffeomorphism from ¥ onto the C*~manifold I', := im(¥,); see also Proposi-
tion for additional properties of T'),.
When the temporal variable ¢ is included in p, i.e.

p: [OaT) XN — (78,3),

we can also extend ¥, to ¥, : [0,7) x ¥ — R™T!. In the sequel, we will omit the
temporal variable t in p, ¥, and I', when the dependence on t is clear from context.

Let us fix some notation. We denote by g, 11|r, the metric induced on I', by the
Euclidean metric gy, 1 of R™'. Let g(p) := W% (gm41|r,) be the pull-back metric
of gm1|r, on .

The following expression for g(p) was derived in [28, Formula (23)]:

9ij(p) = gij — 2plij + p°Ui L + Dipd;p, (4.3)

where l;. and [;; are the components of the Weingarten tensor Ly, and the second
fundamental form with respect to g := gm41|s; i-e.,

lij = —(7i|9jvs), Z; = giklkja Ly = lij'ri @1 = Z;Ti 77,
where {71,..., 7} = {3, ..., 52 } is a local basis of TS at p and {7!,...,7™} =
{dz',... dz™} is the corresponding dual basis, characterized by (7%|7;) = 6;

We introduce an open subset of ), defined by
V= {p€ But ol <a).
By Remark d), the functions
a(p) = (T — pL) "Vsp,  Blo) = [1+ a(p)2] V2, (4.4)

are well-defined for all p € V,,, where Vxp is the gradient vector and I = 7; ® 7.
It is easy to verify that g;;(p) = (1:|K(p)7;), where

K(p) = (I —pLs)?+ Vsp© Vsp= (I = pLs)[I + a(p) © a(p)](I — pLsx).
Hence, we obtain
9ii(p) = ((I = pLs)m| [T + alp) @ alp)](I — pLx)7;). (4.5)

It follows from the well-known relation

a®a

1+fa2 € R

[+a®a =1~

that K (p) is invertible for every p € C1(X) with ||p||sc < a, with inverse given by

K™ (p) = Mo(p)[I — B*(p)alp) ® a(p)]Mo(p),
where My(p) := (I — pLx)~!. We then have g (p) = (7!|K~1(p)r?) for the com-
ponents of the cotangent metric g*(p) on T*% induced by g(p), and hence
(1 = B2(p)alp) @ a(p)] Mo (p)"), (4.6)

g"(p) = (Mo(p)7*
see also [29] Section 2.2].
When parameterizing the evolving hypersurface I'(t) = I ;) by means of a height
function p(t) € Vi =V, N Ey, it holds that (4.1)) is equivalent to
1 1

Bip = ———WH(A -
0= =Gy Vo Banaie, Hr,) = = 505

A, H,. (4.7)
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Here, Agmﬂ‘rp
(3, 9(p)), respectively. It was shown in [33, Section 5] that H, := ¥} Hr, in each
local patch (O, ¢, ) reads as

H, = %{QU(P)@@J‘P +97(p)(I50ip — Ti)rp (4.8)

+ g7 () [ ()03 p + T (p) (0311 + Tyt = TH1k)p + 71 ()12 1k pip) }up
B(p) gij(
m

and A, denote Laplace-Beltrami operators on (I'y, gm+1lr,) and

+ p)(Lij — Ll p),

with g (p) given in ([4.6). Here, I'}; are the components of the Christoffel symbols
of ¥ associated with the metric g = gmi1|s, and 75(p) = p%(p)/q;(p), where p(p)
and q§ (p) are polynomials of p with BC*°—coefficients. Note that although
was derived for compact hypersurfaces in [33], this expression still holds true for
our problem as it is purely local.

In local coordinates with respect to the atlas 2, A, is given by

A, = gij(P)(aiaj - Ffj(/))ak )s (4.9)
where I'};(p) are the Christoffel symbols of (£, g(p)). Here we note that the terms
Ff’j (p) depend on p and up to its second—order derivatives. More precisely,

Pk (p,0p,8%p)
a7 (p, dp)

where pfj is a polynomial of p and its derivatives up to second order and qu is
a polynomial of p and its first—order derivatives (both polynomials having BC>°—

Ffj (p)

7

coefficients).
By the expression above, we obtain
H,= @C(g* (p), V2p) + lower order terms
m
and

1
AH, = %C(g*(p) ® g*(p), V*p) + lower order terms,

where C(-,-) denotes the complete contraction and V is the covariant derivative
with respect to (3,g). Here and in the sequel, we will still use V to denote its
extension to 723. Note that for u € C*(X), the tensor Viu € C(X, T*X®4) can
be expressed in local coordinates by

Viu = dyu ) 4 Z aﬂ’(j)aﬁuT(j),
B:(4)
with coefficients ag ;) € BC*(B™), where the summation runs over all multi-
indices (j) = (j1,- - ,ja) € {1,--+,m}* and all 8 € N™ with |3| < 3. Here we are
also using
9y = 0;,01,05, 05, 70 = i @ iz @ 10 g T4,
and 98 := 97" ... 9P see for instance [3, page 444]. Hence we obtain

Clg™(p) ® " (p), V') = g7 (p)g"™ (0)0;0;00mu+ > bslp,dp)d°u  (4.10)
0<|B|<3

for each p € BC!(X) with ||p|« < a and u € C4().
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By defining
Alp)p = %C(g*(p) ®9"(p), V'), Flp):=Alp)p — TApHm (4.11)
we obtain an equivalent formulation of as
dp+Alp)p=F(p) in (0,00) x %,
{ p(0)=po in X
We note that for each p € C1(X,R) with [|p||s < a, the mapping

Alp) - CHER) 5 C(R) s —Clg™(p) © 97 (p), V)]

gives rise to a differential operator of order 4.
A linear operator

l 1
A::ZC(ai,Vi ), u»—)Au:ZC(ai,V’:u),
i=0 =0
of order [, acting on scalar functions, is said to be uniformly strongly elliptic if there
exist positive constants r, R > 0 such that the principal symbol of A,

6A™(p,€) = Clar, (—i6)®)(p) € R, (p,&) € E X TS,
satisfies
r <ReGA"(p,§) < R, forall (p,§) € ¥ x T;% with []g-) = 1. (4.13)
Remark 4.1. It is not difficult to see that in the scalar case, the notion of uniformly

strongly elliptic is equivalent to the notion of uniformly normally elliptic introduced
in [34] Section 3], see also [0].

In our setting, the principal symbol of A(p) is given by

aA™(p)(p,§) = |€|3*(p)(p)7 §eT,T.

It follows from (4.6) that ¢*(p) ~ ¢g* for all p € V,,, in the sense that there exists
some ¢ > 1 such that

(/)]G p) < Elg(yp) < lélg-py  for any (p€) € B x TTE.
In fact, note that with & = 7% € 5%, (4.6) implies
12 o) = 97 (0)(P)(E,€) = [Mo(p)E[* (p) — B2(p)(alp)| Mo (p)€) (p)-
Next, observe that

B2(p) | Mo(p)EI*(P) < g7 (p)(P)(&,€) < [Mo(p)E[*(p), (4.14)

where we employed the Cauchy-Schwarz inequality and 1 — 32(p)|a(p)|? = B%(p)
for the first estimate. It remains to observe that

. 1 ij 2 1 j
mm{m}g (P)(&.€) < [Mo(p)é] (p)SmaX{m}g (P)(&,€).

where k., are the principal curvatures of X, which are bounded by 1/a since ¥
satisfies a uniform ball condition of radius a. This shows that A(p) is uniformly
strongly elliptic. Remarkand [34, Proposition 2.7, Theorem 3.7] now imply the
following result.

Proposition 4.2. A € C¥(V,, M, (E1, Ey)).
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Next, we will verify that the operator F satisfies (H2). In each patch (O, ),
we reference [22, Section 4.4] and (4.10) to confirm that the local expression for
F(p) is of the form

Flp)= > corlp,0p)0pd"p+ > dyor(p,dp)d"p0°pdp, (4.15)

In|=3,|71<2 [nl;lol|r|<2

where 7,7,0 € N™ are multi-indices of length |n| := m + -+ + 7, and 97 =
O ---9m is the mixed partial derivative operator in local coordinates. The coef-
ficient functions ¢, » and d,, - » depend analytically on p and its first-order deriva-
tives. In the sequel, for a function u : ¥ — R, we define u, := (¢ju. Let pg € V.
For R > 0, we choose p1, p2 € Bg, (po, R) N (V, N E,). By Proposition we have

[E(p1) — F(p2)|la,o0 < CIRF(p1) — RF(p2)lio(BC=)
= CSU}; R F(p1) — REF(p1)l 00 (4.16)
KE

In the following computations, C' denotes a generic constant depending only on R
and || poll14+a,00- In every patch (O, @), by the discussion in [22], Section 4.1], we
have the following estimate.

IR E(p1) = RLF(p1)llayoo
‘3+a,oo (417)

<C P16 — P2,k
+C(llorallsrasellors = prallzrace + 192xl2ta0o 01, = P2llstaco

+ P2,k ll24a,00 1 P25 |13+ a,00 | P16 — p2,/<,||1+a,oo) (4.18)
+é[(||91,m||2+a,oo + llp2,xll2+a,00) 11,5 = P2,x 140,00

o0 (4.19)

+lp1.6 = P2.sll2tac0 + P2k ll24a,00 P15 — P25

+é(”pl,ﬁ”g+a,oo“pl,n - p2,rc||1+04,oo + ||P1,H||2+a,OOHPLH - /’2,1€||2+a,oo

o2l aellore = pllzace + 192131000 l01 = P2l bano ) (4:20)

+C[(lprnllzsoce + lp2.sllao ) l101s = p2ucllzsoco
o2l o 91 = Pl oo (4:21)

the definitions of the spaces Fy, E,,, E,, and E, we have = 1/4 and v = 3/4
in our current setting. Thus, we refer back to to see that index j is subcritical
when (g;, ;) satisfies p;/2+v; < 1, and j is critical when g;/2+7; = 1. It follows
from Proposition that is bounded by

le,ra - p2,ﬁ||3+oc,oo < Sug ”pl,n - p2,n||3+a,oo < C'||,01 - pQHEa,'
ne

This corresponds to (¢;,7;) = (0,3/4), which is subcritical. In (4.18)), similarly it
holds

||p1,n||3+04700||P1,n - p2,nH2+a,oo < C~’”/01”131, llpr — p2H2+a,oo
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This corresponds to (g;,7;) = (1,1/2) (which is again subcritical). We can estimate
the remaining terms of (4.18) by using Propositions and

02,5 ll 2000l 01,5 = P2,xll3+a00 + P2,6 |24 ,00 02,5 I3+a00ll 01,5 = P2,5ll14 000
~ 1/2 3/2
<C (el iller = p2lle, + o2l lor = 2l )
These correspond to (g;,7;) = (1/2,3/4) and (g;j,7;) = (3/2,1/4), which are crit-
ical. The remaining terms, i.e. (4.19))-(4.21), can be estimated similarly, cf. [22
Section 4]. We conclude that (4.19)-(4.21) is bounded by

= 1/2 1/2
C (o lE2 + No2ll i) lor = p2lls, + llor = pllz e
1/2 1/2
+ (lolle, + llezlle,)lor = palls, + (lorl £ + o2l E£2) 101 = p2ll24acoe
3/2
+ (lorll, + lo2lls, ) lior = pallosace + lo2ll3 lor = pall s, -

The indices for those estimates are (o;,7v;) = (1/2,1/4),(0,1/2), (1,1/4),(1/2,1/2)
(subcritical), and (0;,7;) = (1,1/2),(3/2,1/4) (critical), respectively.

Additionally, it follows from that R°F(p) € loo,unit (be®) for any p € V,NE,.
Since the constant C' is independent of k, the above computations together with
(4.16]) imply that F satisfies (H2) and

F e C¥(V,NE,,E).

Combining the above discussions, we apply Theorem [2.4]to produce the following
well-posedness result for (4.12)). Note that we assume throughout that ¥ carries
the metric induced by the Euclidean metric g,,41-

Theorem 4.3. Let o € (0,1), p = 1/4 and X be a (URT)-hypersurface in R™+1
with a tubular neighborhood of radius a.

(a) Then for any po € V,, := {p € bc' (D) : [|pllos < a}, (E12)) has a unique
solution

p(, po) € Cr—p(J,bc* T () N C’ll_u(J7 bc* (X))

on a mazimal interval J = [0,T) = [0,T(po)), with the additional property
that p(-, po) € C(J, b ().

(b)

M= |J {t} xT(@)
t€(0,T)

is a O -hypersurface in R™*2. In particular, each manifold T'(t) is C>
fort € (0,T). If, in addition, & is C¥—uniformly regular, then M is a
C¥ ~hypersurface in R™+2,

(c) The map [(t, po) — p(t, po)] defines a semiflow on V,, which is analytic for
t > 0 and Lipschitz continuous for t > 0.

Proof. We have already proved part (a) above. Part (b) follows directly from the
argument in [33, Sections 3 and 5]. For part (c), we first note that Lipschitz
continuity of the semiflow follows from [22 Corollary 2.3]. Regarding additional
regularity of the semiflow; for any 7 > 0, we note that

p(7,p0) € Vo = bc™(2) N [llplloo < al,
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and so the result holds in V,, because of [10, Theorem 6.1] and the mapping proper-
ties of A(-) and F'(-). Regularity of the semiflow in V), then follows by embedding.
]

5. THE WILLMORE FLOW

In this section, we take ¥ to be a (URT)-hypersurface in R3. For the Willmore
flow, we seek a family of hypersurfaces {I'(t) : t > 0} satisfying the evolution
equation
V(t) = —ArwyHr(y — 2Hr (Hi ) — Krw), >0, 5.1

I'(0) =To, '
where the term Kp(;) denotes Gaussian curvature of I'(Z).

Working in the same setting as Section {| above, we consider acting on
surfaces I'(t) = I',(+) defined over X via height functions p(t) : ¥ — R. Assuming
that ¥ has a tubular neighborhood U, of radius a > 0, we recall that £, = bc't*(X)
and E, = bc*T(X) are interpolation spaces between Ey := bc*(X) and E; :=
bc* (), and we consider initial functions from V,, := {p € E, : ||p|l«~ < a}.

Treating as a lower—order perturbation of , we again define

Alp) By = By [ues —Clo(0) @7 (p), Vo)

for all p € V,,, and we introduce the mapping @ : V,, N E, — Ej defined as

Q(p) == Alp)p — %‘I’; (Agg\rpHFp +2Hr, (Hf | — KFP))

= A(p)p — %(AP‘HP + QHP(H?) - Kp))-

We thus arrive at the following expression for (5.1)) in our current setting:

dp+Alp)p=Q(p) in (0,00) x X,
p(0) = po in  X.
By Proposition we know that A € C*(V,,, M, (E1, Eyp)) so we focus on showing

regularity and structural properties for Q(p).
By (4.11)) and the definition of Q(p), we note that

Qo) = Flp) — ——H* + > H K,

3
Blp) " B(p)
and it follows that the local expression for Q(p) is of the form

Q)= > eprlp0p)0pd"p+ D dyor(p,0p) 0" pd7p.

Inl=3,I7|<2 [nlslell|<2

(5.2)

To confirm this local expression for Q(p), we first note that all third—order deriva-
tives of p appear in F(p), while the terms %H > and %H oK, depend only on
up to second-order derivatives. With the structure for F'(p) already established in
, it suffices to confirm that Q(p) only contributes additional terms of the form

> dyoir(p,0p)0"p0°p I p.

Inl,lol,IT|<2
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Local expressions for 3(p) and H, are given in (4.4]) and (4.8)), respectively. Since
B(p) depends on at most first-order derivatives of p and H, depends linearly on
second-order derivatives, we see that at most cubic powers of 9%p appear in %HS.

Regarding the term (2/5(p))H,K,, we first express Gaussian curvature

K, = det[g" (p)li;(p)],

as derived in [32] Section 2]|. Here l;;(p) are the components of the pull-back of the
second fundamental form of T',. It follows from (4.8) that

lij(p) = B(p){ B0 + (150ip — TE) 0k
+ [Tk (o) 0y + 1 () (D5 + Tttt = TIsi)p + 1) 0] e
+ B(p) (Lij — Lkl p).-

Observing that each l;;(p) is linear with respect to 82p, it follows that 9%p appears
at most quadratically in det[l;;(p)], since it is a 2 x 2 matrix. Therefore, we con-
clude that K, contains at most quadratic factors of 9%p and thus, multiplying with
the second-order quasilinear term H,, we conclude that the term (2/5(p))H,K,
contains at most cubic powers of 9%p.

With confirmation that Q(p) satisfies the same structural condition as F(p)
in Section 4} we employ the same argument outlined in 7 to conclude
that (A, Q) satisfies conditions (H1)—(H2). The following well-posedness result

for (5.1)) then follows from Theorem

Theorem 5.1. Let a € (0,1), u=1/4 and 3 be a (URT)-hypersurface in R3 with
tubular neighborhood of radius a.

(a) Then for any py € V,, := {p € bc***(2) : |Ipllc < a}, (5-2) has a unique

solution
P po) € Crop (1,6 (2)) N CL_,(J,0c (%))

on a mazimal interval J = [0,T) = [0,T(po)), with the additional property
that p(-, po) € C(J, bHH().

M:= ] {t} xT@)

te(0,7)

is a C>®-hypersurface in R*. In particular, each manifold T'(t) is C> for
t € (0,7). If, in addition, ¥ is C¥—uniformly reqular, then M is a C*-
hypersurface in R™12,

(c) The map [(t, po) — p(t, po)] defines a semiflow on V,, which is analytic for
t > 0 and Lipschitz continuous for t > 0.

Proof. Part (b) follows from [32] and [33], Section 3]. Part (c) follows exactly as in
the proof of Theorem [4.3|c) above. O

5.1. Stability of spheres. In the case ¥ is a Euclidean sphere in R?, we apply
the generalized principle of linearized stability (c.f. [22] Section 3]) to prove the
following result regarding stability of spheres under the Willmore flow, with control
on only first—order derivatives of perturbations.
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Theorem 5.2. Fiz a € (0,1), p = 1/4, and i € (0,1), and let & be a Fuclidean
sphere in R3 with radius v > 0. There exists a constant 6 € (0,7) such that, given
any admissible perturbation I, for

po € Vs == {p € b (D) : [Ipllos <1 and [|poll1+a,00 < 0},

the solution p(-, po) of (p.2)) exists globally in time and converges to some p € Mgpp
at an exponential rate, in the topology of En. Here, Mgy, denotes the family of
functions p € C*®(,R) for which T, is a sphere that is close to ¥ in R3.

Proof. 1t is shown in the proof of [35, Theorem 1.2] that p, = 0 is normally stable
under (5.2). The result then follows from [22, Theorem 3.2]. |

Corollary 5.3. There exist non—convex hypersurfaces I'g such that the solution
p(+5 po) to (5.2) with T'(pg) = Lo, exists globally in time and converges exponentially
fast to a sphere.

We note here that Theorem [5.2] also holds true for the surface diffusion flow, as
was shown in [22] Section 4.5].

APPENDIX A.

Suppose ¥ is a (URT)-hypersurface with tubular neighborhood of radius a. Given
p € C(X) with ||p|l < a, let T') := ¥,(X), where ¥,(p) = p+ p(p)vs(p) for p € X.
Then I', enjoys the following properties.
Proposition A.1. Let k € NU {oo}.
(a) Suppose p € BCKTY(Y) and ||p|lcc < a. Then T, is C*—uniformly regular.

(b) There exists e1 > 0 such that, for any p € BC?(X) with ||p|le < €1, the
hypersurface I', has a tubular neighborhood of radius a1 for some positive
number a; = ay(e1,p).

Proof. (a) We can construct an atlas A, = {Oy ,, ¢x ) : & € K} for ', as follows.
Define

On,p = \I/p © 1/%(137”)7 Pr,p ‘= Pr © ‘Il;la wn,p = (P;,iy
Then 2, inherits properties (R1)-(R3) from 2. Next we note that
Vr p(gmrlr,) = Vig(p),

and that by (4.5, g(p) involves first order derivatives of p. Hence, 9% g(p) is C* for
p € C*H1. Tt follows readily from (4.5) that

(T = pLs)E*(p) < 9i5 (P)(P)(&,€) < (1 +alp)*)|(I = pLx)E* (p)
for pe ¥ and £ = ¢'7;(p) € TpX. Properties (R4)-(R5) now follow from
min{(1 — (pr,)(P))*}EI* < [(I = pLx)€*(p) < max{(1 — (pr,)(p))*}H€[*
and Remark [3.1](d).

(b) Let 79 € (0,1) be the constant related to the uniformly shrinkable property.

Claim 1: Let 7y := 1";0. There exists a uniform constant r; such that for any
k€ Rand p € Y. (FoB™), Y (B™(zp, 1)) is a graph fi, , over T, with z, := ¢, (p)
satisfying

[ fx.pl

for some ¢y > 0 independent of x and p.

2,00 < €0 (A.1)
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Proof of Claim 1. Let k € & and p € ¥, (7oB™) be given. Then there exists z, in
7oB™ such that p = ¢,(xp). Let

Pp:=1—-vs(p) @vs(p)

be the orthogonal projection of R™*! onto T,X. In the following we will identify
T, with R™. It follows from the boundedness of || Ly ||« that there is a universal
constant by such that P, : ¥, (B(xp, by)) = Tp(X) = R™ is injective. Let

Fop(x) = (Ppot)(z), € B(xp,bo).
Then we obtain for the Fréchet derivative of F, ,
DF,, o(zp) = Pp D (zp) = Dpi(p), (A.2)
as D (zp)€ € TLX for all £ € R™. We infer from (R5) that
(/)€ < [DYu()El® = (¥rg)(2)(6,€) <AilE), =z €B™, £€R™, (A3)
for some uniform constant ; > 1. It follows from (A.2]) and (A.3)) that the spectrum
of DF, ,(x) lies outside the ball B¢(0,1/7v1) for any = € B™. Indeed, suppose
pv = DF, ,(x)v for some p € C and v =& +in € C™ with |v| = 1. Then
|uf* = |DF, ()] = [ Db (2)&]* + [ Db ()] = (1/m1)*
Lemma 4.1 in [7] implies that DF}, ,(z) is invertible with
D Fyp()] 7] < 7, (A4)

where the constant 7, is independent of x € B™ and &, p. By the inverse function
theorem, there exists a uniform constant r; which is independent of x and p €
)y (FoB™) such that

Fop:B™(2p,7m1) = Pothe(B™ (2p,71))
is a diffeomorphism. Next we note that
i F o(y) = [DF.p(F ()] 'e;
0;0;F; 3 (y) = =[DF p(Fy ()] 0i[DF p(Fy ()] [DFp(Frp ()] 'e;

Recall that 0;0;1, = Ffj(?k@[}K +1;jvs. In view of [3] Formula (3.19)], (A.3)) and the
boundedness of || Lg||oo, we conclude that

[Vkll2,00 < Y3, for all kK € R. (A.5)
It follows from (A.4) and (A.5) that ||F, }[|2,c < ¢ for some ¢ independent of
%, p. Define @, p : Ppth(B™ (2p,71)) = X by @y p :=1hs 0 F,; 3. Note that

(I)K,p(y) =Ppo @H’p(y) + (I~ Pp) © (I)n,p(y)
=y + ws(P)®up(®)vs(p) =y + fup(y)vs(p).

We can now conclude that (A.1)) holds. |
In the following, we assume that
1-— To 1
71 < min { , } A6
1 2 "2 (46)

By Claim 1, we can find L € N such that, in every O, there exist z,; € roB™ with
i=1,---,L such that

Ule V(B (2x,:,71/4)) covers P (roB™).
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Taking new local patches 9, (B™(z.,,71/2)), after relabelling, translation and scal-
ing, we obtain a new atlas satisfying (R1)—(R5), still denoted by 2 = {(Ox, k) :
k € R}. Note that for this new atlas, O, is the graph of a function f, , over T,X for
any k € R and p € O,. Moreover, still holds true. In addition, we can take
uniformly shrinkable constant ro = 1/2. Note also that, by (R5), we can assume
that 1 is chosen so small that

lp—al<a/8, p,q€O0,. (A.7)

Let dist(-,-) denote the Euclidean distance between two compact subsets in
R™+L,

Claim 2: There exists ¢; > 0 such that dist(p,0X (0, [—a/2,a/2])) > ¢; for all
k€ & and p € 1, (3B™).
Proof of Claim 2. We set
D, = X(0, x [—a/2,a/2]),
and
Stk :=X(0x x {—a/2}) UX(O, x {a/2}), Sz, :=090Dy\ S1,x.
We now show that dist(p, dD,) is uniformly positive.
Case 1: |p — ¢| = dist(p, dD,,;) for some ¢q € S1
Since g € 51, we can find some q € O, such that, without loss of generality, we
have X (q,a/2) = ¢q. This implies
lp—ql=a/2—-|p—ql=a/4
Case 2: |p — ¢| = dist(p, 0D,;) for some q € S .

We first observe that, for any p € wm(%(Bm)), we have by (A.3]), (A.5) and Taylor
expansion that
71 1 T1
5. — 53>

2
where p = ¢ (2p) with z, in %IB%’” and q = 9 (zq) with 2, € OB™. The assumption

(A.6)) now implies

P —al = [¥n(2p) — ¥u(zq)| =

dist(p, 90,) > 1o = 11/(871). (A8)
Moreover, Sa, = X (00, x (—a/2,a/2)) implies that there exist q € 90, and

s € (—a/2,a/2) such that ¢ = X(q, s).
Because of ({A.7)), we can realize p as a point on the graph of f 4, cf. the following
figure.

vs(q)
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By (A.8]), we observe that |p —q| > 1. Let d = |p — ¢|. Using (A.1)), we have
d* 4 d*c3 > n3,
which implies
lp—ql=m

for some uniform constant ; > 0. Thus we can take ¢; = min{a/4,7n;} independent
of p and k. |

Claim 3: Let 6 € (0,a) and M > 0 be fixed. Then there exists a constant 7 > 0
such that for any p € BC?(X) with ||p|lec <6, [|pll2,00 < M, and any p € ¢ (3B™),

W, (Y (xp,72)) is the graph of a C*-function hy , over Ty, )T, satisfying

Mo plize < e, (A.9)
for some ¢y > 0 independent of , p and p.
Proof of Claim 3. The proof is basically the same as that of Claim 1, as I, is a

C?-hypersurface and C'-uniformly regular by part (a) of the proposition; and all
we need for the proof of Claim 1 is this property. |

‘We assume
€1 < min{a/8,¢1/2}, (A.10)

where ¢; is the constant in Claim 2. By our choice of 1, following the construction
below Claim 1, we can further modify the atlas %, still with uniform shrinkable
parameter ro = 1/2, such that for every p € BC?(X) with |plle < &1, ¥,(0,) is a
graph over Ty (,)[', for any x € & and p € O,.

Claim 3 and Example 3.2(c) imply that ¥,(O,) has a tubular neighborhood of
radius a;, where a; is independent of x, p. In order to prove that I', has a tubular
neighborhood of radius aj, it suffices to show that

X, ¥ x (—ar,a1) : (p,s) = V,(p) + svr, (V,(p))
is injective.
Claim 4: For sufficiently small a; > 0 and any p € BC?*(X) with ||p|le < &1

satisfying (A.10) and p € ¥,.(§B™), it holds that Bgm+1(¥,(p),2a;1) is contained in
X(Ona [_3/27 3/2])

Proof of Claim 4. Define D,;, S, and S3 ,; as in Claim 2. Given any p € wm(%Bm),
there exists some g € 9D,, such that

|¥,(p) — q| =dist(¥,(p),0Dy).
If ¢ € S, then there exists q € O, so that, without loss of generality, X (q,a/2) =

q. By and , we infer that
Wo(p) —al = a/2=[¥p(p) —p[—lp—al > a/4
If g € Sy, by Claim 2 and
[Wo(p) —al = Ip—al = |p(p) = e1/2.
Therefore, it suffices to take a; < min{a/8,¢1/4} = ¢1/4. |
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If X,(p,s) = X,(q,t) for some p,q € ¥ and s,t € (—ay,a;), we may assume that
pE w,@(%lﬁ%m) for some k € K. It follows that

W, (p) = ¥,(q)| = [svs(p) — trs(a)| < 2a1.

We conclude from Claim 4 that ¥,(q) € X(O,[—a/2,a/2]) and thus q € O,
as well. However, in this case, we already know that ¥,(O,) has an a;—tubular
neighborhood, which implies that p =q and s = t. (I

Remark A.2. In Proposition (b) it would be desirable to be able to replace the
smallness condition ||p|lco < €1 by the more natural condition ||p||eo < a.

In the special case that ¥ is compact, this property holds by Remark (b), as
T, is a compact (closed) C?-hypersurface.
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