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THE SURFACE DIFFUSION AND THE WILLMORE FLOW FOR

UNIFORMLY REGULAR HYPERSURFACES

JEREMY LECRONE, YUANZHEN SHAO, AND GIERI SIMONETT

Abstract. We consider the surface diffusion and Willmore flows acting on

a general class of (possibly non–compact) hypersurfaces parameterized over a
uniformly regular reference manifold possessing a tubular neighborhood with

uniform radius. The surface diffusion and Willmore flows each give rise to a

fourth–order quasilinear parabolic equation with nonlinear terms satisfying a
specific singular structure. We establish well–posedness of both flows for initial

surfaces that are C1+α–regular and parameterized over a uniformly regular

hypersurface. For the Willmore flow, we also show long–term existence for
initial surfaces which are C1+α–close to a sphere, and we prove that these

solutions become spherical as time goes to infinity.

1. Introduction

The surface diffusion and Willmore flows are geometric evolution equations that
describe the motion of hypersurfaces in Euclidean space (or, more generally, in
an ambient Riemannian manifold). The normal velocity of evolving surfaces is
determined by purely geometric quantities. For both flows, the mean curvature is
involved in the evolution equations, while the Willmore flow additionally depends
upon Gauss curvature.

These flows have been studied by several authors for compact (closed) hyper-
surfaces. In this setting, existence, regularity, and qualitative behavior of solutions
have been analyzed in [13, 14, 20, 27, 33, 36, 37] for the surface diffusion flow, and
in [9, 17, 18, 19, 24, 25, 26, 32, 35] for the Willmore flow, to mention just a few
publications.

In this paper, we consider uniformly regular hypersurfaces. It should be empha-
sized that these surfaces may be non-compact. The concept of uniformly regular
Riemannian manifolds was introduced by Amann [3, 4] and it contains the class of
compact Riemannian manifolds as a special case. The study of geometric flows on
non–compact manifolds is an active research topic, both from the point of view of
PDE theory and in relation to its applications in geometry and topology. To the
best of our knowledge, the current literature on the surface diffusion and Willmore
flows for non–compact manifolds all concern surfaces defined over an infinite cylin-
der or entire graphs over Rm, or the Willmore flow with small initial energy, cf.
[8, 16, 17, 21, 22]. Our work generalizes the study of these two flows to a larger
class of manifolds.

2010 Mathematics Subject Classification. 35K55, 53C44, 54C35, 35B65, 35B35 .
Key words and phrases. Surface diffusion flow, Willmore flow, uniformly regular manifolds,
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2 J. LECRONE, Y. SHAO, AND G. SIMONETT

In our main result we establish well–posedness for initial surfaces that are C1+α–
regular and parameterized over a uniformly regular hypersurface. Moreover, we
show that solutions instantaneously regularize and become smooth, and even an-
alytic in case Σ is analytic. In order to obtain our results, we show that the per-
tinent underlying evolution equations can be formulated as parabolic quasilinear
equations of fourth order over the reference surface Σ. Our analysis relies on the
theory of continuous maximal regularity and the results and techniques developed
in [22, 33, 34].

The results in Theorem 4.3 and Theorem 5.1 are new. However, we note that
in case Σ is an infinitely long cylinder embedded in R3, an analogous result to
Theorem 4.3 was obtained in [22] for the surface diffusion flow.

For the Willmore flow, Theorem 5.1 is also new even if Σ is a compact (smooth,
closed) surface. Previous results impose more regularity on the initial surface, for
instance C2+α in [35].

Theorem 5.2, where global existence and convergence to a sphere is shown for
surfaces that are C1+α–close to a sphere, also seems to be new. A corresponding
result was obtained in [35] for surfaces close to a sphere in the C2+α–topology. The
authors in [18] showed the existence of a lower bound on the lifespan of a smooth
solution, which depends only on how much the curvature of the initial surface is
concentrated in space. In [17, 19], the authors proved convergence to round spheres
under suitable smallness assumptions on the total energy of the surface. Here we
note that the energy used in [17, 19] involves second–order derivatives, whereas we
only need smallness in the C1+α–topology. In particular, we obtain global existence
and convergence for non–convex initial surfaces.
The organization of the paper is as follows:

In Sections 2.1 and 2.2, we introduce the concept of uniformly regular manifolds
and define the function spaces used in this paper. In Sections 2.3 and 2.4, we review
continuous maximal regularity theory and its applications to quasilinear parabolic
equations with singular nonlinearity. These results form the theoretic basis for the
study of the surface diffusion and Willmore flows.

In Section 3, we introduce the concept of uniformly regular hypersurfaces with a
uniform tubular neighborhood (called (URT)–hypersurfaces) and work out several
examples. We utilize these concepts to parameterize the evolving hypersurfaces
driven by surface diffusion and Willmore flows as normal graphs over a (URT)-
reference hypersurface.

In Section 4, we establish our main results regarding existence, uniqueness, regu-
larity, and semiflow properties for solutions to the surface diffusion flow over (URT)–
hypersurfaces in Rm+1. In Section 5, we likewise establish well–posedness properties
for solutions to the Willmore flow over (URT)–hypersurfaces in R3. Additionally,
we show stability of Euclidean spheres under perturbations in the C1+α–topology.

We conclude the paper with an appendix where we state and prove some addi-
tional properties of normal graphs over (URT)-hypersurfaces.

Notation: For two Banach spaces X and Y , X
.
= Y means that they are equal

in the sense of equivalent norms. L(X,Y ) denotes the set of all bounded linear
maps from X to Y and Lis(X,Y ) is the subset of L(X,Y ) consisting of all bounded
linear isomorphisms from X to Y . For x ∈ X, BX(x, r) denotes the (open) ball
in X with radius r and center x. We sometimes write B(x, r), in lieu of BX(x, r),
in case the setting is clear, and we write Bm(x, r) when X = Rm. We denote by



SDF AND WF FOR UNIFORMLY REGULAR SURFACES 3

gm the Euclidean metric in Rm. Given an embedded hypersurface M in Rm, gm|M
means the metric on M induced by gm. Finally, we set N0 = N ∪ {0}.

2. Preliminaries

2.1. Uniformly regular manifolds. The concept of uniformly regular (Riemann-
ian) manifolds was introduced by H. Amann in [3] and [4]. Loosely speaking, an
m–dimensional Riemannian manifold (M, g) is uniformly regular if its differentiable
structure is induced by an atlas such that all its local patches are of approximately
the same size, all derivatives of the transition maps are bounded, and the pull-back
metric of g in every local coordinate is comparable to the Euclidean metric gm.

We will now state some structural properties of uniformly regular manifolds
which will be used in the analysis of the the surface diffusion flow and and the
Willmore flow in subsequent sections.

An oriented C∞–manifold (M, g) of dimension m and without boundary is uni-
formly regular if it admits an orientation-preserving atlas A := {(Oκ, ϕκ) : κ ∈ K},
with a countable index set K, satisfying the following conditions.

(R1) There exists K ∈ N such that any intersection of more than K coordinate
patches is empty.

(R2) ϕκ(Oκ) = Bm, where Bm is the unit Euclidean ball centered at the origin
in Rm. Moreover, A is uniformly shrinkable; by which we mean that there
exists some r ∈ (0, 1) such that {ψκ(rBm) : κ ∈ K} forms a cover for M,
where ψκ := ϕ−1

κ .
(R3) ‖ϕη ◦ψκ‖k,∞ ≤ c(k) for all κ ∈ K, k ∈ N0 and η ∈ K such that Oη ∩Oκ 6= ∅.
(R4) ‖ψ∗κg‖k,∞ ≤ c(k) for all κ ∈ K and k ∈ N0.
(R5) ψ∗κg ∼ gm for all κ ∈ K. Here gm is the Euclidean metric in Rm and ψ∗κg

denotes the pull-back metric of g by ψκ.

Here (R5) means that there exists some number c ≥ 1 such that

(1/c)|ξ|2 ≤ ψ∗κg(x)(ξ, ξ) ≤ c|ξ|2, x ∈ Bm, ξ ∈ Rm, κ ∈ K.

Given an open subset U ⊂ Rm, a Banach space X, and a mapping u : U → X,

‖u‖k,∞ := max
|α|≤k

‖∂αu‖∞

is the norm of the space BCk(U,X), which consists of all functions u ∈ Ck(U,X)
such that ‖u‖k,∞ <∞.

Any uniformly regular manifold (M, g) possesses a localization system subordinate
to A, by which we mean a family {(πκ, ζκ) : κ ∈ K} satisfying:

(L1) πκ ∈ D(Oκ, [0, 1]) and {π2
κ : κ ∈ K} is a partition of unity subordinate to

the cover {Oκ : κ ∈ K}.
(L2) ζκ := ϕ∗κζ with ζ ∈ D(Bm, [0, 1]) satisfying ζ|supp(ψ∗κπκ) ≡ 1, κ ∈ K.
(L3) ‖ψ∗κπκ‖k,∞ + ‖ζ‖k,∞ ≤ c(k), for κ ∈ K, k ∈ N0.

Given k ∈ N ∪ {ω}, the concept of Ck–uniformly regular manifold is defined by
modifying (R3), (R4), (L1)-(L3) in an obvious way, where ω is the symbol for real
analyticity.

Remark 2.1. In [12], the authors showed that a C∞–manifold without boundary
is uniformly regular iff it is of bounded geometry, i.e. it is geodesically complete,
of positive injectivity radius and all covariant derivatives of the curvature tensor
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are bounded. In particular, every compact manifold without boundary is uniformly
regular and the manifolds considered in [20, 21] are all uniformly regular.

Given σ, τ ∈ N0, we define the (σ, τ)–tensor bundle of M as

Tστ M := TM⊗σ ⊗ T ∗M⊗τ ,
where TM and T ∗M are the tangent and the cotangent bundle of M, respectively.
Let T στ M denote the C∞(M)–module of all smooth sections of Tστ M.

Throughout the rest of this paper, we will adopt the following convention.

• p always denotes a point on a uniformly regular manifold.
• k ∈ N0 and s ≥ 0.
• σ, τ ∈ N0, V = V στ := {Tστ M, (·|·)g}, E = Eστ := {Rmσ×mτ , (·|·)}.

Setting Rmκ = Rm for κ ∈ K, we define L1,loc(Rm, E) :=
∏
κ L1,loc(Rmκ , E),

Rcκ : L1,loc(M, V )→ L1,loc(Rmκ , E), u 7→ ψ∗κ(πκu),

Rκ : L1,loc(Rmκ , E)→ L1,loc(M, V ), vκ 7→ πκϕ
∗
κvκ.

Here, and in the following, it is understood that a partially defined and compactly
supported tensor field is automatically extended over the whole base manifold by
identifying it to be zero outside its original domain. We further introduce two maps:

Rc : L1,loc(M, V )→ L1,loc(Rm, E), u 7→ (Rcκu)κ∈K,

R : L1,loc(Rm, E)→ L1,loc(M, V ), (vκ)κ∈K 7→
∑
κ∈K

Rκvκ.

2.2. Hölder and little Hölder spaces on uniformly regular manifolds. In
this subsection we follow Amann [4, 3], see also [34]. We define

BCk(M, V ) := ({u ∈ Ck(M, V ) : ‖u‖Mk,∞ <∞}, ‖ · ‖k,∞),

where ‖u‖k,∞ := max0≤i≤k‖|∇iu|g‖∞. Set

BC∞(M, V ) :=
⋂
k

BCk(M, V )

endowed with the conventional projective topology. Then

bck(M, V ) := the closure of BC∞(M, V ) in BCk(M, V ).

Letting k < s < k + 1, the Hölder space BCs(M, V ) is defined by

BCs(M, V ) := (bck(M, V ), bck+1(M, V ))s−k,∞.

Here (·, ·)θ,∞ is the real interpolation method, see [1, Example I.2.4.1]. For s ≥ 0,
we define the little Hölder spaces by

bcs(M, V ) := the closure of BC∞(M, V ) in BCs(M, V ).

The spaces BCs(Rm, E) and bcs(Rm, E) are defined in a similar manner. When
s /∈ N0, we can give an alternative characterization of these spaces on Rm. For
0 < s < 1 and 0 < δ ≤ ∞, we define a seminorm by

[u]δs,∞ := sup
h∈(0,δ)m

‖u(·+ h)− u(·)‖∞
|h|s

, [·]s,∞ := [·]∞s,∞.

For k < s < k + 1, the space BCs(Rm, E) can be equivalently defined as

BCs(Rm, E) =
(
{u ∈ BCk(Rm, E) : ‖u‖s,∞ <∞}, ‖ · ‖s,∞

)
,

where ‖u‖s,∞ := ‖u‖k,∞ + max|α|=k[∂αu]s−k,∞; and
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u ∈ BCs(Rm, E) belongs to bcs(Rm, E) iff lim
δ→0

[∂αu]δs−[s],∞ = 0, |α| = [s].

For F ∈ {bc, BC}, we put Fs :=
∏
κ F

s
κ with Fsκ := Fs(Rmκ , E). We denote by

l∞(Fs) the linear subspace of Fs consisting of all x = (xκ)κ∈K such that

‖x‖l∞(Fs) := sup
κ
‖xκ‖Fsκ <∞.

We define l∞,unif(bc
k) as the linear subspace of l∞(bck) consisting of all u =

(uκ)κ∈K such that (∂αuκ)κ∈K is uniformly continuous on Rmκ for |α| ≤ k, uniformly
with respect to κ ∈ K. For k < s < k + 1, we define l∞,unif(bc

s) as the linear

subspace of l∞,unif(bc
k) of all u = (uκ)κ∈K such that

lim
δ→0

max
|α|=k

[∂αuκ]δs−k,∞ = 0 uniformly with respect to κ ∈ K. (2.1)

The following properties of little Hölder spaces were first established in [3, 4].
We also refer to [34, Theorem 2.1 and Proposition 2.2].

Proposition 2.2. Let s ≥ 0. Then R is a retraction from l∞,unif(bc
s) onto

bcs(M, V ) with Rc as a coretraction. Similarly,

[u 7→ (ψ∗κ(ζκu))κ∈K] ∈ L(bcs(M, V ), l∞,unif(bc
s)).

Let (·, ·)0
θ,∞ denote the continuous interpolation method, c.f. [1, Example I.2.4.4].

Proposition 2.3. Suppose that 0 < θ < 1, 0 ≤ s0 < s1 and s = (1 − θ)s0 + θs1

with s1, s2, s /∈ N0. Then

(bcs0(M, V ), bcs1(M, V ))0
θ,∞

.
= bcs(M, V ).

2.3. Continuous maximal regularity. For a fixed interval I = [0, T ], µ ∈ (0, 1),
and a given Banach space X, we define

BC1−µ(I,X) := {u ∈ C(İ , X) : [t 7→ t1−µu] ∈ C(İ , X), lim
t→0+

t1−µ‖u(t)‖X = 0},

‖u‖C1−µ := sup
t∈İ

t1−µ‖u(t)‖X ,

where İ = I \ {0}; and

BC1
1−µ(I,X) := {u ∈ C1(İ , X) : u, u̇ ∈ BC1−µ(I,X)}.

If I = [0, T ) is a half open interval, then

C1−µ(I,X) := {v ∈ C(İ , X) : v ∈ BC1−µ([0, t], X), t < T},

C1
1−µ(I,X) := {v ∈ C1(İ , X) : v, v̇ ∈ C1−µ(I,X)}.

We equip these two spaces with the natural Fréchet topology induced by the topol-
ogy of BC1−µ([0, t], X) and BC1

1−µ([0, t], X), respectively.

Assume that E1
d
↪→ E0 is a pair of densely embedded Banach spaces. An operator

A is said to belong to the class H(E1, E0), if −A generates a strongly continuous
analytic semigroup on E0 with dom(A) = E1. We define

E0,µ(I) := BC1−µ(I, E0), E1,µ(I) := BC1−µ(I, E1) ∩BC1
1−µ(I, E0), (2.2)

which are themselves Banach spaces when equipped with the norms

‖v‖E0,µ(I) := sup
t∈I

t1−µ‖v(t)‖E0
,

‖v‖E1,µ(I) := sup
t∈I

t1−µ
(
‖v̇(t)‖E0

+ ‖v(t)‖E1

)
,
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respectively. For A ∈ H(E1, E0), we say (E0,µ(I),E1,µ(I)) is a pair of maximal
regularity of A if ( d

dt
+A, γ0

)
∈ Lis(E1,µ(I),E0,µ(I)× Eµ)

where γ0 is the evaluation map at 0, i.e., γ0(u) = u(0), and Eµ := (E0, E1)0
µ,∞. In

this case, we use the notation

A ∈Mµ(E1, E0).

2.4. Quasilinear equations with singular nonlinearity. Consider the follow-
ing abstract quasilinear parabolic evolution equation

d

dt
u+A(u)u = F1(u) + F2(u), t > 0,

u(0) = x.
(2.3)

We assume that Vµ ⊂ Eµ is an open subset of the continuous interpolation space
Eµ := (E0, E1)0

µ,∞ and the operators (A,F1, F2) satisfy the following conditions.

(H1) Local Lipschitz continuity of (A,F1):

(A,F1) ∈ C1−(Vµ,Mµ(E1, E0)× E0).

(H2) Structural regularity of F2:
There exists a number γ ∈ (µ, 1) such that F2 : Vµ ∩Eγ → E0. Moreover,
there are numbers γj ∈ [µ, γ], %j ≥ 0, and m ∈ N with

%j(γ − µ) + (γj − µ)

1− µ
≤ 1, for all j = 1, 2, · · · ,m, (2.4)

so that for each x0 ∈ Vµ and R > 0 there is a constant CR = CR(x0) > 0
for which the estimate

|F2(x1)− F2(x2)|E0
≤ CR

m∑
j=1

(1 + |x1|
%j
Eγ

+ |x2|
%j
Eγ

)|x1 − x2|Eγj (2.5)

holds for all x1, x2 ∈ B̄Eµ(x0, R) ∩ (Vµ ∩ Eγ).

Following the convention in Prüss, Wilke [30] and [22], we call the index j sub-
critical if (2.5) is a strict inequality and critical in case equality holds in (2.5).

Theorem 2.4. [22, Theorem 2.2] Suppose (A,F1, F2) satisfies (H1)–(H2).

(a) Given any x0 ∈ Vµ, there exist positive constants τ = τ(x0), ε = ε(x0), and
σ = σ(x0) such that (2.3) has a unique solution

u(·, x) ∈ E1,µ([0, τ ])

for all initial values x ∈ B̄Eµ(x0, ε). Moreover,

‖u(·, x1)− u(·, x2)‖E1,µ([0,τ ]) ≤ σ‖x1 − x2‖Eµ , x1, x2 ∈ B̄Eµ(x0, ε).

(b) Each solution with initial value x0 ∈ Vµ exists on a maximal interval
J(x0) := [0, t+) = [0, t+(x0)) and enjoys the regularity

u(·, x0) ∈ C([0, t+), Eµ) ∩ C((0, t+), E1).

(c) If the solution u(·, x0) satisfies the conditions:
(i) u(·, x0) ∈ UC(J(x0), Eµ) and
(ii) there exists η > 0 so that distEµ(u(t, x0), ∂Vµ) > η for all t ∈ J(x0),
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then it holds that t+(x0) = ∞ and so u(·, x0) is a global solution of (2.3)
Moreover, if the embedding E1 ↪→ E0 is compact, then condition (i) may be
replaced by the assumption:
(i.a) the orbit {u(t, x0) : t ∈ [τ, t+(x0))} is bounded in Eδ for some δ ∈ (µ, 1]

and some τ ∈ (0, t+(x0)).

3. URT–hypersurfaces

Suppose Σ is an oriented smooth hypersurface without boundary which is em-
bedded in Rm+1. Let a > 0. Then Σ is said to have a tubular neighborhood of
radius a if the map

X : Σ× (−a, a)→ Rm+1 : [(p, r) 7→ p + rνΣ(p)] (3.1)

is a diffeomorphism onto its image Ua := X((−a, a) × Σ). Here νΣ is the normal
unit vector field compatible with the orientation of Σ. We refer to Ua as the tubular
neighborhood of Σ of width 2a and note that Ua = {x ∈ Rm+1 : dist (x,Σ) < a}.

Finally, we say that Σ has a tubular neighborhood if there exists a number a > 0
such that the above property holds.

Remarks 3.1. (a) We lose no generality in assuming Σ is oriented, as any smooth
embedded hypersurface without boundary is orientable, cf. [31].

(b) Any smooth (in fact, C2) compact embedded hypersurface without boundary has
a tubular neighborhood, see for instance [15, Exercise 2.11].

(c) Suppose Σ is a smooth (oriented) embedded hypersurface with unit normal field
νΣ. Then Σ is said to satisfy the uniform ball condition of radius a > 0 if at each
point p ∈ Σ, the open balls B(p± aνΣ(p), a) do not intersect Σ.

The following assertions are equivalent:

(i) Σ has a tubular neighborhood of radius a.
(ii) Σ satisfies the uniform ball condition of radius a.

For the reader’s convenience, we include a proof of this equivalence.

Proof. (i)⇒ (ii). Suppose there exists p ∈ Σ such that B(x0, a)∩Σ 6= ∅, where x0 :=
p + aνΣ(p). Then s := dist (x0, B̄(x0, a) ∩ Σ) < a and there exists q ∈ B̄(x0, a) ∩ Σ
such that x0 = q + sνΣ(q). Hence x0 = X(p, a) = X(q, s), with (p, a) 6= (q, s),
contradicting the assumption that X is bijective. The case x0 = p − aνΣ(p) is
treated in the same way.

(ii) ⇒ (i). We only need to prove the injectivity of X. Suppose, by contradiction,
that X(p1, r1) = X(p2, r2) = x for (p1, r1) 6= (p2, r2). Without loss of generality
we may assume that r1 ∈ (0, a), as we can otherwise replace νΣ(pi) by −νΣ(pi).
Moreover, we may assume that |r2| ≤ r1. Let s ∈ (r1, a) and set

y := X(p1, s) = x+ (s− r1)νΣ(p1).

Then we have |y − p2| ≤ |y − x|+ |x− p2| = s− r1 + |r2| ≤ s, showing that

p2 ∈ B̄(y, s) = B̄(p1 + sνΣ(p1), s) ⊂ B(p1 + aνΣ(p1), a).

Therefore, B(p1 + aνΣ(p1), a) ∩ Σ 6= ∅, contradicting the assumption in (ii). �

(d) Suppose Σ has a tubular neighborhood of radius a. Let {κ1, . . . , κm} be the
principal curvatures of Σ, and LΣ the Weingarten tensor.

Then it follows from part (c) that |κ1|, . . . , |κm| ≤ 1/a and |LΣ| ≤ 1/a.



8 J. LECRONE, Y. SHAO, AND G. SIMONETT

In the following, we say that Σ is a (URT)–hypersurface in Rm+1 if

(T1) Σ is a smooth oriented hypersurface without boundary embedded in Rm+1.
(T2) (Σ, g) is uniformly regular, where g = gm+1|Σ denotes the metric induced

by the Euclidean metric gm+1.
(T3) Σ has a tubular neighborhood.

Examples 3.2. (a) Every smooth compact hypersurface without boundary embed-
ded in Rm+1 is a (URT)–hypersurface.

(b) All of the manifolds considered in [20, 21] are (URT)–hypersurfaces. In partic-
ular, the infinite cylinder with radius r > 0,

Cr = {(x, y, z) ∈ R3 : y2 + z2 = r2, x ∈ R},

is a (URT)–hypersurface with tubular neighborhood of radius a = r.

(c) Assume that f : Rm → R belongs to BC2(Rm). Then the graph of f has a
tubular neighborhood of radius a for some a > 0.

Proof. By the inverse function theorem, there exist uniform constants η > 0 and
ε > 0 such that, at every point x ∈ Rm, f |Bm(x,η) can be expressed as the graph

of a BC2–function hx over Txgr(f), the tangent space to the graph of f at the
point (x, f(x)), such that the set {(y, hx(y)) : y ∈ BTxgr(f)(0, ε)} is contained in
{(z, f(z)) : z ∈ Bm(x, η)}. Moreover, there exists a uniform constant c, independent
of x, such that

‖hx‖2,∞ ≤ c (3.2)

where the supremum is taken over the ball BTxgr(f)(0, ε). We refer to the proof
of Claim 1 in Proposition A.1(b) in the Appendix for a more general situation.
Further, we have hx(0) = 0 and ∇hx(0) = 0. Due to (3.2), after Taylor expansion
of hx around 0 ∈ Txgr(f), we have

|hx(y)| ≤ ‖∇2
yhx‖∞|y|2, y ∈ BTxgr(f)(0, ε),

for sufficiently small ε. Choosing C ≥ ‖∇2
yhx‖∞ such that 1/2C ≤ ε, we define

a := 1/2C. It follows that the ball Bm+1(aνx, a) lies above the graph

{(y, hx(y)) : y ∈ Txgr(f)(0, ε)},

where νx is the upwards pointing unit normal of gr(f) at the point (x, f(x)). An
analogous argument shows that the ball Bm+1(−aνx, a) lies below the graph.

Since the constants ε and a are independent of x, combining with Remark 3.1(c),
this proves that gr(f) has a tubular neighborhood of radius a. �

(d) We refer to [3, 4, 5] for additional examples of uniformly regular manifolds. In
particular, embedded hypersurfaces with tame ends, considered in [5, Theorem 1.2],
are (URT)–hypersurfaces. More precisely, given a compact hypersurface without
boundary B, embedded in Rm, and 0 ≤ α ≤ 1, we define

Fα(B) := {(t, tαy) : t > 1, y ∈ B},

which we endow with the metric gFα(B) induced by its embedding into Rm+1. An

embedded hypersurface Σ ⊂ Rm+1 is said to have tame ends if

Σ = V0 ∪
n⋃
i=1

Vi,
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where (V0, gm+1|V0
) is compact and (Vi, gm+1|Vi) is isometric to (Fα(B), gFα(B)).

Then, (Σ, gm+1|Σ) is a (URT)–hypersurface.
In particular, when α = 0, (Σ, gm+1|Σ) has finitely many cylinder ends; when

α = 1, (Σ, gm+1|Σ) has finitely many (blunt) cone ends.

(e) Let

Ck = {(x, y, z) ∈ R3 : y2 + z2 = 1 + 1/k, x ∈ R}, k ∈ N.
Based on part (b), the manifold Σ =

⋃
k Ck, endowed with the metric induced by

g3, is uniformly regular. But it is obvious that (Σ, g) does not have a tubular
neighborhood.

(f) There also exist connected uniformly regular hypersurfaces that are not (URT).
For instance, we can construct a smooth connected curve C in {(x, y) : y > 0} such
that C ∩ {(x, y) : x ≥ 0} is compact and

C ∩ {(x, y) : x < 0} = {(x, y) : y = 1} ∪ {(x, y) : y = 1 + ex}.

Then (C, g2|C) is a uniformly regular hypersurface that is not (URT). One can take
the product of C with Rm to produce higher dimensional examples.

Additionally, one can rotate the curve C around the x–axis to obtain a connected
rotationally symmetric uniformly regular hypersurface which is not (URT).

4. The surface diffusion flow

In solving the surface diffusion flow, one seeks to find a family of (oriented) closed
hypersurfaces {Γ(t) : t ≥ 0} satisfying the evolution equation{

V (t) = −∆Γ(t)HΓ(t), t > 0,

Γ(0) = Γ0,
(4.1)

for an initial hypersurface Γ0.
Here, V (t) denotes the velocity in the normal direction of Γ at time t, HΓ(t) is

the mean curvature of Γ(t) (i.e., the average of the principal curvatures), and ∆Γ(t)

is the Laplace-Beltrami operator on Γ(t). We use the convention that a sphere
has negative mean curvature. We note that this convention is in agreement with
[29, 32, 33], but differs from [13, 20, 22].

In the following, we assume that Σ is a (URT)–hypersurface in Rm+1 with tubular
neighborhood Ua and with an orientation-preserving atlas A := {(Oκ, ϕκ) : κ ∈ K}
with ψκ = ϕ−1

κ satisfying (R1)–(R5). In the following, we assume that Σ carries
the metric induced by the Euclidean metric gm+1. Finally, we assume that Γ0 lies
in Ua.

For α ∈ (0, 1) a fixed parameter, we define

E0 := bcα(Σ) and E1 := bc4+α(Σ).

For θ ∈ (0, 1), let Eθ := (E0, E1)0
θ,∞. Taking µ = 1/4 and γ = 3/4, it follows from

Proposition 2.3 that

Eµ = bc1+α(Σ) and Eγ = bc3+α(Σ).

Given ρ ∈ Eµ with ‖ρ‖∞ < a, it follows, by assumption that Σ is (URT) with
tubular neighborhood Ua, that

Ψρ : Σ→ Rm+1, Ψρ(p) = p + ρ(p)νΣ(p), (4.2)
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is a diffeomorphism from Σ onto the C1–manifold Γρ := im(Ψρ); see also Proposi-
tion A.1 for additional properties of Γρ.

When the temporal variable t is included in ρ, i.e.

ρ : [0, T )× Σ→ (−a, a),

we can also extend Ψρ to Ψρ : [0, T )× Σ→ Rm+1. In the sequel, we will omit the
temporal variable t in ρ, Ψρ and Γρ when the dependence on t is clear from context.

Let us fix some notation. We denote by gm+1|Γρ the metric induced on Γρ by the

Euclidean metric gm+1 of Rm+1. Let g(ρ) := Ψ∗ρ (gm+1|Γρ) be the pull-back metric
of gm+1|Γρ on Σ.

The following expression for g(ρ) was derived in [28, Formula (23)]:

gij(ρ) = gij − 2ρlij + ρ2lri ljr + ∂iρ∂jρ, (4.3)

where lij and lij are the components of the Weingarten tensor LΣ and the second
fundamental form with respect to g := gm+1|Σ; i.e.,

lij = −(τi|∂jνΣ), lij = giklkj , LΣ = lijτ
i ⊗ τ j = lijτi ⊗ τ j ,

where {τ1, . . . , τm} = { ∂
∂x1 , . . . ,

∂
∂xm } is a local basis of TΣ at p and {τ1, . . . , τm} =

{dx1, . . . , dxm} is the corresponding dual basis, characterized by (τ i|τj) = δij .
We introduce an open subset of Eµ defined by

Vµ := {ρ ∈ Eµ : ‖ρ‖∞ < a}.

By Remark 3.1(d), the functions

a(ρ) := (I − ρLΣ)−1∇Σρ, β(ρ) := [1 + |a(ρ)|2]−1/2, (4.4)

are well–defined for all ρ ∈ Vµ, where ∇Σρ is the gradient vector and I = τi ⊗ τ i.
It is easy to verify that gij(ρ) = (τi|K(ρ)τj), where

K(ρ) = (I − ρLΣ)2 +∇Σρ⊗∇Σρ = (I − ρLΣ)[I + a(ρ)⊗ a(ρ)](I − ρLΣ).

Hence, we obtain

gij(ρ) =
(

(I − ρLΣ)τi

∣∣∣[I + a(ρ)⊗ a(ρ)](I − ρLΣ)τj

)
. (4.5)

It follows from the well-known relation

[I + a⊗ a]−1 = I − a⊗ a
1 + |a|2

, a ∈ Rm+1,

that K(ρ) is invertible for every ρ ∈ C1(Σ) with ‖ρ‖∞ < a, with inverse given by

K−1(ρ) = M0(ρ)[I − β2(ρ)a(ρ)⊗ a(ρ)]M0(ρ),

where M0(ρ) := (I − ρLΣ)−1. We then have gij(ρ) = (τ i|K−1(ρ)τ j) for the com-
ponents of the cotangent metric g∗(ρ) on T ∗Σ induced by g(ρ), and hence

gij(ρ) =
(
M0(ρ)τ i

∣∣∣[I − β2(ρ)a(ρ)⊗ a(ρ)]M0(ρ)τ j
)
, (4.6)

see also [29, Section 2.2].
When parameterizing the evolving hypersurface Γ(t) = Γρ(t) by means of a height

function ρ(t) ∈ V1 = Vµ ∩ E1, it holds that (4.1) is equivalent to

∂tρ = − 1

β(ρ)
Ψ∗ρ(∆gm+1|ΓρHΓρ) = − 1

β(ρ)
∆ρHρ. (4.7)
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Here, ∆gm+1|Γρ and ∆ρ denote Laplace-Beltrami operators on (Γρ, gm+1|Γρ) and

(Σ, g(ρ)), respectively. It was shown in [33, Section 5] that Hρ := Ψ∗ρHΓρ in each
local patch (Oκ, ϕκ) reads as

Hρ =
β(ρ)

m

{
gij(ρ)∂i∂jρ+ gij(ρ)(lkj ∂iρ− Γkij)∂kρ (4.8)

+ gij(ρ)
[
rlk(ρ)lki ∂jρ+ rlk(ρ)(∂j l

k
i + Γkjhl

h
i − Γhij l

k
h)ρ+ rlk(ρ)lhj l

k
hρ∂iρ

]}
∂lρ

+
β(ρ)

m
gij(ρ)(lij − liklkj ρ),

with gij(ρ) given in (4.6). Here, Γkij are the components of the Christoffel symbols

of Σ associated with the metric g = gm+1|Σ, and rij(ρ) = pij(ρ)/qij(ρ), where pij(ρ)

and qij(ρ) are polynomials of ρ with BC∞–coefficients. Note that although (4.8)
was derived for compact hypersurfaces in [33], this expression still holds true for
our problem as it is purely local.

In local coordinates with respect to the atlas A, ∆ρ is given by

∆ρ = gij(ρ)(∂i∂j − Γkij(ρ)∂k ), (4.9)

where Γkij(ρ) are the Christoffel symbols of (Σ, g(ρ)). Here we note that the terms

Γkij(ρ) depend on ρ and up to its second–order derivatives. More precisely,

Γkij(ρ) =
pkij(ρ, ∂ρ, ∂

2ρ)

qkij(ρ, ∂ρ)
,

where pkij is a polynomial of ρ and its derivatives up to second order and qkij is
a polynomial of ρ and its first–order derivatives (both polynomials having BC∞–
coefficients).

By the expression above, we obtain

Hρ =
β(ρ)

m
C(g∗(ρ),∇2ρ) + lower order terms

and

∆ρHρ =
1

m
C(g∗(ρ)⊗ g∗(ρ),∇4ρ) + lower order terms,

where C(·, ·) denotes the complete contraction and ∇ is the covariant derivative
with respect to (Σ, g). Here and in the sequel, we will still use ∇ to denote its
extension to T στ Σ. Note that for u ∈ C4(Σ), the tensor ∇4u ∈ C(Σ, T ∗Σ⊗4) can
be expressed in local coordinates by

∇4u = ∂(j)u τ
(j) +

∑
β,(j)

aβ,(j)∂
βu τ (j),

with coefficients aβ,(j) ∈ BC∞(Bm), where the summation runs over all multi-

indices (j) = (j1, · · · , j4) ∈ {1, · · · ,m}4 and all β ∈ Nm with |β| ≤ 3. Here we are
also using

∂(j) = ∂j1∂j2∂j3∂j4 , τ (j) = τ j1 ⊗ τ j2 ⊗ τ j3 ⊗ τ j4 ,
and ∂β := ∂β1

1 · · · ∂βmm ; see for instance [3, page 444]. Hence we obtain

C(g∗(ρ)⊗ g∗(ρ),∇4u) = gij(ρ)glm(ρ)∂i∂j∂l∂mu+
∑

0<|β|≤3

bβ(ρ, ∂ρ)∂βu (4.10)

for each ρ ∈ BC1(Σ) with ‖ρ‖∞ < a and u ∈ C4(Σ).
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By defining

A(ρ)ρ :=
1

m
C(g∗(ρ)⊗ g∗(ρ),∇4ρ), F (ρ) := A(ρ)ρ− 1

β(ρ)
∆ρHρ, (4.11)

we obtain an equivalent formulation of (4.1) as{
∂tρ+A(ρ)ρ = F (ρ) in (0,∞)× Σ,

ρ(0) = ρ0 in Σ.
(4.12)

We note that for each ρ ∈ C1(Σ,R) with ‖ρ‖∞ < a, the mapping

A(ρ) : C4(Σ,R)→ C(Σ,R) : [u 7→ 1

m
C(g∗(ρ)⊗ g∗(ρ),∇4u)]

gives rise to a differential operator of order 4.

A linear operator

A :=

l∑
i=0

C(ai,∇i · ), u 7→ Au =

l∑
i=0

C(ai,∇iu),

of order l, acting on scalar functions, is said to be uniformly strongly elliptic if there
exist positive constants r,R > 0 such that the principal symbol of A,

σ̂Aπ(p, ξ) := C(al, (−iξ)⊗l)(p) ∈ R, (p, ξ) ∈ Σ× T ∗pΣ,

satisfies

r ≤ Re σ̂Aπ(p, ξ) ≤ R, for all (p, ξ) ∈ Σ× T ∗p Σ with |ξ|g∗(p) = 1. (4.13)

Remark 4.1. It is not difficult to see that in the scalar case, the notion of uniformly
strongly elliptic is equivalent to the notion of uniformly normally elliptic introduced
in [34, Section 3], see also [6].

In our setting, the principal symbol of A(ρ) is given by

σ̂Aπ(ρ)(p, ξ) = |ξ|4g∗(ρ)(p), ξ ∈ T ∗p Γ.

It follows from (4.6) that g∗(ρ) ∼ g∗ for all ρ ∈ Vµ, in the sense that there exists
some c ≥ 1 such that

(1/c)|ξ|2g∗(p) ≤ |ξ|
2
g∗(ρ)(p) ≤ c|ξ|

2
g∗(p) for any (p, ξ) ∈ Σ× T ∗p Σ.

In fact, note that with ξ = ξiτ
i ∈ T ∗p Σ, (4.6) implies

|ξ|2g∗(ρ)(p) = gij(ρ)(p)(ξ, ξ) = |M0(ρ)ξ|2(p)− β2(ρ)(a(ρ)|M0(ρ)ξ)2(p).

Next, observe that

β2(ρ)|M0(ρ)ξ|2(p) ≤ gij(ρ)(p)(ξ, ξ) ≤ |M0(ρ)ξ|2(p), (4.14)

where we employed the Cauchy-Schwarz inequality and 1 − β2(ρ)|a(ρ)|2 = β2(ρ)
for the first estimate. It remains to observe that

min
{ 1

(1−ρκr(p))2

}
gij(p)(ξ, ξ) ≤ |M0(ρ)ξ|2(p) ≤ max

{ 1

(1−ρκr(p))2

}
gij(p)(ξ, ξ),

where κr are the principal curvatures of Σ, which are bounded by 1/a since Σ
satisfies a uniform ball condition of radius a. This shows that A(ρ) is uniformly
strongly elliptic. Remark 4.1 and [34, Proposition 2.7, Theorem 3.7] now imply the
following result.

Proposition 4.2. A ∈ Cω(Vµ,Mµ(E1, E0)).
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Next, we will verify that the operator F satisfies (H2). In each patch (Oκ, ϕκ),
we reference [22, Section 4.4] and (4.10) to confirm that the local expression for
F (ρ) is of the form

F (ρ) =
∑

|η|=3,|τ |≤2

cη,τ (ρ, ∂ρ) ∂τρ ∂ηρ+
∑

|η|,|σ|,|τ |≤2

dη,σ,τ (ρ, ∂ρ) ∂ηρ ∂σρ ∂τρ, (4.15)

where η, τ, σ ∈ Nm are multi–indices of length |η| := η1 + · · · + ηm and ∂η :=
∂η1
x1
· · · ∂ηmxm is the mixed partial derivative operator in local coordinates. The coef-

ficient functions cη,τ and dη,τ,σ depend analytically on ρ and its first–order deriva-
tives. In the sequel, for a function u : Σ→ R, we define uκ := ζψ∗κu. Let ρ0 ∈ Vµ.
For R > 0, we choose ρ1, ρ2 ∈ B̄Eµ(ρ0, R)∩ (Vµ ∩Eγ). By Proposition 2.2, we have

‖F (ρ1)− F (ρ2)‖α,∞ ≤ C‖RcF (ρ1)−RcF (ρ2)‖l∞(BCα)

= C sup
κ∈K
‖RcκF (ρ1)−RcκF (ρ1)‖α,∞. (4.16)

In the following computations, C̃ denotes a generic constant depending only on R
and ‖ρ0‖1+α,∞. In every patch (Oκ, ϕκ), by the discussion in [22, Section 4.1], we
have the following estimate.

‖RcκF (ρ1)−RcκF (ρ1)‖α,∞
≤ C̃ ‖ρ1,κ − ρ2,κ‖3+α,∞ (4.17)

+ C̃
(
‖ρ1,κ‖3+α,∞‖ρ1,κ − ρ2,κ‖2+α,∞ + ‖ρ2,κ‖2+α,∞‖ρ1,κ − ρ2,κ‖3+α,∞

+ ‖ρ2,κ‖2+α,∞‖ρ2,κ‖3+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞

)
(4.18)

+ C̃
[
(‖ρ1,κ‖2+α,∞ + ‖ρ2,κ‖2+α,∞)‖ρ1,κ − ρ2,κ‖1+α,∞

+ ‖ρ1,κ − ρ2,κ‖2+α,∞ + ‖ρ2,κ‖2+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞

]
(4.19)

+ C̃
(
‖ρ1,κ‖22+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞ + ‖ρ1,κ‖2+α,∞‖ρ1,κ − ρ2,κ‖2+α,∞

+ ‖ρ2,κ‖2+α,∞‖ρ1,κ − ρ2,κ‖2+α,∞ + ‖ρ2,κ‖22+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞

)
(4.20)

+ C̃
[
(‖ρ1,κ‖2+α,∞ + ‖ρ2,κ‖2+α,∞)2‖ρ1,κ − ρ2,κ‖2+α,∞

+ ‖ρ2,κ‖32+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞

]
. (4.21)

the definitions of the spaces E0, Eµ, Eγ , and E1, we have µ = 1/4 and γ = 3/4
in our current setting. Thus, we refer back to (2.4) to see that index j is subcritical
when (%j , γj) satisfies %j/2 +γj < 1, and j is critical when %j/2 +γj = 1. It follows
from Proposition 2.2 that (4.17) is bounded by

‖ρ1,κ − ρ2,κ‖3+α,∞ ≤ sup
η∈K
‖ρ1,η − ρ2,η‖3+α,∞ ≤ C̃‖ρ1 − ρ2‖Eγ .

This corresponds to (%j , γj) = (0, 3/4), which is subcritical. In (4.18), similarly it
holds

‖ρ1,κ‖3+α,∞‖ρ1,κ − ρ2,κ‖2+α,∞ ≤ C̃‖ρ1‖Eγ‖ρ1 − ρ2‖2+α,∞
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This corresponds to (%j , γj) = (1, 1/2) (which is again subcritical). We can estimate
the remaining terms of (4.18) by using Propositions 2.2 and 2.3

‖ρ2,κ‖2+α,∞‖ρ1,κ − ρ2,κ‖3+α,∞ + ‖ρ2,κ‖2+α,∞‖ρ2,κ‖3+α,∞‖ρ1,κ − ρ2,κ‖1+α,∞

≤ C̃
(
‖ρ2‖1/2Eγ

‖ρ1 − ρ2‖Eγ + ‖ρ2‖3/2Eγ
‖ρ1 − ρ2‖Eµ

)
These correspond to (%j , γj) = (1/2, 3/4) and (%j , γj) = (3/2, 1/4), which are crit-
ical. The remaining terms, i.e. (4.19)-(4.21), can be estimated similarly, cf. [22,
Section 4]. We conclude that (4.19)-(4.21) is bounded by

C̃
[(
‖ρ1‖1/2Eγ

+ ‖ρ2‖1/2Eγ

)
‖ρ1 − ρ2‖Eµ + ‖ρ1 − ρ2‖2+α,∞

+
(
‖ρ1‖Eγ + ‖ρ2‖Eγ

)
‖ρ1 − ρ2‖Eµ +

(
‖ρ1‖1/2Eγ

+ ‖ρ2‖1/2Eγ

)
‖ρ1 − ρ2‖2+α,∞

+
(
‖ρ1‖Eγ + ‖ρ2‖Eγ

)
‖ρ1 − ρ2‖2+α,∞ + ‖ρ2‖3/2Eγ

‖ρ1 − ρ2‖Eµ
]
.

The indices for those estimates are (%j , γj) = (1/2, 1/4), (0, 1/2), (1, 1/4), (1/2, 1/2)
(subcritical), and (%j , γj) = (1, 1/2), (3/2, 1/4) (critical), respectively.

Additionally, it follows from (2.1) thatRcF (ρ) ∈ l∞,unif(bc
α) for any ρ ∈ Vµ∩Eγ .

Since the constant C̃ is independent of κ, the above computations together with
(4.16) imply that F satisfies (H2) and

F ∈ Cω(Vµ ∩ Eγ , E0).

Combining the above discussions, we apply Theorem 2.4 to produce the following
well–posedness result for (4.12). Note that we assume throughout that Σ carries
the metric induced by the Euclidean metric gm+1.

Theorem 4.3. Let α ∈ (0, 1), µ = 1/4 and Σ be a (URT)–hypersurface in Rm+1

with a tubular neighborhood of radius a.

(a) Then for any ρ0 ∈ Vµ := {ρ ∈ bc1+α(Σ) : ‖ρ‖∞ < a}, (4.12) has a unique
solution

ρ(·, ρ0) ∈ C1−µ(J, bc4+α(Σ)) ∩ C1
1−µ(J, bcα(Σ))

on a maximal interval J = [0, T ) = [0, T (ρ0)), with the additional property
that ρ(·, ρ0) ∈ C(J, bc1+α(Σ)).

(b)

M :=
⋃

t∈(0,T )

({t} × Γ(t))

is a C∞–hypersurface in Rm+2. In particular, each manifold Γ(t) is C∞

for t ∈ (0, T ). If, in addition, Σ is Cω–uniformly regular, then M is a
Cω–hypersurface in Rm+2.

(c) The map [(t, ρ0) 7→ ρ(t, ρ0)] defines a semiflow on Vµ which is analytic for
t > 0 and Lipschitz continuous for t ≥ 0.

Proof. We have already proved part (a) above. Part (b) follows directly from the
argument in [33, Sections 3 and 5]. For part (c), we first note that Lipschitz
continuity of the semiflow follows from [22, Corollary 2.3]. Regarding additional
regularity of the semiflow; for any τ > 0, we note that

ρ(τ, ρ0) ∈ Vγ = bc3+α(Σ) ∩ [‖ρ‖∞ < a],
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and so the result holds in Vγ because of [10, Theorem 6.1] and the mapping proper-
ties of A(·) and F (·). Regularity of the semiflow in Vµ then follows by embedding.

�

5. The Willmore flow

In this section, we take Σ to be a (URT)–hypersurface in R3. For the Willmore
flow, we seek a family of hypersurfaces {Γ(t) : t ≥ 0} satisfying the evolution
equation {

V (t) = −∆Γ(t)HΓ(t) − 2HΓ(t)

(
H2

Γ(t) −KΓ(t)

)
, t > 0,

Γ(0) = Γ0,
(5.1)

where the term KΓ(t) denotes Gaussian curvature of Γ(t).
Working in the same setting as Section 4 above, we consider (5.1) acting on

surfaces Γ(t) = Γρ(t) defined over Σ via height functions ρ(t) : Σ → R. Assuming

that Σ has a tubular neighborhood Ua of radius a > 0, we recall that Eµ = bc1+α(Σ)
and Eγ = bc3+α(Σ) are interpolation spaces between E0 := bcα(Σ) and E1 :=
bc4+α(Σ), and we consider initial functions from Vµ := {ρ ∈ Eµ : ‖ρ‖∞ < a}.

Treating (5.1) as a lower–order perturbation of (4.1), we again define

A(ρ) : E1 → E0 : [u 7→ 1

m
C(g∗(ρ)⊗ g∗(ρ),∇4u)]

for all ρ ∈ Vµ, and we introduce the mapping Q : Vµ ∩ Eγ → E0 defined as

Q(ρ) := A(ρ)ρ− 1

β(ρ)
Ψ∗ρ

(
∆g3|ΓρHΓρ + 2HΓρ

(
H2

Γρ −KΓρ

))
= A(ρ)ρ− 1

β(ρ)

(
∆ρHρ + 2Hρ(H

2
ρ −Kρ)

)
.

We thus arrive at the following expression for (5.1) in our current setting:{
∂tρ+A(ρ)ρ = Q(ρ) in (0,∞)× Σ,

ρ(0) = ρ0 in Σ.
(5.2)

By Proposition 4.2, we know that A ∈ Cω(Vµ,Mµ(E1, E0)) so we focus on showing
regularity and structural properties for Q(ρ).

By (4.11) and the definition of Q(ρ), we note that

Q(ρ) = F (ρ)− 2

β(ρ)
H3
ρ +

2

β(ρ)
HρKρ

and it follows that the local expression for Q(ρ) is of the form

Q(ρ) =
∑

|η|=3,|τ |≤2

cη,τ (ρ, ∂ρ) ∂τρ ∂ηρ+
∑

|η|,|σ|,|τ |≤2

dη,σ,τ (ρ, ∂ρ) ∂ηρ ∂σρ ∂τρ.

To confirm this local expression for Q(ρ), we first note that all third–order deriva-
tives of ρ appear in F (ρ), while the terms 2

β(ρ)H
3
ρ and 2

β(ρ)HρKρ depend only on

up to second–order derivatives. With the structure for F (ρ) already established in
(4.15), it suffices to confirm that Q(ρ) only contributes additional terms of the form∑

|η|,|σ|,|τ |≤2

dη,σ,τ (ρ, ∂ρ) ∂ηρ ∂σρ ∂τρ.
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Local expressions for β(ρ) and Hρ are given in (4.4) and (4.8), respectively. Since
β(ρ) depends on at most first–order derivatives of ρ and Hρ depends linearly on
second–order derivatives, we see that at most cubic powers of ∂2ρ appear in 2

β(ρ)H
3
ρ .

Regarding the term (2/β(ρ))HρKρ, we first express Gaussian curvature

Kρ = det[gki(ρ)lij(ρ)],

as derived in [32, Section 2]. Here lij(ρ) are the components of the pull–back of the
second fundamental form of Γρ. It follows from (4.8) that

lij(ρ) = β(ρ)
{
∂i∂jρ+ (lkj ∂iρ− Γkij)∂kρ

+
[
rlk(ρ)lki ∂jρ+ rlk(ρ)(∂j l

k
i + Γkjhl

h
i − Γhij l

k
h)ρ+ rlk(ρ)lhj l

k
hρ∂iρ

]}
∂lρ

+ β(ρ)(lij − liklkj ρ).

Observing that each lij(ρ) is linear with respect to ∂2ρ, it follows that ∂2ρ appears
at most quadratically in det[lij(ρ)], since it is a 2 × 2 matrix. Therefore, we con-
clude that Kρ contains at most quadratic factors of ∂2ρ and thus, multiplying with
the second–order quasilinear term Hρ, we conclude that the term (2/β(ρ))HρKρ

contains at most cubic powers of ∂2ρ.
With confirmation that Q(ρ) satisfies the same structural condition (2.5) as F (ρ)

in Section 4, we employ the same argument outlined in (4.16)–(4.21) to conclude
that (A,Q) satisfies conditions (H1)–(H2). The following well–posedness result
for (5.1) then follows from Theorem 2.4.

Theorem 5.1. Let α ∈ (0, 1), µ = 1/4 and Σ be a (URT)–hypersurface in R3 with
tubular neighborhood of radius a.

(a) Then for any ρ0 ∈ Vµ := {ρ ∈ bc1+α(Σ) : ‖ρ‖∞ < a}, (5.2) has a unique
solution

ρ(·, ρ0) ∈ C1−µ(J, bc4+α(Σ)) ∩ C1
1−µ(J, bcα(Σ))

on a maximal interval J = [0, T ) = [0, T (ρ0)), with the additional property
that ρ(·, ρ0) ∈ C(J, bc1+α(Σ)).

(b)

M :=
⋃

t∈(0,T )

({t} × Γ(t))

is a C∞–hypersurface in R4. In particular, each manifold Γ(t) is C∞ for
t ∈ (0, T ). If, in addition, Σ is Cω–uniformly regular, then M is a Cω–
hypersurface in Rm+2.

(c) The map [(t, ρ0) 7→ ρ(t, ρ0)] defines a semiflow on Vµ which is analytic for
t > 0 and Lipschitz continuous for t ≥ 0.

Proof. Part (b) follows from [32] and [33, Section 3]. Part (c) follows exactly as in
the proof of Theorem 4.3(c) above. �

5.1. Stability of spheres. In the case Σ is a Euclidean sphere in R3, we apply
the generalized principle of linearized stability (c.f. [22, Section 3]) to prove the
following result regarding stability of spheres under the Willmore flow, with control
on only first–order derivatives of perturbations.
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Theorem 5.2. Fix α ∈ (0, 1), µ = 1/4, and µ̄ ∈ (0, 1), and let Σ be a Euclidean
sphere in R3 with radius r > 0. There exists a constant δ ∈ (0, r) such that, given
any admissible perturbation Γρ0 for

ρ0 ∈ Vµ,δ := {ρ ∈ bc1+α(Σ) : ‖ρ‖∞ < r and ‖ρ0‖1+α,∞ < δ},
the solution ρ(·, ρ0) of (5.2) exists globally in time and converges to some ρ̄ ∈Msph

at an exponential rate, in the topology of Eµ̄. Here, Msph denotes the family of
functions ρ ∈ C∞(Σ,R) for which Γρ is a sphere that is close to Σ in R3.

Proof. It is shown in the proof of [35, Theorem 1.2] that ρ∗ = 0 is normally stable
under (5.2). The result then follows from [22, Theorem 3.2]. �

Corollary 5.3. There exist non–convex hypersurfaces Γ0 such that the solution
ρ(·, ρ0) to (5.2) with Γ(ρ0) = Γ0, exists globally in time and converges exponentially
fast to a sphere.

We note here that Theorem 5.2 also holds true for the surface diffusion flow, as
was shown in [22, Section 4.5].

Appendix A.

Suppose Σ is a (URT)-hypersurface with tubular neighborhood of radius a. Given
ρ ∈ C(Σ) with ‖ρ‖∞ < a, let Γρ := Ψρ(Σ), where Ψρ(p) = p+ ρ(p)νΣ(p) for p ∈ Σ.

Then Γρ enjoys the following properties.

Proposition A.1. Let k ∈ N ∪ {∞}.
(a) Suppose ρ ∈ BCk+1(Σ) and ‖ρ‖∞ < a. Then Γρ is Ck–uniformly regular.

(b) There exists ε1 > 0 such that, for any ρ ∈ BC2(Σ) with ‖ρ‖∞ ≤ ε1, the
hypersurface Γρ has a tubular neighborhood of radius a1 for some positive
number a1 = a1(ε1, ρ).

Proof. (a) We can construct an atlas Aρ = {Oκ,ρ, ϕκ,ρ) : κ ∈ K} for Γρ as follows.
Define

Oκ,ρ := Ψρ ◦ ψκ(Bm), ϕκ,ρ := ϕκ ◦Ψ−1
ρ , ψκ,ρ = ϕ−1

κ,ρ.

Then Aρ inherits properties (R1)–(R3) from A. Next we note that

ψ∗κ,ρ(gm+1|Γρ) = ψ∗κg(ρ),

and that by (4.5), g(ρ) involves first order derivatives of ρ. Hence, ψ∗κg(ρ) is Ck for
ρ ∈ Ck+1. It follows readily from (4.5) that

|(I − ρLΣ)ξ|2(p) ≤ gij(ρ)(p)(ξ, ξ) ≤ (1 + |a(ρ)|2)|(I − ρLΣ)ξ|2(p)

for p ∈ Σ and ξ = ξiτi(p) ∈ TpΣ. Properties (R4)-(R5) now follow from

min{(1− (ρκr)(p))2}|ξ|2 ≤ |(I − ρLΣ)ξ|2(p) ≤ max{(1− (ρκr)(p))2}|ξ|2

and Remark 3.1(d).

(b) Let r0 ∈ (0, 1) be the constant related to the uniformly shrinkable property.

Claim 1: Let r̃0 := 1+r0
2 . There exists a uniform constant r1 such that for any

κ ∈ K and p ∈ ψκ(r̃0Bm), ψκ(Bm(xp, r1)) is a graph fκ,p over TpΣ with xp := ϕκ(p)
satisfying

‖fκ,p‖2,∞ ≤ c0 (A.1)

for some c0 > 0 independent of κ and p.
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Proof of Claim 1. Let κ ∈ K and p ∈ ψκ(r̃0Bm) be given. Then there exists xp in
r̃0Bm such that p = ψk(xp). Let

Pp := I − νΣ(p)⊗ νΣ(p)

be the orthogonal projection of Rm+1 onto TpΣ. In the following we will identify
TpΣ with Rm. It follows from the boundedness of ‖LΣ‖∞ that there is a universal
constant b0 such that Pp : ψκ(B(xp, b0))→ Tp(Σ)

.
= Rm is injective. Let

Fκ,p(x) := (Pp ◦ ψκ)(x), x ∈ B(xp, b0).

Then we obtain for the Fréchet derivative of Fκ,p

DFκ,p(xp) = PpDψκ(xp) = Dψκ(xp), (A.2)

as Dψκ(xp)ξ ∈ TpΣ for all ξ ∈ Rm. We infer from (R5) that

(1/γ1)2|ξ|2 ≤ |Dψκ(x)ξ|2 = (ψ∗κg)(x)(ξ, ξ) ≤ γ2
1 |ξ|2, x ∈ Bm, ξ ∈ Rm, (A.3)

for some uniform constant γ1 ≥ 1. It follows from (A.2) and (A.3) that the spectrum
of DFκ,p(x) lies outside the ball BC(0, 1/γ1) for any x ∈ Bm. Indeed, suppose
µv = DFκ,p(x)v for some µ ∈ C and v = ξ + iη ∈ Cm with |v| = 1. Then

|µ|2 = |DFκ,p(x)v|2 = |Dψκ(x)ξ|2 + |Dψκ(x)η|2 ≥ (1/γ1)2.

Lemma 4.1 in [7] implies that DFκ,p(x) is invertible with

|[DFκ,p(x)]−1| ≤ γ2, (A.4)

where the constant γ2 is independent of x ∈ Bm and κ, p. By the inverse function
theorem, there exists a uniform constant r1 which is independent of κ and p ∈
ψκ(r̃0Bm) such that

Fκ,p : Bm(xp, r1)→ Ppψκ(Bm(xp, r1))

is a diffeomorphism. Next we note that

∂jF
−1
κ,p (y) = [DFκ,p(F

−1
κ,p (y))]−1ej

∂i∂jF
−1
κ,p (y) = −[DFκ,p(F

−1
κ,p (y))]−1 ∂i[DFκ,p(F

−1
κ,p (y))] [DFκ,p(F

−1
κ,p (y))]−1ej

Recall that ∂i∂jψκ = Γkij∂kψκ + lijνΣ. In view of [3, Formula (3.19)], (A.3) and the
boundedness of ‖LΣ‖∞, we conclude that

‖ψκ‖2,∞ ≤ γ3, for all κ ∈ K. (A.5)

It follows from (A.4) and (A.5) that ‖F−1
κ,p‖2,∞ ≤ c for some c independent of

κ, p. Define Φκ,p : Ppψκ(Bm(xp, r1))→ Σ by Φκ,p := ψκ ◦ F−1
κ,p . Note that

Φκ,p(y) = Pp ◦ Φκ,p(y) + (I − Pp) ◦ Φκ,p(y)

= y + (νΣ(p)|Φκ,p(y))νΣ(p)) =: y + fκ,p(y)νΣ(p).

We can now conclude that (A.1) holds. �

In the following, we assume that

r1 < min
{1− r0

2
,

1

2γ1γ3

}
. (A.6)

By Claim 1, we can find L ∈ N such that, in every Oκ, there exist xκ,i ∈ r0B̄m with
i = 1, · · · , L such that⋃L

i=1 ψκ(Bm(xκ,i, r1/4)) covers ψκ(r0B̄m).
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Taking new local patches ψκ(Bm(xκ,i, r1/2)), after relabelling, translation and scal-
ing, we obtain a new atlas satisfying (R1)–(R5), still denoted by A = {(Oκ, ϕκ) :
κ ∈ K}. Note that for this new atlas, Oκ is the graph of a function fκ,p over TpΣ for
any κ ∈ K and p ∈ Oκ. Moreover, (A.1) still holds true. In addition, we can take
uniformly shrinkable constant r0 = 1/2. Note also that, by (R5), we can assume
that r1 is chosen so small that

|p− q| < a/8, p, q ∈ Oκ. (A.7)

Let dist(·, ·) denote the Euclidean distance between two compact subsets in
Rm+1.

Claim 2: There exists c1 > 0 such that dist(p, ∂X(Oκ, [−a/2, a/2])) > c1 for all
κ ∈ K and p ∈ ψκ( 1

2B
m).

Proof of Claim 2. We set

Dκ := X(Oκ × [−a/2, a/2]),

and

S1,κ := X(Oκ × {−a/2}) ∪X(Oκ × {a/2}), S2,κ := ∂Dκ \ S1,κ.

We now show that dist(p, ∂Dκ) is uniformly positive.

Case 1: |p− q| = dist(p, ∂Dκ) for some q ∈ S1,κ

Since q ∈ S1,κ, we can find some q ∈ Oκ such that, without loss of generality, we
have X(q, a/2) = q. This implies

|p− q| ≥ a/2− |p− q| ≥ a/4.

Case 2: |p− q| = dist(p, ∂Dκ) for some q ∈ S2,κ.

We first observe that, for any p ∈ ψκ( 1
2 (Bm)), we have by (A.3), (A.5) and Taylor

expansion that

|p− q| = |ψκ(xp)− ψκ(xq)| ≥
r1

2

[
1

2γ1
− r1

2
γ3

]
,

where p = ψκ(xp) with xp in 1
2B

m and q = ψκ(xq) with xq ∈ ∂Bm. The assumption
(A.6) now implies

dist(p, ∂Oκ) ≥ η0 = r1/(8γ1). (A.8)

Moreover, S2,κ = X(∂Oκ × (−a/2, a/2)) implies that there exist q ∈ ∂Oκ and

s ∈ (−a/2, a/2) such that q = X(q, s).
Because of (A.7), we can realize p as a point on the graph of fκ,q, cf. the following

figure.

q

q p

TqΣ

νΣ(q)
Σ
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By (A.8), we observe that |p− q| ≥ η0. Let d = |p− q|. Using (A.1), we have

d2 + d2c20 ≥ η2
0 ,

which implies

|p− q| ≥ η1

for some uniform constant η1 > 0. Thus we can take c1 = min{a/4, η1} independent
of p and κ. �

Claim 3: Let δ ∈ (0, a) and M > 0 be fixed. Then there exists a constant r2 > 0
such that for any ρ ∈ BC2(Σ) with ‖ρ‖∞ ≤ δ, ‖ρ‖2,∞ ≤M, and any p ∈ ψκ( 3

4B
m),

Ψρ(ψκ(xp, r2)) is the graph of a C2-function hκ,p over TΨρ(p)Γρ satisfying

‖hκ,p‖2,∞ ≤ c2, (A.9)

for some c2 > 0 independent of κ, p and ρ.

Proof of Claim 3. The proof is basically the same as that of Claim 1, as Γρ is a
C2-hypersurface and C1-uniformly regular by part (a) of the proposition; and all
we need for the proof of Claim 1 is this property. �

We assume

ε1 < min{a/8, c1/2}, (A.10)

where c1 is the constant in Claim 2. By our choice of ε1, following the construction
below Claim 1, we can further modify the atlas A, still with uniform shrinkable
parameter r0 = 1/2, such that for every ρ ∈ BC2(Σ) with ‖ρ‖∞ ≤ ε1, Ψρ(Oκ) is a
graph over TΨρ(p)Γρ, for any κ ∈ K and p ∈ Oκ.

Claim 3 and Example 3.2(c) imply that Ψρ(Oκ) has a tubular neighborhood of
radius a1, where a1 is independent of κ, p. In order to prove that Γρ has a tubular
neighborhood of radius a1, it suffices to show that

Xρ : Σ× (−a1, a1) : (p, s) 7→ Ψρ(p) + sνΓρ(Ψρ(p))

is injective.

Claim 4: For sufficiently small a1 > 0 and any ρ ∈ BC2(Σ) with ‖ρ‖∞ ≤ ε1

satisfying (A.10) and p ∈ ψκ( 1
2B

m), it holds that BRm+1(Ψρ(p), 2a1) is contained in
X(Oκ, [−a/2, a/2]).

Proof of Claim 4. Define Dκ, S1,κ and S2,κ as in Claim 2. Given any p ∈ ψκ( 1
2B

m),
there exists some q ∈ ∂Dκ such that

|Ψρ(p)− q| = dist(Ψρ(p), ∂Dκ).

If q ∈ S1,κ, then there exists q ∈ Oκ so that, without loss of generality, X(q, a/2) =
q. By (A.7) and (A.10), we infer that

|Ψρ(p)− q| ≥ a/2− |Ψρ(p)− p| − |p− q| ≥ a/4.

If q ∈ S2,κ, by Claim 2 and (A.10)

|Ψρ(p)− q| ≥ |p− q| − |ρ(p)| ≥ c1/2.

Therefore, it suffices to take a1 ≤ min{a/8, c1/4} = c1/4. �
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If Xρ(p, s) = Xρ(q, t) for some p, q ∈ Σ and s, t ∈ (−a1, a1), we may assume that
p ∈ ψκ( 1

2B
m) for some κ ∈ K. It follows that

|Ψρ(p)−Ψρ(q)| = |sνΣ(p)− tνΣ(q)| < 2a1.

We conclude from Claim 4 that Ψρ(q) ∈ X(Oκ, [−a/2, a/2]) and thus q ∈ Oκ
as well. However, in this case, we already know that Ψρ(Oκ) has an a1–tubular
neighborhood, which implies that p = q and s = t. �

Remark A.2. In Proposition A.1(b) it would be desirable to be able to replace the
smallness condition ‖ρ‖∞ ≤ ε1 by the more natural condition ‖ρ‖∞ < a.

In the special case that Σ is compact, this property holds by Remark 3.1(b), as
Γρ is a compact (closed) C2-hypersurface.
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Verlag, Basel, 1995.

[24] U.F. Mayer, G. Simonett, A numerical scheme for axisymmetric solutions of curvature-driven
free boundary problems, with applications to the Willmore flow. Interfaces Free Bound. 4,

no. 1, 89-109 (2002).

[25] U.F. Mayer, G. Simonett, Self-intersections for Willmore flow. Evolution equations: applica-
tions to physics, industry, life sciences and economics (Levico Terme, 2000), 341-348, Progr.

Nonlinear Differential Equations Appl., 55, Birkhäuser, Basel, 2003.
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