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GAUSS! HYPERGEOMRTRIC E.UATION
CUHAPTZR 1
HISTORICAL INTROLUGCTION

As early as the seventeonth century the English mathematiclan,
John Wallis (1616-1703), used the term "hypergeomstric" to describe
a sories which he was studying. This series, Z(ar_-fl,XanL)-- (a4n-1 b)
18 quite different from the usual geomotric series, hence the ternm,
"hyper" (=above) plus "geometric} was used to signify that the serles
was of greater corplexity than the geometric series. Uallls did not
consider his series a power sorles or a funotion of x.l

In 1769 this series roceivod a remarkable development at the
hands of Loonhard Euler who, following the example of Wallis, applisd
the word "hypergeometric"to it. He observed that the series is depend-
ent upon the integration of a linear partial differtial equation of the
second order. In his work the series is treated from three distinct
standpoints: (1) as a power series, (11) as an intezral of a certain
linear equation of the second order, (1ii1) and as a definite 1ntegra1?

The adjective, "hypergeometric”, was first used in the modern

gense by Ernat Eduard Kurmer (1810-1866) when he christenod the series,

| + _ﬁ-x +A1)A(A1) (dﬂ’"@1ﬂ-ﬂ(5(!3 4.).-@*4.-1.) .
1+2-y(yqy) t- ; I-l...{h-q le"")""()"(‘" —L\ X

hypergeometric series., ZKummer did a great deal of work upon the dif-

» the

ferential equation whose solution is expressed in hypergeometiric series.

The twenty-four integrals were found and published in his memoir en-

1., Cajorr: History of kathematics, p. 185 2. ibidem, p. 238
Se Whittaker and Watson: Xodern Analysis, p. 281



titled "Sber dle Hyperzoometrische Raile® whiok may bo found in Vole
une XV of Crelle's Journal.l!

Thare were no rigorous investizations of the serles, hovever,
uantil Xarl Priedriah Osuss (1777-18038) turned his sttention to the
matter, iie estadlished a oriterion for coanvergenas vhioh sottles the
question Of gonvarpencs 10 every case whigh the series is supposed to
cover, - his remrkadls work is the first izportant and striatly rig-
orouss investiration of infinite series, Ssuss gsve an oxtaustive
troatnment of the sudject &nd ghowed that, for speclal values of its
lettors , tho hyperzecmetric serles redresents alnoet evary funotion
¥mown at thrat time, [Cecsuse of $%28 strangeness of treatment and
unusual rigor Jsuss' paper received little attention froz the mathe~
raticlans of ths tine,? T™his memolr entitles, *idequisitiones
generales circa seriexm Infinitan, /- .';'.37.. 1“?"”:1}3 sle.. ¥ 18 ine
cludes 1in the third volure of the Collested Worka of Ususs. In the
same volure one Ty fins s different treatzent of the subject in the
peper,ieterzinatio ssrel nostree per ssquationsn 4ifferentialen
secundi ordinis.”

The genersl theory when no restriction is {mposed on the
variable has bdeen worked oul by J. Tumnary of Paris w0 use! L.Fuoh's
mothod of linear partial differential equsations, Tansnery Yy this
oethod obtalined the twenty-four intexrals previously foznd by Lummer,

Jeorg Priedrich Derntard Riexann (1726-13904) has applist his
conaeption that & funstion of & single yarladle s definet D7y the
cature sad peoaltion of 'ts singularities 20 ths linear partial 2if-
farential equation which i3 satlafled Yy e Nypergoomtiris sorios.}

1, Cajori: ulstery of lathemtics, P, 343
Re Ib&ﬁm, Pe 373




Le remarkecd in 1857 that functions expressed by Gauwss! hypergeometrilc
seriea,Fmexx), which satisfy a homogencous linear partial differen-
tianl of the second order with rational coefficimnts could be‘utilized
in the solution of any linear differential equation.l
The study of the subject was later taken up by Edouard Goursat
(1858« ), professor of mathematical analysls in the University of
Paris. lils results, obtained by developmant of a method due origl-

2 These are

nally to Jacobi, agrce with those of Kummer and Schwarz.
embodied in his paper, "Sur l'equation differentiele qui admet pour
integral le seris hypergoometrique®.

The subject also attracted the attention of Schwarz who publish-
the results of his work upon it in "Uber dliejenigen Falle in welchen
die Gausslsche hypergeometrlache Relhe eine algebraische Function
ihres vierten Elementes darstellt." Later he embodied further work
upon the series in a second paper, "Uber einige Abbildungsaufgauben'®,

The former memolr may be found in Crelle's Journal, Volume LXXt the

latter, in Volume XXV-3

1, Schlesinger: Entwickelung d. Theorie d, linearen Differentiale
gleichungen (1865)

2, Cajori: History of lathematics, p.385

S« Forayth: Differential Equations, p. 211



CHAPTER II

THE SOLUTION OF THE HYPERGEOMHETRIC EQUATION DY

THE METHOD OF FROZENIUS

l, SOLUTION IN ASCIENDING POWERS OF x. The hypergecometric

equation, 4

for convenlence 1n employment of integration in series may be written
thus:

Xy xg ey 2 pixy g =y g+ Ay =

Let g:x‘“ The left hand member becomes

= mm+y=-)x""" + (m4d)am+/8) x> (2.2)
For a triel serlios let us take
‘a =C, X'm-fd,)(w*'-f- XMt o G X

3'= Com X7 0, (a4 X™ 4 0y (o #2) X7 vt 0y (o #2) X P

?“:Ca mlon 1) x ™ +C(’m+l)f4w)7<'”'~+c ('m-rl)(fbv*’)x +e "‘C(Mﬂ)’ma-')”ﬂ >

Substituting these values in the differehtial equation,(2.1), we have

Xo" = Gomlmar) | x™ 4 ¢ (men)om X" + & fmta)(mpani) | x4
—r? "oz =€ (mtn)om =~ G lm+2)(om+) "f,' Cypy(mrat i)Y amta+2)
a(,‘v : o€, M ‘+O(C" (%-H) + o+ Cy (fw +/L)
A B s
1;' S e, + ¢ (an+1) 1 - Ca (4011‘0.)
‘7'12' = =ye(mt) ~ Y Glomra) T Y Gy (=)
o ?: d/&% + q’(;c, -+ - +d/Jc,,_




Since each power of X mist vanish we may write

¢, [ (om+1) o, *y(%-ﬂ)]* ¢, [fm“;m«-‘mmqumwm —:-o(/;] =

Gm-l-a()((m-l-g)_c

or ¢ =
! nt 1) mty)
Similarly
(on +A+1 M +3+1)
¢ c,

2 T () +y +1)
o t3 4 Y om+p+1) Qm+o()(rm-tf3)
(M +2)(omty 1) Ot 1) n+y

(/”h-f-d-(-/l-‘—/xzmr/é-r-a_ 0)
T’Hﬂ’f&)(ﬂyp.’.}/‘*a “'I)

C, = Cav

From the indicial equation, “m(mry )2 08 WO have?

M =0 ) /n,,_-/-)/
For =0

"

o = ¢,

c, %Co

¢, = Mc‘ - (d-u)g(/gf,)c
2:-(i+y) /-2 y(y+1)

¢ = dlde).  (K+a- /)mm,)- - (3+2-1)
,~l.3, A 7/()/.",) 9/.1.0/..,)

1]

We now have as one integral of (2.1},

‘3| : ¢, (/-f- AB +°‘(°<*')/5(ﬂ'ﬂ) L
/‘7 /2 }’()/1-/)

oo Al t)a12) - {d ¥ =-2) BB NBHFY oo (ﬂ*’*’*}xwl
s ' -+ -

/0230 O ) Sy #1)(y 12) - - (' 2+2)

)

(W11



The right member of the foregolng with the constant multiplier, =/,

()

is the hypergeometric series: 1t 1s usually ropresented by the symbol,
F(a(//l//l X) '

tor 7h=l~/, we have
¢, =€,

¢, = (l~z’+o()<l-')(f-fj)d
l-(l-;Q °
¢, = (°"7"*’)("“7’“)@‘7'*')“‘)’&)%
> (-2 . (1-/X1~)/1~[)

o o (a-y+a)Xp-y+a) .
4 - A ! . At
U~y t) n

lience a second particular integral, provided 1-7 13 not equal to a

positive integer or zero, is

(31- = F(d‘y“'ﬂ“)'“/ 2~y, x)

if l‘)’ 13 not a posltive integer or zero, the gencral solution of

(2.1) 1is
‘3: A?,fﬁa,’

If 4 or g 1s a negative integor, 4, roduces to a polynonlal,

The following facts should be noted.

(1) If [-y:-3g wvhere ¢ is a positive integer or zero, 4,18 st1ll
an integral but Yr will be of form

‘%1.: } QLBX T @ power Seris X

provided that X or ®% /,23.. o IfAor p=1423,9 then
, and Y, rensin integrals but Y. reduces to a polynomial if
he integer to which X or A 4s equal exceeds 1. In case X
or 3 =/ , a vanlshing factor appears in the numerator and
denominator of each coefficient beginning with ¢, » The
result obtained by ignoring these factors (i.e.,” by treat-
ing their quotient as 1) gives an available form for Yoo



(11) If t-y:h, whore h 13 a positive intezor, 4 romains an
integrel but 4 will be of tho forn

‘7: = ?,)‘,,»‘a powor sorios in x

provided X or A% 0-,-2 - -(h-) s In this case y, remains an
intepgral and reducos to a polynomial if tho intoger to
which « or A 1s oqual excoods the value of y+ Cthorwige
beginning with ¢,., a vanishing factor appears in the nu-
merator and dencminator of every coofficient., 4n avalle-
able form of 4y, results by troating tho quotient of these

factors as 1,
(111) 7he integrals do not converge for IX > 1,
2. SOLUTION I DLSCENDING POYRS CF xo I in (2.2)) O #x)(m 4320
L4
bo choson as our indicial equation our trial sories will be Iin des-

condinr powers of x. Lot tho trial series be

‘3 : CDX"’?‘C-,X”‘-’?‘ c.xxm.l'f R C-(A.-:) X”’-A”'* C-ly”./"-’. :

i - -l - - -4
YT X T e (agea) xR G () X T
"2 Y 3 faltan
? e X v € X x4 (A Awrma ) X +-

Substituting the forecoing in (2.1), we get

\"‘7 "« €, ”"1(”’1") X~+ C,(nq)(w-:.) 7‘“.-; C,,(”'-l.y"ﬂ'i) 7’".:""".._(*'-4)/n-¢~1] xm::.',
-¥ lj" - ¢, (mYom=1) ‘C_,(m--‘{m-t] —'“(.(,_,f”'""”'"i
a’(?' X €, tae, {7 =1) t¥Y <, (%~1) ‘*"c.,t,(""“‘)
pry’ Be= | 3 om=) “hc, (am-a)| + Ac  (om-a)
-Ya’ "y C‘ 0. %} ‘7/C., (’m“) -7C41~)()”-A4‘)
x5 _1(3 ¢, + 1Ac,, +ty e, + X0,

x'a" Co m *C (- ') tC(am -2) + Cqa(m=a)
Kence

C,. = ¢



M ( Ay =)

- =7 Q'n-l)(eyn:td-fﬂ—l) +d/:'

¢, = m(m=Yonry-)(sn+y~2)

[(fmq)(fm-x)] [_(’Vh +d 473 -1) fc(ﬂ][(y" +o\+/1-1.) -f-o(p

CCI

c., = (om ~a+)(m + ¥ ~4) C ot
(om-n)om it fea) 44

For M= -4

= AU t4-y),
[td-p

S (A 4N (¥ K~y X i+ ~y1)

Il 423 +2=p 4y °

-f o

Caa

oA (A WA 42) « o (Kb m ) A A A Y41 (J4A=Y 44 -/)C

(v2.3.- . n (| t4 .ﬂ)(: +a./37/)(/+4 -ﬂqz) (1 AdBra) °

~
3

Y/e have now for an integral,

%} = X—dCH‘ Mx-'+ a((o{-f-l)(a(-u-/Xo(-H -/-u)x-a.‘*“”
d 1 (e /~2'(l+d-/1)(l+d~/3+;) or

R X C AL [+4 (3 J,;)

SC)

Thus we have found one particular integral of (2.1)

For M:, symmetry enables us to at once write

5;: X-ﬁ F(ﬂ, [+3-y, |+(3-4, ‘75)



The general solution in descending powers of x 1s therefore
47 AgtBgn

Yy, end Y, converge for XI5 .



10

CHAPTER III

THE SERIES

I. INTROLUCTION, The series, H%‘f? x+
13 calied the hypergeomectric series and is denoted by the symbol,
F(«,,q,y, ,;) as previously pointed out. It 1s a functlon of the four
quantitios o(,(a R 7/, and x. Trroughout thils discussion ¥, 3, and
7’ will be treated ms constant quantitlest x, as a variable quantity.
A glance at the furction will show that it 1s symmetrie wlth respect
to % and /3 : hence an interchange of these two elements does not

alter tho value of it. Further, on writing out the nth term,

Y td +1) - (A4m-2) AlA+)B+2) - (3 -M“L)X"-'
1:2.3 cos (im0 YOy 40y 42) - - (Y +7-2)
it is evident that y rmust never be a negative integer for if this

were the ocase the (2+lyl )th and all terms thereafter are either
indefinitely great or indeterminate. If % 1s & negative integer, thse
(2 +(«1)th and all succeeding terms vanish, reducing the series to a
polynomials Similarly i1f ¢ is a negative integer, the (2+ jg))th and
all terms thereafter vanish and we have & polynomlal. If Y 1s a neg-
ative inteper whose absolute velue is greater than X, and 4 is a neg-
ative intezer, the vanishing terms following the (/-l/)th term may
mislead one into thinking that the series reduces to a polynomlal.
In reality the series will be of the form,
a polynomial + vanighing terms + indeterminate termst

In the remaining cases the series proceeds to infinity.

In casge Rd,(;,/,,c) is finlte, 1t represents a rational algebraic
function: otherwise 4t represents,in most cases, a tranascendental

function. Thé hyporgeometric sorles, for special values of its



11

letters frequently represents well known functions. The expression of
functions in hypergeometric serles will be dealt wilth in Chapter VII.
2, CONVEEGENCEZ OF TRE HYPERGEOMETHRIC SZRIES, F (d, /A b7 x)

F(a, 4, = { +ﬁéx +”‘._____._____)(°"”)('3X3"" NG 0‘(‘“)‘--@-Qm.t)(ﬂX(}ﬂ)-;@,’”.,) et
/))(‘7‘) I./ [ 2. 7()’—“) /1 2.-3 ___,(,,7‘,))((7#')_ (YD) ) SIS

Ve shall first omploy the ratio test.

Un 1 - (°< +M -‘X/&'f’h-‘)
Un, MY +m-1)

ﬁ""‘ UMM

m—¥ | v,

s 1(’”}#"%“ )/ Il = Ix)

X 42

Thercefore the series converges absolutely for [x}|< ! end diverges for
X[>1,

The ratio test fells for x=/  Let us use Gauss'! Test,

Untr = Eam XA4m) Mt m(4+4) +403

U ot Xy + ) 4 (1)t y

By Gauss' Test the sorles converges only when
(+) - (L1p) =1
or when o +( ~y <0 and then absolutely.
The question of convergence for X=~/ remains to be settled. The

following theorem will be used.

" 1r U can be oxpressed in the form

M4

St Lt Q(;‘P))Fw

Va4



met

the series é( () U, 13 convergent if Mo A2
For the F(«,/;%,)we have

Ly = 'nQ( +m 1)
Um 41 (’( *")-lXﬂ*'”")

L will be used.
Unea

For convenlence

Unes - +lXJ+H) ” -4.41(?‘*)’)"‘)/
Un41 deffsm) " -m(o(+(5)+d/3

[ty =K~ oy ~dp =48] ysy-A~3)  Ap (I+y--f3)
g ’*f‘+41 (2 +ﬂ +a<ﬂ) n(m? -fo(-fp’h‘f«(j)

= |+

It 13 now necessary to show that

[y ~dA =(esp)(14y-3~3) — «p(I+y-d-p) }-.- Oﬁx oy

m .{-(c(-fﬁ)fn +°(ﬂ ’71(41 +d+/s‘n+0([:7

M‘[yw(‘{%(df/&)('*}"“‘/’) O(ﬂﬂ-l-)(“d"ﬁ) ] vl K

M+ (o\fﬂ)m +4P ’h(’h -#d.;p'h*ﬁd/?

for all values of nyn, where k 1s a constant., A rearraangment of the

loft nmember gives

A3 ~ (X+p)(I+y ~a-
YI+ 214 +..£Y 2] < ‘Y““ﬂ‘("*f’x’”“"“/’) =

(3.1)

for all values of n,
Yo now proceed to show that the sccond term of the left membor

can be made less than some constant for a sufficlently large value of

1, The theorem is from Lrocwlch's Vlneory of Seriesy pe56s A4 proof 1s
glven in liote I of the Appendix.
2e



n, say n, ,and all values of n thereafter, that is

%o(p(y-l-r.uﬂ) < Lﬁ(yt-*d*ﬂ)\ M
nis (0('\‘/3)')1 -+d[3 , /* .Lﬁ'*dﬂ

(3.2)

which ray bo written |

1+o(/3*a(-"3

N
STy NPy

for all values of n aftor n,. The truth of this Inequallty is obvius
since the denominator 1s of hizher dogros than the numcrator in n.

"rose two inoqualities, (3.1) and (35.2) enable us to write

| Y= 9‘/3 (0(1«/3)
N> +(x+/3)m+«/s

" _ﬂ( I~ y+«+,’3) \<C‘*M=K

(s +d44 7 ,u[{

for all values of n >n . Thus we have shown that Use: may be expressod

PN

in tha form,
Uaigr - I + /+¥-d-‘3 + O(_L)
UM11. 71 ’)11

Thorofore F(.Cﬂ.%,) converzes for xa~/, 1f [+y-«-4>00r d¢A.y-/ LO s
The question of convergence has now becn settled for overy case. The
rasults ol this article may be surrmarized as follows:

Tne hypergocormetric series, F(d./a,y,«), convergzos absolutely when
[x| <1 gna diverges when ¥/ >1, Then X=1, F(dﬁ yxgonverzes only when
=% +/3- y £ 0 and then adsolutelye. Vhon xas -y , F(d,'sﬁ)convorgos
only when o(+/3 ¥y~ <0 » and absolutely if A</ -y <O

3. THZ DIFFzrNTIATION oF K (4, 3 )/,x) Tre differentiation
of the hyporgeomstric series torm by term is valid for all valucs of
the varliadble within the interval of convergence sincoe all power serles

are unifornly convergent in the interval of convergenceo.
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For tho first derivativo we have

4/ o 2. At +N}A(
dfyp) = L+ 2 +NA (A1)
J,:(F( (3,\',10) Iy . 7()/-“) X -+ °

ot MALH D)o A0 ) B(a10)- {(34».:)
[-2.3.. (%) ?)7’()'1‘!) ()’-f'u-l)

od
» —7,& /:(a(f-/’ (31;/’ )’1", ¥>

The second dorivativo is

(3.3)

[F(-,(' 7""} __é Al +l‘[/3fl) 42 (o 4) e+ BNB4D) ¢ 4 -
(; /- (7’1‘/) /- 2. (Y‘fd)""z)

ot w(x-r/)(p(.;L %4_)@*’)(31"-) k"“’!z ""_'f_ ]
Con ()/.,:I)/-rz) ({-1-41}

- a((o(+l)/3(/31‘l),.—(=(+2,{g-f ) Y42, v)

ASEY i)
Sed
and tho third
42 [~d = Ad40U ) B34 2+2) 37343 V<43
2ol ) YOyl Flas 3 riny (3.5)

Equations (3.3), (3.4), (3.5), lead to the assurption

4: N AGAT) CES VIR (a2l 141 L (@4, fra,y41, %
£ [ el ot tenscpersy)

To establish this we shall show that it holds true for ~n7:=2+/

AP j {4(«+:Xd¢1} (’/-M 1@3(p11][311).-B41-1)
D PO 5 Uyeityry - ia-) L

(@ 2aXaen), 4 @ ad240B34a0B31240) )
[-(y+1) -2 - (yﬂ)(),_‘d’ﬂ) N ]
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Lt oA (x41)(d42).. (4+4-.)(5({3+r)(/3fz) ((Ha-') &+ X3+4,)
dgee E4prs) - Yy#0ly+D .. -(y xa -] y ta

+ 2xra)(« 'ffl+0(/5—m)(/3m+r)x ‘-
/-2 (f"‘"“ )’—M. -H)
o Mldta) o +1£0)- Bt A= )BEN(A4241). (B armer) =t
- 2.3...m '(7"*4)(7«d+')ﬁ‘—-(ywz:m.:) X 4k

s A0l +2) - Ko AT - XA B (320 - iy,
7’(y+:)(y+29 Ay +4F7 ~1)

{!4,1 4 l'

y<a+) 7)
which establishas (3.6).

4. THE INTEYGRATION OF Flap.yy)+ Since the F(afyy) 1s a
power series 1t 1is uniformly convergent in the interval of oconvergence.
Thereforse integration term by term 1s valld for all Vaiues of x

within this interval. Integrating once we have

(o +1 /
fF(“'/‘%r) (X+7—:é7/x +%}%X+-m-

e d(o(#l)(o(f-:.)-'(d-!-o’-z)p(/g-»/X{sz)--@-f n-2) 3", ) +C
!

x (I + Tzé X *i@ﬂ)/i(ﬂ-ﬂ)xm
7 123 y(ye

o Aefott) o tn D) Blatge) BtnaD) (1 ) 4 ¢,
(2.3 {m=1) - (y 4Ky d2) . Cym- z)

Let S(J(,ﬂ’ S'I 7/,;() denote the function,
4+ ALy 4+ A '“)ﬂ@t_) o (A1) {l4 1. 2) 334X 3.42) . (B4 3~2) kA
s 8‘(6'-(1') g{g-f’)({'fl)/(y,() s‘(s-_'_l)({-‘fz) (g-rw.,kyx)(.”)(y“) (r,"'_,) t

fF(d,/ ) T X 5(0(,’3, ")"7‘) +C,

r_(x" 4 dB 3 of (ol 41)(ol 42) (L 4 - z)ﬂ(gﬁx;ﬂ) Q;.M, ,_) !
ffF(dX) = (2- 3{77‘ -+ Q""’){ Y()/'Hr)/ﬂ) _(), - i) +)

+ C X+¢,

= X"S(O/,/‘.’, 2:74?) 1C X+



The following msy be easily verified

f-ffF(&Y)g: %;S(c/,ﬂ' 3’Y'$)+c'x14 C',_Y'FC,
[[[ [For 2t st v vt enrteey ve,

- $
s “ 03
[f[/ F @x) - -,‘:7 5(0’«(3,577#) LR R
This leads to the following for the goneral case:

We establish this by showing that (3.7) holds true for I(=K+le

ff‘\.-- fr@r) f{(()’ S(dﬂ k,]IX)’fCX'f“CX +...+Cr"x +Ck}d)(
= A3
f{(K 0! [ |f2((+; + Sede) B(A), x*

k(«+.xm;)7(7+,)

4 AN A 91) e AN o (Bt ) e
LESD CTH IR (H-M"))’()’:H)’m b+ n-2) ¢ ]

K K-'
+ C,X +¢ X K'x-f-t:,‘,} cg)c

L [x Kt q ﬂ x K+ta
) K(lm) K (w4l N+:))/

+ A(x+0A(3+1) J
k(w-rdw-n)(ku)),(yﬂ) SR

+ Q‘(O(-r-le‘f-iJ--(a('fw-l)ﬁ(‘p A . {3 tn-2) x Tt ]
WO+ eL) - Chym) Y+ )y £2) . ‘Z’ PO R

Ke+! -
FOKT e e e x e

3 K +1

+'
S(dﬂf\’*l'yx)_'_cx ‘f‘d)ﬁ*

PO+ Cpl,

R
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This establishes (3.7). Equation (3.7) is true for all positive
integral values of n.

5.CONTIGUOUS FUNCTIONS. \then one or more of the constant ele-
ments ¥, f, and y of F(*:/S./,x) are increased or diminished by one,
the functions which ariso are known as contiguous functions of F(‘*"(’.y,y)
For convenionce in writing F,py.x) will hereafter be denotod by F(‘?':/:I/);).

F(d./?.y) when such notation 1s desirable.
The primary functlon, |- (d,/g,/) furnishes six contiguous funce

tions:

F (d‘f‘l )1)
F(o{+l ¢a+v, y)
F Crh ooy

F (d (34-1
F (#. A, y-u)
F(Q’.ﬂ 7’1’-!)

Betweon any two of these and the primary function itsolf oxists a
relation expressed by a very simple linear equation. Since the num-

¢
ber of such pairs of contiguous functions is - , thore are 15 such

linear rolations. To derive theasoc we proceed as follows. Let

(2 + YA +1) ----(A-m-:)/s(/}-w)(,s-.a.) (3¢ = j -
(303 MYy ry (7+~1 1)

Tho coeffiolent of X" in F(a.4y) 1s

o (ds)242). .. (Ltm+ I)A(ﬂﬁfﬂﬂ) ""(ﬂ""""'):d(ﬁ*"“')m

%/ 7’(71—1)(7-”-) (7’+11-:) (3.8)
The coefflclent of XM in F(-./s-:, y)is
A (K +)(d+2) - {2 +n~ u){;lg,,)(—;.“; Y3‘1~$1~1) = d((;-,)}\/\ (3.9)

n/! /(7/1.1)(7'“) (/,1.“ ~)
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Similarly for the coefficients of X" in the following series we have

[= (a+1, A, )() , (« -(—MX[&—(-Ms\')/‘/’ (3.10)
Fls, y-) a{fpen0yan-) M (3:11)
F (o, 4, ¥ n (yrm-) M (3.12)

It follows from (3.8),(3.10), and (3.12) that the coefficientg of y™
in

(Y‘d‘DF(d,/J,y) +d F(a+B v) (I~ F gy~ = O

‘Fof every "
Since this 1s true we may write

()I‘d") F(Of,(!.y) + & F(a+, fr )’) "({"‘/) F(4, el y~) = O

(3413)
From (3.9), (3.12), (3.8) weobtain by a similar processt
b 4P R ) 449 F e, o) +3~9) F Ct 31,y = o 510
Permuting « with (3 in (3.13) we got
-p-1) [~ F(d, 441, y) +{/~ By ¥~1) =
Y -p hy) 8 At y) 4 Y)F(a(p/ )= o (325)
Eliminating F(’(I[J,Y")from (3,13) and (3.15),
({3“*) F(o(lﬂr 7/) +4 F(d*’; (2) 7) "F F(ql/J‘H; Y) e
{ :3416)

Permuting & with f in (3.14) ,

()"“‘F) F(d,[!,y) +ﬂ(l-){) F(a’,/! H,y) - (y=) Flx~1, piy) = © (3.17)
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Eliminating F(d.(m,y) from (3.15) and (3.17),

L=t~y dx] Flapy o GdF Gy g ) ~§-00R Ffiy-D= ©  (5.14)

By pormutation of & with g in (3.13),

Lpmt=Gyatded Ftpg) (rp) F(poy o y) = (rXisn)F (pry=d=e o)

Combining (3.18) and 3.19),

(G-d)(“F)F(°(,{5,>()—(y~o() F(d-w,p.y) +V -F) F(a, [3-!) )l) 20

Using (3.16) and (3.17),

(3.20)

[f-2a -(pp O x]Fyp.y) + 4 l=¥) Fltt) 3)- )Pl f) = 0 (5 01
A pormutation of « with @ gives
[ y-2p -(d-(s)x] /:(d,/s, 7/) +ﬁ(( ~x) F((&H, A, )’) ‘Q"ﬂ) F(ﬂ-l, A, 7’) 206

Replace ¥ by X~/ and y by y+/ in (3+13)¢ The result is

(3.22)

Y =4 4G,y = Ot 8,y ) =y F(4o1,3,5) = O '

(3.23)
In (3.18) repiace y by Yyt . Tie then have
[« f( ~()f~(3);c] F(d,(_:,' y+1) (Y.H ~.,<)F(d~l, A y-fb—)l('-x) F(o()ﬁ, »: @(3.24) /
Vhen (3.24) is subtracted from (3.23), FE&-, A 714) 13 ocliminated and
the result is

)/(hf)/:(d,{?\y) ~y @, 4 y) +(y~/;);< F(g‘f, )= O

(325)

I, This is not one of the 15 linear relations between (:(c(' i )and any
two of its contiguous functions. fy
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By permutatién of « with /3 , we obtain from (3.,25)

YO~R) Fld\fy) ~y Fld, 3ony) + f~Ax Flapoy+)= o

A combination of (3.21) and (3.25) gives

(3.26)

Y [a~y=p)] Fldpy) ~ay(~0 R4, 3.) 4 ~2) §~p) x F (5 y )= ©

(3427)
Froa permutation of d with@in (3.27) results

ylp ‘Wx]/“@/’:ﬂ‘/’f (1~d) FCt,paty) + G~y ~Dx Flapy )= o (5 o)

A combirnation of (3.25) and (3.27) gives

)/[y~c -(ZY\A-/z-n)x] F(:{/},\/) *‘Q‘d)()“/!)x I:(‘{,_ﬂ;‘/‘f'/)

(3.29)
- )’()(“I)“‘X)F(a’,/s,y-l) = 0

6. LINEAR RELATIONS BETJELN F(d,0y) ,F Xt/ p ], yti,x)
AND F(3s38+3, y+2) The following notation will be usod

[~ = F(d,(;,y' ¥) /:(4,[;,),)

F'= Flan, gy = Fltga,y)

F“: F(o<+l,/3+l,7'.r): F(df',lhl,))

F'= Flaq AHythx) = F(o(u'{g.,,'?,ﬂ)
F'7 - F~(°’+2‘/5ﬂ’711‘¥) = F(a’$2,(54,'>(+,)

1

»

FY = /:(a(-u,(a-\&l,)/-fl,x) :F(d+:,/4-fz, y-u)
FY' = F (Ml,{zfz,y-f-x,y); F(x+3 34342



Setting « = &+ in (3.17) we have

(y-%-p- F' - (y~«~0F 4aC~x)F" = ©

(5430)
Setting « =+l » [ -_(3 +1 in (3.26),
7’("?‘)[:"-)’/:/'f()"“‘")"/:”" o (3431)
Setting A~A~l @q(t,-m ’ Y«.y«/ » in(3.13),
w\o(~l) F"’.@‘(o(.“);:\"\\/ F'"= o (3.32)
Placing A~ oa+2 2 {‘,._(;—m y Y= YA in(3.26),
Y+ (-0 FY Sy +IFY £ (y~t-1)xF'= 0 (3,33)
Plaoing 4 » <« s B=psb ysy+/ 1n(3.7),
(y ~4-4-DF"~ ()f~o<~;)F”'+(("3+l)(l-X) FV= o (5.34)
Eliminating F/from (3.30) and (3.31), we obtain
yF =yQ-v R Cy~d~p~OpF''=o0 (3.35)
Eliminating [ from (3.35) ana (3.52),
y B~ Cymamt oax) F'~ 4n(l~¢) F7 2 0 (3.36)
Eliminating F ' from {3,34) and (3.33),
(+OF " < Cy+0F " (B +0x F" =2 o (3.57)

v
Eliminating [ | from (3.37) end (3.36),

Y (Y10 = (y+ Xy~ TETI AP Seesifamxed F'= © (3,50

1., From this equation Gauss obtained the differential equation satisfied by the
hypergeometric series. See Appendix, Note IV.



The following type of rolations are easily obtained.

F(:l,/;_y)~/:(d.2 y=1) = = ')f("‘ﬁy -;ﬂ(é);—'))x + -

\’a((x-;.l)ﬂ(pﬁl PICRSDJEIEEI AVES
I )'(/-H) 12(y~)y
= %A _ _ Q«lmw)
7"7-') 7‘7‘4) 1-(y+1) )
U104 42)34/Y.242)
)’(y-:) ra. {y-f/XyLﬂ.) ) +

= - - - ol
;)%)- F (d-fl,l 3+, y-ﬂ) =z 71(%:")"

Sinilarly ons can show that

F(a(,(z +1, /)- F(d' 3 7) = 37—;1{ F(dﬂ (540,7'14) » dﬂF "
F (d-rl,/; )/) - /~(d,/37)- —Q’F(ulpu y+) = -é y '
F (e ~ Fl4,a,)s ;’(l;g)x F(s+, {lu,y-/z)
F(d-u /3 y-u) F(o(/s)l) S 7""1 [-(d~1! £ 71"-1)

- (of- -1, (3,,, 7’) h(.i 376 _f—y Ff:( ’3-”,*"“)
F (x-u,[;.,'r) -F(4, ;),) = F—“\—"LXF(‘{#',/;,Y-H)
Fltan, - F(m:,p,) -‘Q ¥ a1 3 41, y41)

= -—;éme

22

(3.39



There are many other 1ix¢ relations between such functions.
According to Gauss the number of relations betweon F (a/. M 7/) 2
F(*"\,e e Yt ¥) , md F(dfk',/u/;', y+ 4'), where A TRy A',/(’, and 7 are
either 0, +!, or —| , is as large a sunm as 325,1

7. CONTINUED FRACTIONS, Let

Yapyx) = E (4, Bth Y+ x)
F(d ﬂ 7/,,()

Then

v (ﬂ, a4 7’,){) = E ({3, Aty Ytir) . Fl+1,8, v+1, ¥)
Fhoonp F(e(,/;.'y) X)

Divide Equation (3.39) by F(d,/s-u, )H‘I,;C) thus:

I‘(dLA 41, yw] - F(@/;,\/) + ‘;,—((%)f F(o(+',/4-u,7+«.)

/Td:ﬂ‘“;)““) F(d,[b«/l,y-{-l)
or
L _dly-p )
1 ﬁ(d,ﬂ, %1%) )’( )’-ﬂ) -y(ﬂ th A, 7"1" ) F)

Solving ¢ .
olving for 3’(0(.{;'76),

J U'[" pe s %’x ﬁ’(/Jf'. 4, Y4, x)

Then for 'j({gﬁ'j,7+l,y) we will have

23

l. Gauss: Werke, t. III, pe. 133
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':f ( (hf, o, Y+ x) = ' -

I = By v129) o 5 ey, 3, g2, )
(7%/}';41) i frey

Similarly

A+, ' :
T (4t {Hl; y 2 ") z [ = (K Xyr2-f~)
?’+1)()’1‘3)

x 7 ((m) A+, y+3,x)

7( 12 At yt3,4) = ‘
ﬂ [} 7 7‘) /~ @.*1_)()/.‘3“#‘Q

ety

¥ J@eafra y44,4)

Vt3Xy+y
The result 1s the following continued fraction for :7(4 ﬂ?’y)
W2 /s
;7 (x Y) A F(d./!-rhy-f’, v/ - [
(4 Flagyy) =~ 1-Gx
I~k x
l-e x
[~ K %
/- Ca v
[ =1y x
I~ Cyx




where C, <

Q -

C

Yyt

(& +1 Xy+1-2)
+a0y+9

- (o +2.')(y42-ﬂ)
(7’4‘f)(7/-fs)

. &

- (@ +n Xy 1‘4—@)
(Y *24)(y 424 1))

25

K - @)yt -a)
© T yr2)
Y, = ((if‘l)()'-{-z—dl
G+ 3)yt)
Ky fa23)(y+3-=)

§ #Ky=¢)

kK, = ]‘G_*”-'f’)(‘/ﬂ‘/zt/ -<)
(r#2:4K yr2, 4a)

The law of progression of this fraction is evident.

If in the fraction

o, 3 7’—0( » OT ‘/-/3. » 18 v negative integer, tho fraction will

terninate:

Otherwise 1t 1s continued indefinitely.

The most interesting application of (3.40) 4£s found whon F and

7/ are set equal to 0 and Y =1 s respectlively. Then

/—(d'ﬂ+'j‘f,x) FC%!;Y:L)

F (6 ) /
/ +—"x-+°‘(°"“ a((a(ﬁl(a(ig

/ yore) )’(yf/Xﬁz)
[ -¢C,¥

/=ty ¥
[ ~¢C ¥
[ -k, ¥
[-¢,x

I~ ete.



where Cc - ..?7,(_.
¢, = (FraAyw)
(Y+3x>/1sso

¢, = &ralCy=i+a)

25

K, = Y=<
7@%0

I, = 1(z+l~°(!
(y +2)(y+3)

Ky = 3(y+2-x)
(7’71“//@/745‘)

ity = (atdlyta-o)

(7'/ '(-24_)()“1—;) (f 7‘24‘)(7(-,‘14 .,«/)
But (/-(-x)’",; /:‘(-'h, /g'ﬁ’...x)by Equation (7 ,_)
Heanece
&['(_?‘)M:‘ N A
- my
| ~+ ?’—%’x
[- 2Ly
2.3
[ + 2(m=+ X
3¢
| - 1(11-5_) «
Hos
| + ete,

¢ Lid +
Similarly, since € = At F(’) K ), -;;') by Equation (/.8)

k=¥
we obtaln
C*: !
R
[+ % £
[-3%
1 +E#
[=1L&
[ +454
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Other funotions may be expressed in the form of continued frace

tions in this way. Thus , by use of Equation (/4-“) R
t=sa et FO %, &&,’z’) , We obtain

'lL: &;-fw'f

IXR R 2
[~ 57
[ « L2 5. ¢
3.5
R
/ 5-'7&“ o
(~ 2
7-9
| - ££ s
yAY
RFTAEY
; I~ ™
‘ 7t
/ /er&"
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CHAPTER IV
THE ] TUNCTION OF GAUSS

1, DEFINITION AND FUNDAMENTAL THEOREMS. The TT function was
Introduced into analysis by Gauss during hls investigation of the
possibilities of surmation of the hypergeometric series., A4side from
its use in summation of the serles, this function has other intoreste
ing applications as we shall see later. The summation of (e, ﬂ\/ ,Y)
1s of course lmpossible unless the serles ls convergent. Convergence
depends upon the value of x and upon the relations between the
elements o, (; s and 7 as shown in Article 2 of Chapter III,

Consider first the ordlnary geometric series, whose sum will be
denoted bty S .

M~ ™M
S - ["‘6,)(1‘(1,_7(1-1- Cg)(?'f‘”' + Co ¥ 4 me + -
Maltiply by ((~¥)
U-RS = [+ Cc-0xtlu-e)x™lea-e)x% .t (couc, Y+

When ¥X=( , the sum of the right member is Cw + We then have

(/ ‘7‘) S = C,
In the serles ~ (o(. (3, i X) there is convergence for Xz / provided
Y‘“‘ﬂ ) O , Let us impose this condition: then ~( %’,ﬂ\y. x) is
convergent., HNoreover its terms are gettidg smaller and smaller and
approach zero as a limit since in 21l convergent serles the nth term

approaches zero as a limit. For the present purpose it is desirabdble

to use the series /(4@ y-/ x) « Now, provided y-f-%-p>0 ,
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we may write

(1‘7() F(dnﬂ.)/“’))‘) =0

for X =1/ .

By (3.29) we have

\/(o(-;/s -) /:(a(.ﬂ\x,) +(y~»<)(y-f) (epy+1,) = ©  or

= ; "<Y ~ ) -
Pl By 1) = %—_{75) (= y=1, 1)
From this

S YRR 2T I
[~ (°(q ﬁn )/’H,I) ()/7‘/)()(‘F/’~°( “ﬁ) [~ (0(, /," Y 2, /)

= _ r2-Aly+1-3) -
Flappm - (Y lly +1-2) Fd, 3, y+3,1)

- -~ . —

Y=Y trw=3) -
?fﬁ(} (Y~k/f~°(-'/s) / (-(,/g‘ At ')

= (o('ﬂ' Y+t A, 1) -

Henoe F(q/! \,l): &‘__X)L.,ﬁ”( -), +/- l*} (y ~)( 2~d
R )44 ywx-ﬂ) % H)(ﬁ/wh/z)' ’(Sj i:;()}y,:i:/.;)

Cels ()/1"/\' -~y + /f-g)
(Y6 Xy~ «~3) F(d'/' )

{a.1)



It 18 convenient to introduce a new notation at this point. Let

Tl 1-2:3¢- " 7
9) {;—H)(} ﬂ(}'ra)(}f‘;‘) (}—Hr) i (4.2)

where K is & positive integer. In this notation Equation (4.1)

becomes

/*(d,ﬂ ) F

Tk, y=) Tk y~ ﬂﬂdF(q’.ﬁ.ﬁk I l)
W(m y~°‘~')7T(k,y-ﬂ~' ' (4.3)

When 5, is a8 negative integer, the H function takes on an indefin-
itely great value.

For positive integral values of 0( we have

77—(N,a) =/
T () - ',J.;—.Z(
TT(P( v) = - 2

(4.4)

Further



ﬂ—(mé-ﬂ): &*z} - 3
(i d) o (4313

= 77’(K,3) » é;;tL

!
7432

and since 77.((,9) = 3_16 ’

L)t
ﬁ(k+f,g): 777«,3) {([ Tk } (4.6)

[+ 122
K

By means of this we are enabled to write

TGey- T 3) { i }H}

*3

But T[‘({,}): g(:, hence this becomes
L Fad
T(zy) = 5 2+;}

TGy - Ty) {@_f’} L, ast 397

2(3+3) N 23 Q}Q;;}
77‘(5‘,3) - 77‘(315) {@i?}*/ } LT Y A
ié_gié

T3t kg ey 3vey)

This leads %to

| WAL LGN TR 2w
) =3+ 1%y) (343) (e (D)

(4.5)

31
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Equation (4.4) shows that ﬁ':;‘p 77?4‘(,3) 1s finite, provided a is
finite, and is equal to 3.’ . That 1s, in the limit,

77-(11',63): /'2'3-4----(}”7} (4.7)

1t is evident that YT(’\Y’, 3) depends on é— alono or on a function of 3— »
there _fore the symbol 773, will hereafter denote m(y 3). That 1s
/

ﬁv‘w 20y . K
77; T *““’"[Té;[/?fw)’aﬂw @—m) Ké] (4.8)
By Equation {4.5) we have
fT(é—H) - (éffl)m
Tf—( é-m-) 2 @—Pl) #}

or gencrally

TG0 =G4)+) (3 )Ty

(4.9)
By definition’ ;
[ 2 oo il g
ﬂ_(k@) : @«/)(9.,1)--- - (34)
!
lultiply the right member by -;7 o The regult is
I
Ty, & kgl - KT (4.10)

(3+/)(3+1)1(}+3), @*"')3/ 77_(/”.};'

since by (4.8) and (4.9),

1. Equation (4.2)
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T 2 2!
Ty =3
T’-r(= "(,/

Ty = Q41 X342) - gam)TTy = geX32) oo (3ri) 3

We now return to Equation (4.3),

F(dlﬂty’)) = T(W,)"l)—’T(‘(,.y-o(-ﬂ_[)
’ P (4 3, i)
T (# y~a=0) T C, y-3~1) G ytR) (4.3)

Since the limit of [:(W,p,'Yf/Ql) as K increases without 1limit is 1,

we riay write

F(a(,/l‘)/,r) = TTly=0 Tiy-d-3-)
' (4.11)
M Cy-%-T(y-~s-)

which settles the question of sumation of the hypergcometric perles
for X=/{ .
Ve may express Equation (4,11) in the form

/:(_,4/5‘7,,) - =0l y-x2-)] (4.12)
Y=<~ ((y -5 -1)f

This enables us to write

F a9yt ) = (g=st=g=)l (y~tpr21p~)]
(7 ~acprats-ll (y~cs31s-0!

= ly-=-p) !
bl Gy = - P
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or more conclsely,

F(*.\G,y,/): F(~d,-/o',7/-a(-/4, 1) y Y=o (4.13)
In the same way the following formulae are derived.

F(%ﬂ‘)’,r) o (-4, (3 7~4 n =/ (4.14)

Flapg,i) < FOaip ypo0) 2| (4.15)

2. RCLATION BETWEEW [] AND -+ . From Equation (A.7¢), we
obtain the formule,

bosat c F (444, 50%)

@
If we set 7,L l{/

>

¥

4L
F 2'l ' 1, /) or
+

Llopfl3 (00387 Lt 1357 4000 (4.16)
2 2%05- 2!%"/7 2"‘"-?'7

By Equation (4.11)

[

rI§ R
1

d .
= (4,17)

S

Buk 77'(9,;,): (3 +/)7§ , hence
My = £ 1

Furiher m = | and we get the result

[ T/ZA.)]L

(4.18)



or ( )
'Tr_i - G«. 4,19
or
e
M = = (4.20)

since 7T.f_: 2 77'.’:_ .

3. RELATIONS BETWEEN THE (] FUNCTION AND THE TRIGONOMETRIC
FUNGTIONS, The following formula is given by Equation (7./8) .

St = msat F( 34 ~244 2 sa)

1
2 2
T *
for £ = T 7, this becomes
n

AL . [
o - fl’
Sou 2 S P ( + , - , i’ /)

snd by use of (411) we obtain the relation,

omir 4 T:z 2
A m /Azi%[ﬂi] (4.21)
But by Equation (4.18) []7:;1_ 2‘._. o~ end {(4.21) becones

L

nir 2. M

Sel o F —/——
[T 77>
2

or

(4.22)

L
sz ¢ Ly o= 2
W 2
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Lat "h = 25( +« Then the preceding equation becomes

TT} ’ 77:> = ';%:ﬂ';‘; (4.23)
Since 773 = } 77?}-,, wo may oxpress this relation in yet
another form
TT— //(3..() - -_—-——T-— (4.24)
¥ TS

If a relation between 7T and Coo} 13 desired, we make the
gsubstitution, é = 9+i in (4.24)., The result is

4 ¢ £ - "l_——— T .
77—2-;‘}) 77—(‘;*5) - 5‘"\”-; +g) = -C:—‘ﬂ'g (4.25)

Combining (4.23) with our definition of || given by (4.2) we have

T3 [ (Le2 - R (4.26)
sy '<‘*°’ U-3°1C#- 9"”‘/79 Q“'é‘)

§4mTF;fT5 1<-n0°<l )(QLX )@%97 (4.27)

or

oy G D))

(4.28)

4, THE INTEGRAL, ﬁ( (( X’“)ﬂx, IN TERVS 0F7T FUNCTIONS. If
>\ and (a. are positive quantitles,

/XA Gx* 4 = f -2 Xt ”“’"7x

() ) 9”")/‘
(n~1)f ‘ (4.29)




37

N )\- - -l )
f[xk N ,2/ x/u‘ ’(ﬁ 7’_%’/__1 xi/«d'_ e YA ) - 1) b"’)/"d]
' ' Q«-/)r

/t-fr‘ 2/«+l J
X ”~1—7(”") oy Hga) g ) OV
}X /(/l('fA) /-2-(2/ml Y @,7}/(4,_,,"@7( /+

= g& Fl-n 2, 4 xA)

For X:/ ?

,/( '_77.4!. T
%\-r(/,qr ‘f)() ,\F(z/«r/q:l)"x(&%a:’) (4.30)

This theorem has meny interesting applications of which the
following ia an example., Consider the integrals,

( 4
- 4 JEisy
0 Vi-xt (T
/ ¥ / .
S PRI S
,

Herse X~l=o or ,\:/ ,/,,-.y s V=-7 . Substituting these

values in (4.30) we obtain

[ 77-:; for x= /., (4.31)

We repeat this process for [3 ’

/ [}
B = \[7‘1 (/~x")‘;¢(x
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Here ,\~(:z or /\;3 » ~¢ 3 Pz~ » The subkitution of

-

these values in (4.30) gives
B = /737 T (4.32)
3 77';’4‘

t < = 2T
Bu 77;_ 77; 440 v 77('_ 4 ) and thersfore

L (4.33)

and
Ap= 113114 i‘i./}-é [~ ]z
&

(4,34)

The values of /4 and B have been computed by Stirling.l His
results are
A = 1.31102877714605987
3 = 0,59907011736779611
Gauss' computation of B is slightly different, belng
[} = 0.59907011736779610372
Now that the values of A ma 3 are known we proceed to deter~

mine the value of 77;5 and 77171‘ « By means of (4.23) we write

;;#0;;“:‘; ~ JT; -~ T_
s I
or &"‘7‘ rb;
e - /
f - F‘-—-',::"’
¥ 7

%k

1, These figures of Stirling and those of Gauss are found in
Volume III of Gauss' Werke.
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A substitution of this wvalue of 77--; in {4.31) gives
/4 = F{; (77: * o ]qq" 8‘ [ ¥
TR e A 2]
Solving for 7T-; woe got

Ty A
§

§

Similarly we obtain for T(‘_# s

I 7
Ty, - VE - Ve

(Q'rr) i(w-a)

2%
the symbol, M s the value of

54 1% TERMS OF -ﬂ_ FUNCTIONS. Let us denote by

" Moy T 34) Thog3)- T g 3-%2)

{4435)
7T(“1'\', ’hé)
or ([,2.’3....‘()"‘11""(
(/' 223 o) s gt (om0

This expression is independent of 3 and its value will remain
the same whatever é/ may be. Let us choose zero for our value of } .

since [lcy,g = 77(””"): / s we have for (%.35) ,
Tk, ~4) Ty, ~2WTCh, -2) - - TTCr, - =) (4.36)

As K = this becomes



i]-i . ;;~2 ’ i;. G el
g £ % ¢z

= (4.37)

There follows the relation

¢ "3
77—"5177:; ""‘Tﬁ'ﬁ:w Zki:;o M T ng) Mew, 3-4) . T (1,5 %
ZrQhN)wg)

or

7-’—-7',’ 77:_?;-1 77:%' 77t 4;‘;1/ - ,)16’3]7:37/—3- //%-ﬂ"” (4-58)
77;}

If,in Equation {4.24), we set é =3, we have

_M o e cmeea—
’IT ]/ N "IT"."—
St o
But the factors of the left member are respectively the first and last
factors of (4.36), Moreover, on setting ‘3 »é& s e get
-.1“1 TT_%‘L >

S 2

-

in which the factors of the left member are the second and next to the

last factors of (4.36). This process continued glves

L (4.39)
TTos T g T ]
m " M ~
- LI LN A NP L ::@q")"d
TS, SMAT S AT fk&ﬁ?f)ﬂ m
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and there follows from {(4.38)

4‘3 B ~/ (f"")
h ﬁb T3-% 77—5‘21? _ (’217‘)% (4.40)
Ty Nc

W «
6. THE INTEGRAL, [ ; /SC 3 % s In Artlecle 4 of this chap~
ter, Equation (4.30), it was shown that

f( X'\"C/#/‘)“/&x = UQ!WW (4.30)
g /\77'(},»«7)

where /\ ,/4 s 8nnd 2/ are constants.

Let us make the substitution, X = .g‘ s and set /4—“— I Ve
then have

/\ {
f (l ~ ﬁ) ”&? 1T Tl (4.41)

\ TTCA+v)

sinoe / bid -'("‘z) fx (- ;w) Lx ° 77’»771)

Writing (4.41) in the form,

1%
‘/5 ’\"(“‘5)”%? = ») n_'\ﬂ:” (4.42)
0

A I+ V)

and remembering that TT'(«, 5) = K%_M_é where j is an inte-
(k+3)

ger, we obtain

v

A= v

/o { | (/'3?)43 g 7—717:\'1 where v i 3m inteder . (4443)
s

Y
Now let 2/ increase without limit. 7T(z/,r\) becomes m and é‘-ﬁ‘)
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booomes & ~? vhere € denotes the bagse of natural logerithms. Thero~
foreg 1f /\ ls positive ﬂ;—"-\- 3-‘( 77(4-.) oxprossos the value of the

integral, f"ov A"e'%éd; or letting 4= A1 s w0 have
4
% A -7
TF,\=fdge 0“3 if A+l >0 {(4444)

X
In order to obtain a general csse place ; 2 5 s AN to~1 = ﬁ : wWhere

A ,(;, ars sonstants. Then

= fao 6 -3 A
fo? e”o(? becomen ooﬂg € C/}
and It follows on substitutlen of )\ = (2 ‘:"’ i

® - Bt/
/05(36’54"1”5 - 77»(; ) (4.45)

1 & and (3+/ are positive quantitless If either « or ﬂ ia nega-
tivo (4.45) booomes

09(3“’(‘\ —/7'—&0-%_‘/—’(

=N

(4,46)

® St
7. EVALUATION OF /es(}‘/j v+ If in (4.45) we sat « =2,
o

oy
2 —_—
f%‘g - E (4.47)
o] 2. =
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CHAPTER V
THE TWENTY-FOUR INTEGRALS OF THE HYPERGEOMETRIC EQUATION

1. NORMAL FORM¥ BF THE GENERAL LINEAR DIFFERENTIAL EQUATION OF
I'HE SECORD ORDER. Conslder the general linear differential equation

of the second order,

4 -0
g fp% "y (5.1)
4 -“ pd
Set ‘a— Ve- ﬁafx. Then 9 :( 21/ _,_JV} f ¥ -
Ly d’) d j}Jx

On subatituting these values in (5.1) we have

2
P v /p d v P\I PJx
T S e P rA)e
! JV l' J_’L\/
If v denote 3; and denote 7——; » The equation becomes
: dP p2
’ ¢(¢4 2 "P)V - (5.2)
L d/ PL
Let us repreassnt the expression, ,f(QlQ-l% - by (//.
(5.2) then assumes the form
v (//V = O (5.3)

This is called the normal form of (5.1). There is a great advantage
in using this form as will later be appaprent.
2. TEE INVARIANT OF THE COEFFICIENTS ORTTHE LINEAR DIFFERENTIAL

BQUATION OF THE SECOND ORDER. Le us make the eubstitution U =3 #(y)
in (5.1). Denoting by primes differentlation with respect to x we
have
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y'=3'9 + 15
VAT TN

When these are substituted in (5.1) there results
¢5 " f(o?/df/ﬂof)é’ +(;/ P/+ 6?70

e +(_é+z>)§ +(¢_” ?Zwyé - 5

511‘/”?5 +®’§:O op

where (544)

where P—‘?é*/b G, - ﬂ’r(%

or

Let the normal form of (5.4) be
w"+‘#w:O where wrie

Then ;%(94 _QT [)L)
I B //+P¢*Q*2—3&(e’l +ﬂ)“i(§f/-f/3)L

-7 (¥4 ~;j/;p )

2 SR

which shows that is an invarlent of the coefficlents of the

8quation, (5.1), under the tramsformation Y =3 ;é(x) . It follows taht

that any two linear equatlons such as (5,1) and (5.4) can be transform#
ed into one another if the normal form of each 1s the same. Thils
fact is of importance in obtaining the twenty-four integrals of the

hypergeometric equations
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3. THE SCHWARZIAN DERIVATIVE. Let

{

end ?1, be two partic-
ular integrals of (5.,1) and let v, and v, be two particular integrals
of (5+3), the normal form of (5.1). Then

?::Me'ifpjx ;4 ove 4
LY

Let us now determine the differential equation which 1s satisfied by
S « Each of the queantitles V or ?, may consist of two terms, each
containing an arbitrary constent factor. Since we can divide by

one of thses constants without changing the value of the quotient or
altering its generality, the quotient contaelns at most three arbitra-
ry constants, Therefore the equation satisfled by S 1s of the third
order.

Since V, and V, are solutions of v“+—¢$ =0 ,

v+ q/%

11
(e

{5.5)

vyu + QU V. = O {(5.6)

1!
Sis

or in logarithmic language

ﬂﬂé LLB XQB (5.7)

Differentiating this we have

How S

? = _‘/_' D v)— wheres'_. JS JV!Z JV‘ F} etct (5.8)
i v, T dx ' dx

Differentiating again’

-G Gr-Ge)
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v/
But = Vo = - ¥/ by (5.5) and (5.8),
Vl Vy/

() g Yy ()

/ /
- v AV /
= ~ /A vV A
(———»—1«)/—»{,/[/2{#

\

” /
Divide through by4§—~ which is equal to<yL~— v by (5.8). Ve
V| VL

obtalin
1] / - F /
__5—-— ‘-5—-’_ _(.y_L+V2,)
fon v .

N S Vs
" ' or
s .5/ V1 ‘ I : ‘
?'i_(—‘i“',__': A_YL-,VL '-._YL v, '\ L ;2\/1,
5 Vl Vv "v —_ +...2— -
(5.9)
On differentlating & third time:
/e ti! n i -
- ~ "4
S Tk sl
Y
L
5!\! S'/’)’ Uy v,
O el
S Va Vo
v// VL/ / ‘S”
But += - _ % and — - - - S by (5.9)s Therefore we may
Vs vV LY
wrlite . P\ )1
s’ S - .J<fs /)
——'—T ’("_,-) gl/ +L S’
N S’/’L— or
S .3/ ) =2 iﬁ
S’ R NS

(5410)
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which 1s the differential equation satisfied by S « The left member of
this equation 1s called the Schwarzian Derivative and will hereafter
be denoted by 3(:,7(}, *

4, RELATION BETWEEN THE DEPENDENT VARIABLES IN EQUATIONS
WHOSE INDEPENDENT VARIABLES ARE DIFFERENT ON THE HYPOTHESIS THAT THE
EQUATIORS ULTIMATELY DATHLRMINE THE SAME FUNCTION, Consider the
equations
$5.11)

& (5.12)

in which P and Q ere functions of X ¢ R and S s, functions of 5/ .

~J
Let X be an intelral of (5.,11)., Substitute 4=y, e / “in

4P

. 2,)
the equation and let (Q ~Jx -/ be denoted by}” + We then get
the normal form of (5.11):

dﬂ/f'¢? O

Similarly in (5.12) let y =V e‘jﬂ’%, ('U( - (S - C;%Q ’RL> : then

we have the normal form of (5.12),
'),
d vy 17’/. vi = O

d% > (5.14)

Changing the independent variable in (5.13) from ¥* to 3 we got

ERA I A A
gé%;%; " f§§21}§7% #*Esgz- , = O (5.15)
where 5’;% , 5.": é}» .

Now reduce (5.15) to 1its normal form by means of the substitution

(5.13)
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= 4 EjV = O (5.16)

sl A (OIS 4D

SY e O
L o )
5 e

But the normal forms of (5.11}) and (5.12), namely, (5.13) and(5.14)
wlll be the same expressed in terms of the same independend variable
1f (5,11) end (5.12) are mutually transformable into one another.
Comparing (5.14) with (5,16), which is the normal form of (5.13)
after K 1s changed to } in (5.13),

N

_:—{fl—'; ! ?J‘ W= (6414)
O

‘Jﬁg *5?)} = (5.16)

we have

' + S ONAS (5.17)
! é"’ L§§.X§' gbé



’

or, recalling %:Q df P » =3 J;
Mo+ (ﬂ%)Zs 4R )@ -

From the former equations of substitutlion, namely

Jﬁ@ 5 JR
T P

we have ? (%%%) \(ﬂfx

besomes

5(%%&@ v ej’%f

df _p*
O

{5.18)

!

and the relation ) ?l,;_u

(5419}

Thus the following theorem has been sstablisghed!
THEOREM: The necessary condition that the two equations,

é%%%; + | f%V' + G??}

JW-+Q@JV+SVf-O

’R?auf S au,guwﬁhuif

and

% Ty
where P &1&({ sre functlons of x ,)be mtbually transformable into

one another is that between the independent variasbles exists the

relation,

%G@éeﬁ{f vej Ry

and betwsen the dependent variables, the relation,
<119 _ JJ
2—3fé¥§~ (3%;??5" R_) (ZR [

wher6173/<§f denotes the Schwarzian Derivative.



5. RELDUCTION OF THE HYPERGEOMETRIC EQUATION TO NORMAL FORM.

On comparing the hypergeometric equation,

A4, Y =(d4a+)x «, (5.20)
I T b Z';{/—i)‘(} - ©

w a7 _
e 7‘% f()’fQ(n% Q?:

wa 8eae thet

_ -—CX¥' fD . -X -3 -1
P= 7= ’%*Z/‘—l_—é—’
¢
X - 76%)

- 4 (g2 gl -
B

Let us substitute the values of & p and j(— in the expression

for\b and denote 7/ ‘oy\ & /5 by/a' and7/ /3 by 7.

Then a2
Ty *’) (L) 2 ()

Since \‘/ 1s a function of x , we will denote it by V/(K) Now let
P
AP (5,200 whero

(5.21)

us make the substitution =y@e

PJx f(i 7_‘/.‘1:)4x _L/Z,au,_(/ A F_,)L.)L(. ¥)

- xR 7’“'7)

When this 1s done, (5.20) becomes

4>V -
dxr * V%) o (5.22)

50
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6. APPLICATION OF THE CONDITIONS OF NUTUAL TRANSFORMABILITY
T0 THE BYPERGEOMETRIC EQUATION. Consider the equatlons,

3

Jx* (5.23)
1
ﬁz +3 V=0 (5.24)
If these are mutually tranasformable into one another
!
c(f) 11_ oL g
% J; = ; or sz“ where ( :<;/;(_ (5.25)

i?[fﬂ‘} +<%f31%(79 - (7”(;) =0 (5.26)

(/,(¢) 1s = function of + , hence (5.26) will give £ 1n terms of X .
When this value of T 1s obtained (5.25) will give the relation of
v tog/ .
We now impose the condition that (%({.) i3 such as to make (5.26)
the normal form of the equation satisfled bﬁr the hypergeometric serles,
FQX; ’Ll) . Then if (5.26) can be solved for % in terms of x ,

]
] (:é;-j ’) will be deriveble at once from this velue of /£ and &
x
solution of (5,23) is

st H 0 Y (sl )

The general solution of (5.24) will give Tf—;{ '
g 8 ( X, o, /j'/)’// A y)
Select those forms of { which make -zé dependent on X alone and

/
/

independent ofhthe two sets of constant elements.,

To make such a selection set

- o



y/ ! (‘L)@L: Q/(?‘?
or since by definition ?[é,xat -
L 3 LN
L)
!

Multiply through by Qé ’ , getting

s gy

i/

\

This differential 1s exact for

L)AL

Its solution is therefors

A

‘ A E74
-%’?—%f -

Integpating this we have
{

1f /, denote

<

—Q/J z:C,x+c1,

s
/) = qu_*cl')‘u o

——‘L’

b= ey +¢,)

_:i_é_,')’/

_’i.Ll'/ .LZ

A

52



Integrating this, there results

£ = o . L
3 CI(C{K%CL)

ax+4 b
Cy +d

s

This may be expressed, é

which 1s the general value of £ which makes 'ﬁz) x}’ O+ But the
conditions also require that

Sﬂ,(é)é%y: %,)
we (L - CIobd)

and we get (aJ Lq>L¢ Qx+1f %

Arbitrary constants will not satisfy this equation and therefore <« ,
é s € , and i rmst be determined,
¥, dP L)
By definition %: ,;((!é-l];- -/*] and is the invarianf of the
1
normal form, L{——l -+ b"(x} =~ 0O, of the equation .‘:/:9 + (D ; (_Q -
dxr J x> X 7

X
In the cass of the hypergecmstric equation

% - [(' y ‘\X +()> +/4"- V= )y +(f - X")]

x*(1<p)%
(I -

(&»7/%’ -,,1: /‘) = B
SU

Let 7

63



", A _’ ‘l—+ B g
Then \PQ‘\ B ¢ A :1’(’ \3:)-/"—

Since (5.24) 1s the normal form of the equation satisfied by
I yr 1 [\ we may write for i1ts invariant
F(X,ﬂ,){lf) Y %(f)’ ’

/Z‘L B’LZ-/-C'
Sﬁl(é): —76[/4 7{:(,_,{)1 ]

vhers 4':(/%%) , B l’L—/«’z—;’L—' , C r:(/ -,l”j

and |’ :/~// ' 4 I~ o(/-/s/ s W - /'_ "("ﬁ’

But by hypothesis equations (5.23) and (5.24) are rmutually trans-
formable into one another and we may write with the ald of (5,27)

/4%1({ Brtl _ @/cééca)% A ‘(ax £4) "+ B (ax+4)( ex+d) +C"(CHJ)7
2 *7(’1- 2
x*(1 -7 (axe ) loxtd)[emx +d-4]2 (5,28)

54

Hore A , 5 , and X are arbitrary and therefore /1L, B, ana C which are

functions of o , (o + and / are arbitrary. Therefore the numerator
and denominator of the left member can have no common factor other
than a constant, i. e., the two sides are equal except possibly
for a constant factor. The same is true for the right member. +¥e
may write, thorefore, for the numerator

m (,4 X4 Bx o c) :(Claf -[ae):ﬂ/#'(ax-fé)‘:f B/(Q X*LXCH‘D]
+c'(ex 44)1} (5.29)

and for the denominator
Onxl(l~x’):@x+é)L(CX*fd 1[Q\Q/Y +c(~4] =

(5,20)

where “mis the constant previously mentioned.
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Comparing coefficlents of lile powers of X 1n (5.30), we find that
the following values aatisfly the 1dsntity.

@ ~d =0 d-b = o c-b = o
b =0 a+b = o a=o0
¢=i e =0 L= o
m =a om=q* @ﬁ:é(
d-b = ¢-a=O0 ¢ e =0
ctd =0 Ced = O ath _ o
2 =0 h =0 d=¢
/)’77:44 M -z VM;%

Lot us substitute thome values b - %flié
¥t

Using (i) we obtain

- ax_ A¥ _
2Rl St

Sirdlarly by (411), (i11), (4vi, (v}, ane {vi), respeotively, we have:

%:/Tf
f':;l
= ¥
=X
X~/
£ =x=!
=

O
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On substitutlion of thesse values of & , b » L and(/ given by (1)
in (5.29) the following relation is obsained

7t (A x4 Bxtc) = @) [Aax B +C 4r/
at (A xzfﬁxw‘g)i a® (A + J'x 7‘69

/7
1t follows that /}:-A'} p=6,C-=c

s v r - 7 .
op /-/(L;/,/Ml/ 4"'714 'V’/:X"//~7/»/) /*JL:/—}'

from which we get
/

oy A=A ey

/
Expressing these in terms of X ,/5 ,)/ s and ' :/4 /:f !

Since en interchange of X &nd /5 in /r:( 0(,///, )<) doss not change the

series in eny way, we nmay write down the followling set of equalitiles:
(4) //:>/ « = K,:P
(B) )//; \/ q/ = ‘—0< ﬁ

(c) /:9'2‘
(B) 7/ W



1
When ‘6:)4 ) M(:%);/ and & solution of %+V%):

is

o 40P

- 4% () @) Fpzy,%)

Using (B), (C), and (D), respectively, we obtain

/A 7 ( ¥
e X )t I gy )
- X7 (M/éﬂv),_(d_ﬁ/,f.ﬂ,/ 2-,%)
V._{ : x/-i)/ —?() z (Y—a(-/-/—r)

sy 129, 4)

These integrals V, , Vs V4o 8and Vy are solutions of the equation,
dZ;’ 4V %«, Z O , the normal form of the hypergeometric equation.
This normal form is obteined from the hypergeometric equation by

means of the substitutlon, )
4 JPd { Lty ptr-
V:?e fx:kétx P (1) = 0T

Hence, in order to obtain the integrals of the original equation,

the hypergeometric aquation, we multiply V., V, , Vo, and Ve by
L(Atp+i- ]
[ R 7

of the hypergeometric equation:

+ We thus get the following integrals

(al = FCO('ﬁ’V))Q
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—A-B _
i = Y T Gy 1)
\33 = Xl-//: ( ya) F—fﬂ, 2-¥, x)
y": )(I_X(/"‘) /—O(‘ﬁ/:(/—m, [~ 3-% 1)

The same procedure carried out with +=/-x will give four
additional integrals. Substituting in (5.20) the values of 2 , b »
¢ , end l given by (11) we have

ab (4 ¥+ Bxre) :Q&Y[A Cax-a)+8 (ax-aX-d +C§C<ﬁ0r
At B¢ = A~ QA%+ A 1B -BY +¢”

Thore follows from this:

A=A ,
B= -24-8
C = A'484c!

or the equlvalent equations

[—y™>=1/- s
/\’{(4 1/( ,7;)\(7.. ¢ L ; 2

+ 1_y-/:—Q+R// - 4z
I-{—/\L-I-/‘ll‘f‘xll I?—‘y/ _—(_{_/7{11—'
or r P
/‘l~ﬁ:ﬂ'7— }(IL
/\'\, , -
T2

These expressed in terms of X s f,)/ » o(/, /g: and )// become
()= ()"
9 )
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(L)) = ap)”

The following values of OK/, (3 ,/ end /Will setlsfy thesse thres
equations.,

(€)= e
RS TR 1 P OTR AL
() A'=y -4 ﬂ/f/—f ) =)t

(B) & =/~ fl:"ﬂ X'z Y-t
These values lead respectively to the following particular integrals:
g PO dipyr 1o
, = x“//:(o<~/+/,ﬁ-/+/, 18+ 1-%)
37 - Q‘?‘y/%—ﬂﬁ(y-o{, /-f, y - +, t‘ﬂ)
;13 = K'“/(f )P F (e 14 Y= l*)J

To obtaln atill another sst of integrals we repeat the proced-

[
ure with LL; ¥ + On substituting the velues of &, b » &, smd ﬁ(

given by (111) into (5.29), we have

5 é(Ax’vafC) :QE”)Q—[/"’ALHS/L”?C 'é}&/
AvrrBe+C = A4B +C %>

It followd .
A=Cl of [4r=1-A'"" o 4=
B =B r o P,L/L_y‘:/:.,\’;q:t/’;/ arf\qy‘:(-v’_ik S
C=A" o I~X“=’7"Larlt:/"1'



eg

or, expresalng these in terms of « ,ﬂ ,7/ » o(/,[a", and)/:
b= G0

AR CT I LA CRANY Ll GRS by
T () e

These equations are satisfied by the following values of o s F’, and

)(/: (1) o«'=« '104~~>/+/ >/’:o(~ﬂ+/
(5) o«'=p (5’:{5 -y y':ﬂﬂau,/
R e LA
(L) « =17 ﬂ’:/—/z PR s

These values lead to the integrals,
Jo = x F (5« Yl B, 1)
%f X-F/%ﬂﬁ—/w, B=atl é)
= X Fliyog e,
Yz 1A EF Uy a0 2

The foregoing procedure followed through with the values of 4,

b, « » 4, and m gilven by (iv), (v), end (vi), respectively, will
furnish the twelve following particular integrals which complete the

sot.
Y, - (0" F Gy, « +)
Yy = Q‘X)_/j/: ({2,)/-0(} ﬁ ~o +/, ,/T)(>
yos = X TG F g 18, v, 75
y'c. = X ’~/Q~)<)7/”/J"l:(ﬁ ‘)’*’/"d'f“’“”' ,i/;



?717 - Q-X)J(FO’(' /"/3; )(/ %—T)
913’ = O~A-(3FCﬂ,/“°(: )/i ;)-—(-1—)
9"7 - X"X(I‘X) /N’(-IF(O(V\H-I/ (-/3, 17/, -;é*)

Yau = X"/Q-x)’[‘pﬂ’/:(/a‘-/ﬂ, [~ Q‘X“xz(?)

‘3“ - ¥ /:(a(, Loyl LB Y1, _&)Z‘_L)
(au = X‘/g F(F/ﬁyﬂ/ O(-fﬂ Al —’5;:—)
‘&13 = Kd'y(‘/#)/d‘ﬁi:(l-d, Y -4,y =%, ﬁ){—’)

X

‘“&xy = X(g-/O‘)‘)/;“’g F({‘/"/)(‘ﬁ 7’~d-—/3rl, X!
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CHAPTER VI

RELATIONS BETWEEN THE .WENTY-FOUR INTEGRALS

The integrals 9,, L?,,lﬂb R 9n, ta,f‘of the preceding

chapter are not independent for by the ordinary property of the linear

differential equation of the second order, of which these integrals

are solutions, thore exists Letwecn any three uf them a relation of

the form (3)\ _ A’Vs —f@g(,

Certain cases arise in which A or ﬁ is zero and therefore the
oorrespondingnintegrala will differ from one another by a constant
factor only. One way of recognizing such cases 1is given by the fol-
lowing lerma.

LEMKA: If the differential equatlon,

g Y =LA@ - = O
Y/ EFICE x(l-p)

has two solutlons developed in the same ascending powers of X and

both be converging then the solutions differ from one another by a
constant factor onlye.

PROOF: Let the solution developed in sscending powers of

be m I
= fc,,x [ hen

= éﬁcwxﬂ-. c)ni
9": 2 Nn(%-9)Cn Xq’l

On substitution of these values in the differential equation we have

€2



2.0n _ \
XYy = e + Le, mcy\)‘ +on + nln-1) tm
v)(y"=""“:2(2_ -3C3 g[fq'f -+ '-’h(‘.ry,

@ tp+de y = Qe Kepe)| 3¢ (utp) thefa4p6) e = (@A) NG
SygrEeeTre| sty S G| T =) G
dﬁ%:'”Jﬁéc fdﬁg Y¢@Cft tootdpod,

¢y = B4,
3y
¢, - 3+€3(afB+0) +o(§c,3

- - - — — - - - -

= Qo+ 1 (= /)(0(775 ) o

” Iz

It follows that

C,= Cq
_,é s
o( (ol +:)/5 ([5 +) o
] 2~ )((>/~H)

C, -

O((o(-tl)(o(-{&) (o(~(-fn~l)ﬂ(ﬂ+‘)(ﬂ ta) - {[3""'"\')('
)

Coy =
al Y ey ey - (y+m-Y
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and our solution becomes A /\(
y = A FEE YY)
Thus by setting for the form, Co+ Coxt €y ~~~+CMXh+ ST,
we have obtalned from the differential equation the one integral,

%_ = A F(O{/é,y,x) and this only. Therefore all integrals which can
take the form, Co-+ ¢ xrlox 4 --- --- FConYm s 1+ €4, those
which can be developed 1n the same esscending powers of s Will dif-
fer from the integmal, [ (¢, /‘n A )4) , and therefore from one another,
by constant factors only. Thls proves the lemms,

It follows that
F(o(‘ﬁ,)/, ) = A (/\Y)Y‘“\ﬁ/:(/wc, Y4, Y, x)
Flapn = AT (1= RSy, ) X
To determine A end A ', set ¥=0. We then find that

,4*,/’ A':./

and there results the following equations:
FCapy 9=0-97 T Fy~ Y-AhE) or yomya
N e N O N o I R

By permutation of A with we got

F@maﬁﬁzF@mnﬁ:@ﬂﬁﬁﬁ%f%x%%“ﬁ“%*
Also, since F(O(./,)/, 0 = F(ﬁ,d, y,)Q » We have
U FC g, 29 NPy y5)

Substitute —\(ﬁ for xin the above and )/—ﬁ for /3 e The result is

=~
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and our solution becomes
ia - A F(O(\F )/;7()
Thus by setting for Y the form, Co+ O ¥+ (¥ - dCuX +---- ,
we have obtained from the differential equation the one integral,

La_ - A F(o{/é,\//,y) and this only. Therefore all integrals which can
take the form, C,+{ xrliX 4 ---- --- FCnYa ; 1+ €., thosae
which can be developed 1ln the same ascending powers of y will dife
fer from the integeal, [~ (¢, £ K) » end therefore from one another,
by constant factors only. Thls proves the lemma,

It follows that
F("(ﬁ Yy X X) = A U ‘¥)>/\O(\ﬁ/: (7’~"‘1 Y3 Y K}
Flappn = A/U-0 Flayp n
To determine A ma A ', set ¥X=0. We then find that

,4;(} A':,/

end there results the following equations:
F(o«,ﬁ,y,g:quf‘“‘ﬁ F (y~ -4 e er Y=y
Fpop)= 0 Faypy ) o 4o g

By permutation of A with we get

F (a9 = F(ﬂ"(»)’m) :djﬁ*ﬂ/:c{;,/&g v, Yo
Also, since F("G/,)/; x) = F(ﬂ;o‘, }’,X) , We have
(AT Fl o p, ) AP E(y = y)

Substituta -\-{Z- for xin the above and )/-f for /5 « The result is

~{



FCap = (= R Gy 1)

Thus it has been shown that

‘51: "3” - 8'7 - (d,g (6.1)

A glance at and 3, will show that }73 is derived from

3

-~
by the following trensformations of elements. 1In (as (= x /‘@‘/f’;/“)’*"“ﬁ ")

the first and aecond elements, «-Y +i s8nd -¥+! , are obtained
by subtracting the third element,y, of F(dl/?')/; ¥) from the first
and second elements of [~ (o(, ﬁ, 71,)c) end adding 1 to the result.

The third element of L(}B R 9—7/ » 18 obtained by subtracting the
third element of «{j, ¢ )l , from 2, The result so obtalned, namely,
= (¥~f+',ﬂ-y+lla~y,>y is then multiplied by X'—/ to get 73 «

By exactly similer transformations (a‘f 1s obtalned from (é”” ?,7
from \é\ /7 » &nd yw from ?,y « Therefore we may wrlte with the aid
of (6.1)

27 %t” P (6.2)

In this way and by use of the lemma the Bollowinggsets of

relations are obtained.

‘a\s’ (ab - ?;7 - ?;L—
Y, ds = 9'3 :élu’
R i T

1

\1
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CHAPTER VII
DEMONSTRATIONS OF THE GENERALITY OF THE HYPERGEOMETRIC SERIES

1. EXPRESSION FOR QﬂQP +Q~x)f’
] Np- (plpma) -7 "
O B S e AR

(p-1n -2 0y N(bea) - - §p - ) et
+1-py 1'—’35——)( _F( 30/( a— ( MQ.)-/)/ X -

_ ﬁ&—l)(?-z)u--/o—m Lo
RZ ERRNEE

Identifying this with f(y, f’ )4}) ,term by term,

4 N (p-1) o ‘f{(’%‘f‘i)?’
7‘6%’1#’2"( - I

P2

PAY- 7L 4 2
N TRV IS PRC A Cicd S Y

-2y y+ o (2 £G+Y

The foregolng comparisons suggeat for values ofA , /?, 7/ ’ and%
- %, - PL*:”,/ 71:} aad 7‘% « The nth term of F(—%}';*{);{, )&L>
I A R O . G A e A e R S —})Q(‘L)’"—'
- LG H)EY - G ey

n-1

1
Isiultipl,ting this by ( ,‘-,) » We have after changlng the sign of

each constant term in the numerator,



ﬁCll"")(P'l)' M (P '3"“"7/)([9 ~2o 3 i
T

which 1s the nth term of the series for Q-+x)f{+Qj¥)l’ +« Thore are
Q(Wvﬂ) congtant terms In the numsrator: therefore the number of
changes in sign effected by changing the sign of each term is always
an even number and consequently the sign of the nth term itself 1s
unaltered.

Thus we see that the nth term of /f(;%;‘zgiyi¥9is identically
equal to the nth term of the serles expansion of Qjﬁér{+(i’f)F

This is true for overy value of n and hence we may write

PQ A O A )
@x) +/-><)/ = FC // L+ 5 ) (z1)
When using such relations as (7.1) one should bear in mind
the conditions of sonvergence.
2., EXPRESSION FOR Q+x)r . Expanding Q-ex)P by the
binomial theorem we get

(A = 2 Fpr o p

Comparing this term by term with the hypergeometric series of form

F (=4 ¥, }) , Wwe have
__#éz} Px -;:12———) -—ilﬁ%ﬁ

A1) pan) ﬁif)”—P@PHﬂ@W(@L

Laylyr) )

€7
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£ (aAYek ) - @t ")ﬂ_(ﬂﬁ)@ﬂ) fRtm-r) }
G -0)! 7/()/7" Y”ft - (;/7““ ~2)

- ,E( p)- pra. - -(’/9+71 ’-)ﬂ((&-(-/)(%—f:l) l(é'f“"") M
— (x)

(-1 ﬁfi'ﬂX/}*l-i) /@ m-3)

The product (f P)(.P .,‘)(_I,_tg\) oo &P Y~ ;)) contning Qq —/) tormg.
Wisn n is even, thero aro an odd number of changesn in sisn and tho

product will bo nezetivo. But whon n io oven Qx)w( will aloo be
negetive, EHence the valus of the nth term 1sg posltive for all oven
values of ne

When n %43 0ddé there are an even mwmber of changsss in 2ixn
and \—{)X_Pﬂ) . &F ~ »u—;) 1s positive. Noreover (—\ﬁy‘_‘ i3
poslitives Thereofore the nth term is positive for all odd values of ne.

(LHV EE ‘f’;/g//"') ‘7() (7.2)
- | n
5 EXPRISSION FOR QL t “) » The nth term of {74 + U_B
when expanded by tho binomlial theorom ls

pr(Aedegend) ()

Thercioro

= —a(-a H)é—:tg'lg) ez -2) @":I% 2
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- 4%, *m(—aw)(—/ua)_,.ga +%-A)p@+qg+a)-—--- -2
eV oo et ;«T% =

= the nth torm of £ ? F(/zﬂ/g )
Hdence Q-ruyl 74 F('/l// ﬂ - __) (#43)
where p 1s an arbitrary quantity.

4., EXPRESSION FoR (£ +d) L+Q——u)¢ . The nth term of

@.fu)¢+<£_ Y” vnen expanded by the binomial theorem im

‘QLL'L ﬂ_(/L—l)(/l-JQ . (r’-'—Qm—’&) _Q_’: n—1
@n-2)! tl)

ya
+ 1 v H
But the nth term of /f(__ _§+1 A /1) is

JE 7 —— ( "*Q)[ 4+j <(L—;“—’)—u—>[ ¢+3> (/L-n‘,—})(j“" -1
-0 L2 2n3

2

-
Multiplying this by (9 - ) we have

@™
1" a)(—ut)(—nw)----/Lm_‘a@,ﬂ@ QMQH)F)“_,

¥l - (DM_Q\)_/3J_.9M§ £*

Since there are o (™ —l) terms in the numerator, a change in the sign

of each factor does not change the sign of the term and the nth term



may be written thus:

4", rla-a-s)... (o Todo)(a - fﬁ})(,, -
Qn-2)(

This 1s identically equal to the nth term of the serles for
’
%-MY’H{—A{) « Therefore

et +@-0%- afr (-4 271, 4 4) (7.4)

A
5. EXPRESSION FOR @1‘ v) 4+ 4" . The nth tern of the
expansion of Cru +41 by trke binomial theorem 1s

@%#4(4 Ne-2) ... .(g-»=2) (f)

2(m- 0/

L
low the nth term of F(-a/-w, Qw) - LL_) is

Pa-)a-D(a=3). - (wrfweafwes) - - wem+d) (vfu) "

G-0! 220 Qua@uw@utd)  Qu 423

The limit of this termas w — O 18

Al -0a-2) ------ (2- G\ -/
sy leeman) ()

A ) CWaC
vhich is the nth term of the seriss for Tl rmltiplied

1
AL+

by the factor

70
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Thug we have proved the relation

Uaoyrr b his 3t Flomwdn-%) o
6. EXPRESSION FOR @—w)’l—é’—-u)“ o )¢9

may be expressed as & binimial series whose nth term is

a-~l 2 \h~1
2Aat’v QL”X’&':)-I)'(" @243 Q’%)

{ "t
>

2
But the nth term of [— (_% +3, - ] %’ V‘g:.)is

F2+EX-24 D5+ ) K2 s amaf -2 (-2 42) AL 4 H-g(/,f)ﬁ-'
- 2L (2 e nd) ¢

+

@-lXa—l)(mé-?;,-)s- (2 =2 +2) e’i_)»n—;

Hence, %“"’)A—- (‘L/‘—U): nys 144(—1, F ('%*317’%*'/ 1'2, 015/1;—) (7.6)

1 a
7. EXPRESSION FOR e-ﬂl) - £ , ©On expansion of this by

the binomial theorsm we have

v L= mEatN(a+ - - (matm-i ,_""’
Lroft-tt= Z () Reedlol (-n+ )@

But the nth t f - L)1
ut the nth torm of [ ( ""”/ﬁlﬁ/ i-) ;



En,-.u)(-/z_ fQ)(_¢+3) T PN B AR B
oo kS

Thereforo (pé-(—u)q',. 144: ﬂ/%ﬂ: /:C,L.(-',pf _i.’>
1

(7.7)

where F is an arbitrary quantity.
8. EXPRESSIOH FOR ex. Expanding ex by kKacleurin's Series we

PO
e¥: Z G
low the nth term of F (//3 l, ’7) 1a

(4~ -2)! ﬁ(ﬂ-u)(@ﬁ) G4»-3) LY
er -0 e (s 4 1)' [ é?)

and 52ﬁ- (+m- -2)! ﬂ(ﬂﬂ)-— {74m~2) @g}”‘-'
/3-.\09 e -0)! Q.H._;\)I r

o L+i)</+7) ----- (27

-l)

obtain

7("""
T -0t

which 18 the nth term in the expanslion for Qxabove. Since this is

true for all values of n we write:

e"=ﬁl\/:(ﬂ Y)

(7.8)

9. EXPRESSION FOR Zag (1 20§ (I+¥) may be expressed as the

following serves s



73

log Cl—fx) = xfﬁ_ly’,—fﬁ

Cn writing cut tho sorles, X F(l, l, 3’~,9 s Wwe find 1ts nth term
to be

. l(l-fl)(l-fg'—--Q+M~2)(/)(l-fl) ...... [+ -2) ol
X Q\ N2 4243 - - (2t &; QX)

: S

whioch 413 the nth term in the serlies for La(l-f x) « Thorcfore
20; (I-{»x): X F(/, Il l’ -—X) (7.9)

10. EXPRESSION FOR ?o¢ [+x
-A

{

em i T RE xR

S G5y ne 2y () - 2x 2550

Now the nth term of F(‘:L., l, 2,_’ )(1> is

£ (5 o(de2) - E e 06K - () gy
/2.3 2. £ 2 @*"“)
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357 (m-%
2 2 2
« Multiply numerator and denomi-
nator by L *' . The result is
[-3 .5 -- -.(2».-3) Xl'\\~3\
3-85-7- - (Qm-‘)

or 7(‘3-{'~Q«JX')_,,‘,3) le-‘)_-. -X'ln.\;]

—

35 7-@9)@m~ 1) Am ~ 1
which 48 the nth term of the cerles for 1“ -(I;*—Y. Hence
~x
{ [+x L 2
Jog Lrx - 2 F(S, 02, (710)

X
1l. EXPRESSION FOR Q + Our seriess for is

aQr = é (xéoé a_y‘-'

o /)!

The nth term of [ ("f’ / xla; is

-0 Bla+d(ga) - Ptn-d (xlog Qm-
@—I)! Qm ~—l)’lﬁ i (T)

G G (f%)w?n),,_,

DI

M-
The limit of this term as (6-—}(')0 is QC “3
m =y

Therefore X %
a : Ale /:(/,/3, / j_%;;ﬁf) (7.11)

where F is an arbitrary quantity.



t _t
12, EXPRESSION FOR € + €  MAND cosh €&

+ -t
e+e” - 22 o

i_i.
The nth ferm of F(o"g,"'z—,z;}“/g is

e (a(+l)(oc+2)(a</-3j 6<+7z~.2),g (84103 £2) (343 64”-2) (_ﬁ )x—/
4B

m-1)! 1.2 5 2. L 1 -2)

/(/./_,T)(/fo?)/v‘ )(/)(%gj//-/—ﬁ/%-,g) //-f ) ({')‘KI

'Z”"/v( )/ /3_5— . 2.” \_?

The 1imit of this nth term ags o« and ﬂ increase without 1imit is

() e
2-4-6-F - @n-2)/38&7 (23 (2~2)!

which is the nth term of the series for C_z-f_t‘; « It follows

€ - L
that e o = Z
- 20(4/”7 )C‘("(,/g/z,q_pcﬂ> (7.12)

or 1f vie chwooss

Cos/p r =

Z o0
2 2 (7.13)
€ €
13, EXPRESSION FOR € — € ~ mypswh I
Z"L -2
ZL
e — 6 = 2 (Zn 1)/

EAN e lcad g
- (o(’ /g, 7 5 ) _ f ?—f(.f//ﬁ(a/(’&) S{d‘-f z)ﬁ/ﬂ Yeed)...prn-2) ,é:)

z z " (3+n-2)
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= 2//—%& /- //-/-a(///v-‘g) (/_,L"f/;—,g sz—u-z
) /21\—/) /

Paesing to the lirit we have
_z{_'z.u A

Lo Féc,ﬂ ¥ 4/-o</9’) é (zwn-1)/
ol — o0
ﬂ - o0
by - Z//’Y 2 i
Therefore e Z‘; - Zi Zzﬂﬁ,—w F (a(,g z, ,’ﬁ) (7.14)
This ray be expressed in the form:
sivh T - Lim 7 f(x %Jﬂ) (7.15)
<, f
14, EXPRESSION FOR 5“" ¢ he aerg.es for sin ZLis sboet)
SIN 1- ZL(/— 57 t/ : //)1‘—/ Lﬁ—
(2 - /J/
_, zzl(vw} (_{1) K~/

The nth térm is (‘/}ﬂ ex-1)7 F  (Za-7]7

IJ
Eut the nth term of F& g, z, 425 } is

ECELI)(E+2)(E 43/ (E42-2) E'E 41 )es 2 1g *3) (-2 ) /j¢_7"-/
l+2-3 ... (m=~ 1) 3._-__ (zu-Q (#2357
2

2 2

/
and its 1limit as & and ¢ become indefinitely great is

Lim 1l+3ltE)e a2 )/)/m)/w/ (2%2) (42

£z (Z—n’/)

= (-f’ﬂﬂ_' -
(24«-') I

L (nth torm of series for 57 Zl)



Hence L

: tr
Siw T = 2900 ZL,E(ZZf’%, ¢22) (7,16)
'S o

whore £ and £’ are arbltrary.
15, IEXPRESSIQI FOR cos Z‘, The soeries for <Cos ZL is
ot = Xttt _ Z”,. /fz/“'

—-t*
But the limit of the nth term of /CZ /3 7. <@ a8 £ and ﬂ

incresse without limit is

L 12 3fjs2) 5 el )™

B 2.4 .. @u-2)).35 777 (22-3)

= _<‘ ?ﬂ-/
(an—y,/

It follows that

Cos T = ofé—;/‘/oo “ /O{' g JZ-’ ;—%ﬁ)

ﬂe <O
where X and g are arbltrary,.
. ) < /
16, EXPRESSION FOR S/ N /d + For / > S/’V K%ﬂay be

(7417)

expressed as the series :

SiA K9 (K sia )( _@Sl.ﬂ’f;%_ﬁzuﬂ(-ﬂ ”%f

4 () AL 2575 g,

/Lv’-/ - /! 3
Now thw nth term of /. /H )7 A //18

'l

1. Tno sories is from urozwich's "Theory of Infinite Series”, p. .\.08




8

u+lYn+SXﬁ+.f> <lt+2h—yaﬁx e T
(n- ') .......... @;{g)) ( 2 )@'20

Nl
2N L23)re3Na 4S5}~ (2 #2w-3a-1Xr-3XA~&) ---- (2-T5"3 ) L ¥t
( ) 2. - (22-2)-3.-5.7.-+-. (2m-y) (&.,%)2
;) (n-—l )(4 -3 In, —.f) (a -2.7-32) (&M ¢)1-.-1.
(2 ”n - I)!
which is ,';‘is:; (ntl: term of tiv geries for seo n? ). Thoreforo
a(n )= rsmd F (= = y 22 L 3‘34’) (7.18)
Ve can obtain a second expresslion for 3Sus AQ by use of the aeriea,l
. . n"'_ 21' . 2 ( "_ ZX 2_ 2 .
mnf:—c“¢5-¢[/-———-&..¢+ﬂ 2 I’L €75, 4
—+(- (ﬂ- 'lqn' “9 (A' -2m- 1) -Am-2 .

R .2
tut the nth term of F(I""‘:‘."" ‘3:&{)15
X—”"YX—‘H‘) -4421-1) i
- a0 A —————————————— .2
2 L 2 (s‘. ¢)

H IXM ¢Xn+l) A+42n-2)/La42
'( )( :
1 . I 2w~/
2 2.

2.

H"\u

6

(- )r(uzludau)---(n $2p-2X1-D(4=-6Xn=() - (e =25 +2)
Lol (2m=2)3. 5T e (2w 1)

.G N a2 g a2 ()- -

(Qx»- l)’

«l 3 g5 lc{)) (7.19)

Thus we obttain the formule,
7 2,

sin(2f) = rendaid F (2413

Brozwich: Infinite Series, p. 207



We obtain a third expression for Sma¢ by use of the series:l

slad) = ﬂ—“d—n(P(C.n¢) [i- (-(X2-2 a—z)./u" ’5_‘_(4—!)(4 ’I4~3X/I--?)./_" “f 4.
) ") G e (n-z»u)él_a;‘)jf___]

(Qm— 1)}

The nth term of F("-H -£ ~','! -l-.’f)is

( ﬂ:% "*") a+2;-2)( ) us) (22t 3)

6“")! z-f ;’- . 21'

(Herp)

:Q"TEA'ZY'I “): @’: j-l”;:lfi)(d ~Xa-3)-----(n =25 +3) Qu'a.q)y'

Hence

s o) ateef (eodl F (-5 4,24t 3 _d2q)

2,
or

sias asadlem ) F(-2-208 3 _fa2g)

(7.20)

If in this we set A =— 2 we have
sin (-09) = =2 s flenf) F(£612 44 3 o)

or ~n-i

17, EXPRESSION FOR Cok¢. A series for c.“kf

l. Bromwich: Infinite ~eries, p. 209
2. Ibidem, p. 207



80
CwKﬁ: —--5-2&,.?54.&(« 22) % ..

et ) RN R D). (1R THTE ) 20
(Q'h a)! )C” %"'""

Now the nth term of F( 2,, 5 S"'Sb)

g(; +X2 +J.) ({-{- 'h-2)(~ gX—g +4X g-n) ('-’{1-11-2)(&:"2 ﬁ)-u-l

1.2.3.... (o,u)f(-:{u)(inrl).----- (L +»-2)

a-f\ -
ITultiply this expression by ?—;) . Change the sign of the (11-()
n-1

terms containing -g and prefix the whole term by (-l . These
changes do not alter the value of the term, Ve then have

CRL 2 —_— n-t

(1) a2 ). o (e T )l %)
(20\-;2.)!

which is the same as the nth term of the series for CG:"{f. Hence

cootf= F(5, -5 3 sa ¢) (7 22)

1

W7e obtain a second expression for Q,oh'f by use of the series,

Coo K < <‘«¢[/° = JS“(K ‘Xkﬂjz)s‘:'fé
....+(~()“"fw’—t‘)(!(’31) - (h- 2= 3—/{ ,5)"-’ .

(Q'n Q)I

{

Since the nth term of F(-ff;" -fi-;_, i’ Se, ¢> is

Bromwich: Infinite Series, p., 205



|
|
|

|

8l

(o) (K 222) tYobe 2 (- £ ¢ 223
-l 235 20o3)

= (=1 ) (g1 23Xk 8- - Che s 2= M=) = - = Coy = T3 =3) (“:a?)w-;

@»-~!

~"'" 1_2X2_1 L 2) _ — L e
1) (k12w 3%15)? (k-3 ) (si2 99)

there at once follows the formulsa,
Con k= C“‘PF[(%*i),éf“"i), (f), (-%-1733] (7.23)

Consider now the serles ,1

. K -~ Wt oW~k -2 2 a ™!
coakd =(cond) f(l) rix @)1)‘ (k-2 +394u1¢)

-X,1
Further, since the nth term of F(" 5+ ‘2, EL '4"—"7) is

(,.KX—"‘“ k-H/) (—-K-ﬁw- "f*")(-k-b? -K+S$ N+2u-3 m=)
(m-1]1 _3-._, z. . 7(7.’-—1 >( ) <- )<-la"¢)

s 2

:G‘T;(K"X“”’X"’” e oo (k=25 +3) GJW"

@ ) —".L)!

we hove the result.

Cokd = (eoo g F(-% == & 4:»-290) (7.24)

T2 ) 2

%hon we sat & = — K this becomes

C_°4(~I~(¢): Co'af'(¢ ’—(Cao ¢)_F(§) t‘:’ "‘I"“'I'ﬂn 2¢') (7.25)

1. Eromwich: infinite Serles, De 205,



18. EXPRESSIOQ!N FOR (‘\’ 1"7‘ ) « Expanding (lrl—)lz) by

the binomlial theorem we get
! ;.3 -£ 2%
3 2( 2\ * L .3 8 . 20-3 L
i D IV e ™) x™%--
(n 1)l

T 3
(r*=x¥) = (kz) ; %(k ) s ~

- 4 2
=1L 2L B s e
Il 2-15(/5-&0 K'Y /-2- (1"!)(6([31'0 ((91""“3)( )

1
=
m
~
N~
A
=
?
= |
~
N’

(7426)

where F 1s an arbltrary quantliye.
N <
19, EXPRESSICN FOR areSin K

- --L -t
gresin % = ﬁ"‘-x‘) e = [k F(i.ﬁ,ﬁ,f;f)&x

where@ is arbitrary, by (7.26)
5
+ .g. '}.’L

k-‘F(é'ng K‘) <X+1 3-x> 2.5 k¥

. .
2. Z’"("i-"") = + oo )+C
2.8 (- 1 2mmt k""'z

-+ ----




Therefore B 3 "
. L 2 K
am&.\.‘:f' = % F( 2, 2z, 2, ’.;'z)‘f' C (7.27)
On setting x=o ,we find C = o + Henco
L L X F(d s 2 X
arc Sitn < - K 2/ Z, 2, K2 (7027)

20, ZIZXPRESSION I'OR heceo ‘E « From Article 19 of this chapter

ﬂk"—ﬂy = FG L 5 Kz>+€'

me Gk - - [Gieddes £ FE,2 2)-C

we have

To determine C vo set X =0 and find C = - —7-:

Therefore
£ 3 x r
ANc Com ‘E = £ FC 2, 2, 2.; K;_ +2_ (7.28)

21, EXPRESSION FOR efen & o Dy actual aivision

. | - -

+_:. i _N__.L_)_‘_‘/__X‘ -l'nlx?-ul
l = — v = e
K> K? k¥ K6 PR

A b
m%"‘f;’frf"'xz &%"E{"” 3()‘ (1<z)+""
1

4+ - -

But

2.3..'_)5. Kl
+.3. 8 (‘i+h+2)’ 2.3----(n-0f x2 W
+2_* 2 - = |- +@
1-2-3 . (n-0)3. 5. T L 2m-N K



0m sotting W=0 , we find C = o ond our rosult is the fortula,

wcter () 2F(4 ) 2 -2

K (7.207

1. Seo Appendix, Yoto 11I, page 92 for additional functions exprossod
in terms of the hyporgoometric series,



APPENDIX
NOTE CKE

PROOF OF THE THEOREM ON CONVERGENCE OF PAGE 12

ls VEIERSTRASS INEQUALITIES. It 1s necessary to eatablish
herc certein inegualities on which the thoorem restses Let @Q,,Q,,
-reeceeee A, Ve positive numbers less than 1.
Then
(HQ:XI -m,) = l-f'(Q‘-‘Q,J +a,a, > l+ta ta,
By use of this we obtain
[G+a i+, ](t+a5) > (ra+a)i4e,) > 142, 4eatey

This process continued gives
G +a, ) +a X 1ta,)- e(l4ay) = |+ (a,+a,4Cy+--- 4G )

or in more convenlent notation

n
T(H—QA = | £ é a; (A1)

i:l b=t

Similarly
(1w, X1-a,) = 1 - @+2)+ &2 | — (@, +aj)

Kt—a,)(l-a;):([l—qaj - [t "Ql*“lz)] [I'Qs) > - (Q.-(-Q’_-‘a))

and gonerally (l "Q‘)U*QIXI-Qa).'..((-—Qq) > | - (Q,+q, ta,* -~ +a‘)

n

T G-ai) > 1= S, (842)

L= 1 121

i. Qe,



7 ' - [-a /
Farther [+a, - TL < T
Hence L / '
+
(421 +0))- - ((+2.) < (-4)1-2,) (1-a)
But vy (A.2) (
< —
(1 -a)(/-a,)--(1-a4) [ - (2,40, +--4a,)
/ /
or - < —
I -q) I- 2 a
t=1 L=t

Thus if g a; < | we have

m /
:r!:(l"‘Q‘)< |~ %a—i

‘=t

(XX}

L] n
ana I (1+2;) > [+ -E‘Q; by (A1)

L=

Therefore we miz‘:; write " {
| + 12‘ q < T (+q;)) < ~ (- <)
- - (,=l

or

" [
|+ Z2& < TF (1-4)
(Y]
n ]
< TEs
= ‘,
A corbination of (A.4) end (A.1) gives
“ Py ) M~ ”
[1-2e] > M)y > |+ Z A
t=t - L=t

end by mpans of (A.5) nd (A.2),

[:+£4; 1= 7}(/%,;) > | —-‘ﬁ__'a

Lot

We now proceed to establish the following lemm,

B6

(Ae3)

(Aed)

(A.8)

(A.6)

(A7)



2. LEMVA I. IfQ, ,a@,,Q3, "~~~ "~ , @ gro numbers betweeon
0 and 1, the convergence of the serles é@,‘ 18 necessary and suffiocl-
ent for the convergence of the producta P - and C\),‘ to the posltive

1imits P and Q » rospectively, as 7 2« whereo

an = ('4Q|('4G2) e (’ '('Qq,)
@ = (=2, )([~2y) - - CI=an)

PROOF: Clearly Pm inoreases md Q,‘ decreases as n increases.

Koreover, Af 2 Q. is convergent, a value 7 can be found such thet

T = Appyy ¥ Camyat - ~+ Q@A e +o iw{rm‘r‘f

1s < 1. Thon by({A.8) mad (A.7)

| / P
_— Z — i - 2,

[ ~o~ ] - (Q.,.,,,,"'a‘m-f-;‘- R 0.4') ” P
fad /"O- < (- (Q"u-ﬂ'*@m'-(-z,*””(o"') < Q'n < —Q—:‘——

Qe

o then have 1f 4 > asc

P, < __]_)r, ) Q“ = Qm(l""‘)

n [ ~o—
Thus P w énd Q « approach definite limits P ang G) auch that
P = _f’m-

|- o

§ = Q. U-)
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But if éq,‘ diverges, mn indexm can te chosen such thet
QA+ ----- +a, >N , where N 1s a quantity arbitrarlly largo.

In that case

LM:»PM"-OO LL.LQ = 0

/ »
that 418, the productc diverge..
5. Lmoh II. Ir Zn _ | 4 ba , whero b=b >0
"t "

the Liaew. Ay =0,
PROOFF: An “m can be found such that

L'n = z,L > O 1£¢ M. —fb‘—\.
Then
b
IAm o | += ) 7l+'§‘5 &71+é
At s o Qanta Py - O M

- (W N (1+£)7 14k (4 L+4)

Qa--u Qe+ ~_“

L Qo

- ®
am-}l
or Lo %.L.“' = P

H -
ence LG = O

4o THLOREM: If U can be eoxpressed in the form

e !

U“:l-f_Z‘_._(. O(»,,P) p =/

um#l

the series 3. ( |) 18 convergenb if >0,
PROOF¢ Ir/. ~ o, after a certaln stage
/5‘— > 0(97,9) go that (J,, > Uun+es

-~

But ¢, —= o0 oY Lerxe JI, Thorefore S (_l) U, convergoes.
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NOTE IX

PROBLE¥S IN PHYSICS INVOLVING HEYPFRCEOMETRIC SERIES

1., PROBLEM OF A ROLLIKG AND SPINNING COINY,

Let there be a movable set of axes T. » movabls with respeot to
a fixed point and to center of coin, but with its origin always at the
center of coln, the K- axls psrpendlcular to the plane of the coin,
end the (- axls always horizontasl. Lot there be n second set of axes,
T, , fixed with respect to the coin, with its origin at the center or
the coln, and one of its axes perpendicular to the plane of the coin
end therefore coinciding with the kx-axin, If @, ¢, and Y are
BEuler'!s angles for the axes that are fixed in tho body: W, the com-
ponent of the instantancous rotation of Ty in the posltive direction

along the K-axis, the equation of motion is

2 2
J.OJ.( + cAb erl( - a ¢ =0 where A, C,ada are Constants.

D

de* dé  AC+dA,

If the independent varisble is changod by the substitution,
2 a"C
S = Ceo 0 P = {

/

“A, (a%¢,)

wo have

1., Glven by Appoll end Kortweg in "Hendicontl del Circolo imtematico
di Palermo", 1898,



il
o

2 T\ TR S p oy

or

(- 83‘£)‘°'<+ -'--[l+"+i'} + 4 duo
ds> 2 ¢ Tevl l‘P ¢ " ¢ l-l‘p]:r K_Pwk:
ds
This ls the hypergeoumetric equation of form,

X(Vﬁ)‘%;‘b; + [Y-mx]"{j}c ~ oy =

where

I dtd e ),
o€ = Yty I-ICPJ (5'; 44“‘/ "/‘/’1 )( =%
Hence by Article 1, Chapter 11, the solution in ascending powers of

tihe varisble is

HE T 447, 4, 0)
"‘N'F(% y///ef,% + -,6/1 )

whore M ma N are arbltrary constants.

2+ CALCULATION OF ROTATIONAL ENERGY LEVELS OF A MNOLECULE
HAVIKG A SINGLE AXIS OF SYMMETRY.® If intornal vibration is nege
lected, the wave equation,obtained by means of consideratlions of
kinetlio energy, for a molecule 1s

LWL (A, o) Y
=28 -S-;L (C -I'CJA)W

2 (<D
sm0 8 56 'aa)"

_ 28, ¢, FnA
2&;6 ng'{' L (E V)(/J

whers /4 is the two principal moments of inertia,and, the third moment
of inertin and ¢ ,75 » and V are Zulerian angles. The undisturbed
top has no potential enorgy if we sot V =0 + Lot us make the

Re:i:’ve,Z: P‘ys(-(/ 39, p-44# (1926)

00



l.

ol

subsgtitution,

Y- @(e) exf('WﬂM)

=

wnare X and » must be integers in order for (]/ to be an ecceptadle

functions (A+8) then becormes

426
£, cof dj (om - xc,a)g [ign-3]8= o (5.0)
where § (i+)-A"= T AE A Xb
hr e

Introducing a new independent variable,

{- = é_( l-Ca:a

and a new dependent }ariable, s
X:=47%0-4)>8
where S = “*’Ml omad J = l)\"‘"‘\ s> Equation (A.9) becomss

tC'*)dX {1_1 [-—+4+')+(°1.:_S_£)+t{%
__.kd—:_'.g +4'+l)((££-‘s-—f)){; O

This is a hyporgeometric equation. The results of Article 1,

Chapter I1I, enable us to write down at once the solution,

X - M- F C J_:.s“._._') d+$_3} 1+d, X)
<+ N F(il%s-h\'—cl &;..S-J—J, I-J X,)

wheras M and A/ are arbitrary constants.

etp(m); e™
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NOTE IIIX

THREE FORMULAIL DUE T0 GAUSS
1. The three following formulae are given by Gauss in

his memoir, "Circa Seriem Infinitam, /Fﬁxf%tgg&izxi—f"-- "
. . . Y+'

and are not included in Chapter VII.

4 = sint F(% ¢, 2 sa’t)

(£,10)

‘l’: S(,.‘"LLC@“ F( /, /; %/ &:‘2{)

-é :"{én1§ f?(’é’ L T%l -—{bniii) (m2)

With the exception of these three formulae Chanter

V11 contains all the expressions of functions in hyverreome-

D

tric series listed by Gauss and a great many others. Gauss
gives no hint as to how he arrivel at any of the formulae of

this type listed in his memoir,
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NorTE IV
THE DIFFLRENTIAL EQUATION OF THE HYPERGIOINETRIC SERIES OBTAINE

FROIM BYUATION (3.38)

Bquation (3.38) is
/(7’+I)F —()’-!-IX)/— aﬁ_/rﬂx)Fll Q""XF"")X(I—;C) F wo_

But

F's F&et @o, yun) - 5 e

and

"o F (O(-{-l, 2 ye2 _ Z(Z'“) d3F
F [H 1Y x) ) o((dﬁx(s)(Ffl) ‘J;L LY (3'9‘)

Hence Zouation (3.38) becomes on substitution of these values and

clearing of fractions,

d’°F 1+d+{3+l ¥ dF F_
0(7,(1 Tox(-9) A +,{(T.% ©

oY
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