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Partial difference sets in p-groups

By

JaMmes A, Davis®)

1. Introduction. Let G be a group of order v and D a subset of cardinality k. If every
(nonidentity) element of D is represented exactly Z times as dd' ™! for d,d' e D, and
every (nonidentity) element of G — D exactly u times as dd’ !, then D is called a
(v, k, A, 1) partial difference set (PDS). Another useful parameter for PDS is
A= (1 — w? + 4k — ). See [7] for a survey of PDS , including their connections to
strongly regular graphs. Most of the examples of PDS have come in p-groups, and
most of these examples are in clementary abelian p-groups. In this paper, we will
show an exponent bound for PDS with the same parameters as the elementary abelian
case.

There are several important observations about PDS that we will need later, and
we include them in the following theorem.

Theorem 1.1 ({6]). If D is a (v, k, A, u) partial difference set and A #+ p, then D"V = D.
If e D, then D — {1} is also a PDS.

In general, when any type of difference set has the property that D" = D, that
difference set is called reversible. If D does not contain the identity, then D is called a
regular PDS. We will only consider regular PDS in this paper.

A useful context to study PDS is in the group ring Z[G]. If § is a subset of G, we
write §= Y s and ST = ¥ 57!, The definition of the PDS implies the following

se§ seS
group ring equation.
DDV =uG+(1—mwD + 1,

where y = k — u when 14 D. Since D" = D, we can rewrite this equation into the
quadratic equation in D listed below.

D*=uG+(A—wD+y1.

Another useful technique is to consider contracted difference sets. If we map
¢: Z[G]~ Z[G/H] in the natural way, the difference set will be mapped to ¢(D), where
¢ (D) may have coefficients that are not either 0 or 1. The coefficients will be integers
between 0 and h = |H|; they are called the intersection numbers of the contraction, and
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arc labeled q;. If we apply ¢ to the equation above, we get

¢D)* = (X aigH)* = hpuG/H + (A — p) $(D) + y1.

One of the main examples of PDS is due to Paley [9], who showed the following
theorem (he did not phrase his result in the language of PDS).

Theorem 1.2. Let G be the additive group of the finite field F,., where p is a prime, and

A | r_§ pt 1
p" = 1(mod 4). The nonzero squares in F,. form a (p", p—2—~v, %—, p—~4~—> PDS in G.
The additive group of the finite field is an elementary abelian p-group; this paper
examines other abelian p-groups to see if any have a PDS with these parameters. Note

that this theorem is true for any power of an odd prime p that is 1 mod 4, and any even

power of an odd prime that is 3 mod 4, Also note that 1 — p = — 1 for these parameters.
The following theorem due to Arasu, Jungnickel, Ma, and Pott [3] shows that PDS
with A — u = — 1 must be of this form (with one exception).

Theorem 1.3, The following are all possible parameters for the existence of a nontrivial
abelian regular PDS with A — p = — 1:

v—10v—-50v-—1
L) =10v,——
(8) (wkip (v, A a

() (v,k A ) = (243,22,1,2) or (243,220,199, 200).

) where v = 1{(mod 4).

PDS with 4 — u = — 1 have applications to reversible divisible difference sets. An
(m,n, k, Ay, 4,) divisible difference set (DDS) in a group G with respect to a normal
subgroup N of order n is a k-element subset D so that every (nonidentity) element of N
is represented exactly /1, times as dd’ ! and every element of G — N exactly A, times
as dd’"t. A DDS is called reversible if DY = D. The following theorem due to
Arasu, Jungnickel, and Pott [1] establishes the connection between PDS with
A — p = —1 and reversible DDS with k — 4, = 1.

Theorem 1.4 ([1]). If there is a (m,k, A, A + 1) PDS in an abelian group H, then there
is a reversible (m,2,2k + 1,2k,2(A + 1)) DDS in an abelian group G of order 2m that
contains a subgroup isomorphic to H. Moreover, every proper reversible DDS with
k — A, = 1 arises in this way.

"1
We can combine Theorems 1.3 and 1.4 to show that thereis a <p’, 2,p7,p"— 14, P 7 )
reversible DDS in Z), x Z, when p" = 1(mod4).

One other important feature about these parameters involves a theorem by Ma {6].

Theorem 1.5. Suppose that there is an abelian regular (v, k, A, ) PDS so that 4 is not
a square. Then (v,k, 2, w) = (p>°* 1, (p?5*! — 1)/2,(p?*** — 5)/4,(p?5** — 1)/4) where p
is a prime 1(mod 4). Note that A = p>*1:

Note that Paley’s construction in the elementary abelian group fits these parameters.
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In {10], Turyn initiated the use of character theory for studying difference sets in
abelian groups. A character of an abelian group is a homomorphism from the group to
the complex numbers. This technique has been generalized to aid in the study of other
types of difference sets, including PDS and DDS. One way to see how character theory
gets involved is to extend the homomorphism to the group ring, and apply the extended
homomorphism to the group ring equation developed in the introduction. Thus, if y
is a character of G, then the PDS equation becomes

(x(D)? = (A — p) x(D) +y.

By using the quadratic formula and the Fourier inversion formula (see [10] for
similar arguments), we get the following theorem.

Theorem 1.6. The subset D of the abelian group G is a (v,k, A, u) PDS iff y(D) =
A—pxJU—wr+4y A—ux /4
- 2

2

for every nonprincipal character y.

One important thing to note here is that the character sum equation does not re-
quire that we take the absolute value of (D) as we do for other types of difference sets
because the PDS is reversible.

To each character y we have the associated contraction of the group ¢,:G—
G/Ker(y). If x is a character of order r, then the intersection number a; under the contrac-
tion by ¢, is the number of elements of the PDS that are sent to { i { a primitive rth
root of unity. Thus, we have changed a question of PDS into a question of sums of
roots of unity in a cyclotomic field. We need to consider the cyclotomic field @Q{{],
where { is a primitive p**! root of unity. By basic number theory (see [8] for example),
a basis for Q[{]is {7 i=0,1,2,...,p*~1;j=1,2,...,p — 1}. Notice that there

-1

are p*(p — 1) elements in this basis. If AeQ[{], and if A = Y a;{’, then when we
p-1p-i =0

write 4 in terms of the basis, we get A = Y ¥ (ay4;, — a) "7
i=0 j=1

2. Nonexistence result. We consider the parameters
2s+1 _ 1

4
following corollary describes how to get the correct character sum (this follows from
Theorem 1.6).

p23+1 p2s+1 -1 p25+1 —5
2 2 3 4 >

b . Suppose that there is a character y nonprincipal on the group G. The

23+1__1 2s+1_5 2s+1_1

p 14 p

Corollary 2.1. There is a | p***™!, , ,
2 4 4

A TIPS i p
abelian group G iff y(D)= = a4 - ——zp \/l_’

2

) PDS in an

Jor every mnon-
principal character y of G.

Leung, Ma, and Tan [5] have shown the following exponent bound on the group
for these parameters.
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25+1_1 2s+t _ & 2s+1

p 2P

2 ’ 4 ’ 4
an abelian group G (p = 1 mod 4 a prime), then the exponent.of G is less than or equal
to ps+1'

1
-PDS D in

Theorem 2.1. If there exists a (pzs“, P

We consider the case on the boundary, namely groups G with exponent equal to
p**'. We are working with the cyclotomic ficlds generated by {, where { is a primitive
p**! root of unity. In this cyclotomic field, we need to know how we can get a sum of

14 p
_____p_\/_zz The following lemma tells us how to do that.

— 1+ p s_{p=t
Lemma 2.1. Let p be a prime, W_Tp—\—ﬁ= —ET— O pt ST where
k=1 n

n is summed over the quadratic residues mod p for the positive sum and the guadratic
nonresidues for the negative sum.

Proof. The sum uses the basic number theory fact [8] which shows that

. —1 . .
>t = _\[p?A where n ranges over the quadratic residues mod p, and the sum over
. . .- -1 . . . .
the nonresidues mod p is __”\/E_‘ The lemma is a simple calculation from this
result. [

Notice that the sums only use powers of { that are actually powers of {¥°. Since all
of the coefficients on this sum must be positive when we look at y(D) (they are the
intersection numbers), we have that the coefficients on the powers {#", n a residue (or
nonresidue) must be p®. Also, the intersection number for the nonresidues (or residues)
will be 0. The intersection number of p*® implies that a coset of the kernel of y will be
contained in the PDS, while the intersection number of 0 implies that the coset will
not intersect the PDS. We can use that to prove the following theorem.
2s+1 1 p25+1 - 5 p

27 4 7 4
an abelian group G (p =1 mod4 a prime), then the exponent of G is less than or equal
to p°.

2s+i 1

Theorem 2.2. If there exists a (p““,p > PDS D in

Proof. Suppose that the group is G = (x) x H, where x has order p°"' (we

know the exponent cannot be any bigger than this by Theorem 2.1}, and the character
¥ maps x to a primitive p**! root of unity { and H to 1. By the remarks before the
theorem, the cosets x”'"H are contained in the difference set when #n is a quadratic
residue mod p, and those cosets are disjoint with the difference set when » is a non-
quadratic residue (or vice versa). Now consider the character x, that maps x to { and

p—1

has order p on H: there will be p*~! elements mapped to each root of unity {7

fori=0,1,...,p — 1. This means that y, will not have an intersection number a,; of
0 for either the residues or nonresidues. This is a contradiction, so there is not a PDS
with these parameters. [
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p?—1 p3 -5 pd-1
2 7 4 0 4
PDS in an abelian group if and only if the group is elementary abelian.

Corollary 2.2. Let p = 1(mod 4), p a prime: there is a (p ,

3. Construction. In [4], Leung and Ma provided a construction of a PDS in an abelian
p-group that is not elementary abelian. We state one special case of that theorem in
the following.

Theorem 3.1. The group G = Z% has a (p*, ep(p* — 1), (e* + 1) p* — 3ep, (ep)* — ep)
PDSfor1sesp— 1

Proof. The construction is phrased in terms of finite local rings: I would like to
view the PDS in a different way, similar to PDS of the PCP type. In the PCP con-
struction, we need r mutually disjoint (with the exception of the identity) subgroups.
One way to view the Leung-Ma construction is that it uses e(p + 1) cyclic subgroups
of order p? in the group Z}, and only takes the elements of order p? from those
subgroups to form the PDS. Define the set C to be the elements of order p? from the
subgroups <(1,1)), {(1,2)), ..., (1, ep)>, {(p, 1), ... {(ep, 1))

We want to consider the character sums over the set C. There are three possible
sums over the elements of order p? of a cyclic subgroup H of G of order p2. If ¥, is
a character that is principal on a generator 4 e H (and nonprincipal on G), then the
sum is the number of elements of order p? in the subgroup, which is p? — p. If 3, is
a character that sends & to a primitive pth root of unity, then the sum over the whole
subgroup H will be 0. Since we only want the sum over the elements of order p?, and
X1 is principal on the elements of order p, we get > ¥i(x) = Z 71(h)

elts of order p?

Z %1(h?7) =0 — p = — p. Finally, if y, is a character that sends h to a prlmmve p>
i=1
root of unity, then > %2(g) = 0. If y is a character of order p?, then y is prin-

elts of order p2
cipal on at most 1 of the subgroups that is used to build C. If y is nonprincipal on

all of those subgroups, then it will send e of the generators of the subgroups to a primi-
tive pth root of unity, and the other generators (there are ep of these) will be sent to
a primitive p? root of unity. Thus, the character sum for this type of character is
—ep. If y is principal on one of these subgroups, then it will send e — 1 of the
generators to a primitive pth root of unity and the rest to a primitive p? root of
unity. The character sum will be p? — p + (e — 1) (— p) = p? — ep. If y is a character
of order p, then it will be principal on e of the subgroups, and will send the
generators of the remaining subgroups to a primitive pth root of unity. Thus, the
character sum there will be e(p? — p) + ep(— p) = —ep. By Theorem 1.6, C is a
(p* ep(p® —1),(e* + 1) p> — 3ep, (ep)> —ep) PDSfor 1 Se<p—1. [

We will now construct a different PDS in the same group G = Z% (see [7] for the
general construction). A partial congruence partition of G of degree ¢ (a {p2,1)-PCP) is
a set of t subgroups of G of order p? so that U n V= {1} for every choice of sub-
groups U, V. There are many ways to construct these: we will choose the subgroups

1,00, 0,15, (1, ep + 1), ..., (L, ep + 1 — 2)).
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Theorem 3.2. The set E=<(1,0) u{(0,1)> ull,ep+ipu...ul(l,ep+t—2)
~{0,00} is a (pLet(p*—1,p?+*-3,t>~¢1) PDS for 35t p+1,
1gesp—1.

We have chosen the subgroups in this way so that they will not intersect with the
PDS that we defined in the first theorem. We now want fo calculate the character
theory for E. If y is a character of order p? that is nonprincipal on all of the sub-
groups in the definition of E, then y(E) = — t. If y is principal on one of the subgroups,
then y(E) = p> — 1 —(t — 1) = p% — £. If y is a character of order p, then y(E) will be
principal on at most one of the subgroups (this is where the restrictions on t are
used), and x(E) could be either —t or p? —t. Since C and E are disjoint, consider
D=CuUE.

Theorem 3.3. The set D=CUE is a (p*,(t+ep)(p?—1),p> +{t +ep?—
3(+ep),(t+ep)>—(t+ep) PDSinZhfor3st<p+1,15esp—1

Proof. Suppose that y is a character of order p?. y will be principal on a cyclic
subgroup of order p?: that subgroup is either in C or E or neither. If the kernel is in C,
then the character sum is y(D)= y(C) + y(E}=pZ —ep+ — ¢. If the kernel is in E,
then the character sum is y(D) = y(C) + x(E) = — ep + p* ~— t. Finally, if the kernel
is not in either, then y(D) = y(C)+ y(E) = —ep + — t. All of these are the correct
value. If the character has order p, then x(C)= — ep, and y(E) can be either of its
possible values to get the correct sum. Thus, Theorem 1.6 implies that D is a PDS. [

Notice that all of these have the Latin square type as defined in [7]. This gives a new

. . 1
family of PDS of this type in a nonelementary abelian group. If we set ¢ = II%—,

1 .
e="75", we get the following important corollary.

4 4 4 4
LdP -1 p" =5 pT—1
: , , Paley PDS.
(p 2 4 4 )

41
This implies that <p4,2, pt, p* —1, b 5 > is a reversible DDS.

Corollary 3.1. The group Z . X Z,. has a

Most examples of reversible DDS are constructed by using elementary abelian
p-groups, so this construction is different than the usual way to get reversible DDS.

We can further extend the groups that contain PDS with the Paley parameters with
the following product theorem.

. p-1 p =5 p—1
Theorem 3.4. Suppose that G and G’ have | p’, > T4 4 PDS,
/

respectively D and D’. Then the set E=(1+D)D' +(G—-D}(G' -~ D' —1) is a

2r__1 2r_5 2r_1
<p2',p - P y ,p4 )PDSinGxG’.

Proof. Consider the following characters on G x G': y nonprincipal on G but
principal on G’, x, principal on G but nonprincipal on G, and y, nonprincipal on
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both G and G’
rq
1(E) = (1 + 2D D' + (— 2 (D) |G' = D' — 1] =F .
—_ "_1
1(E) = (D] + 1) 12(D") + G~ D| (= 1 = 1,(D") =_f’_2_~_

In the y, calculations, there are 4 cases, depending on the values of y,(D) and
x2(D’). We will only do 1 of the cases here

Xz(E)=<1+_1;\/I7><—1—\/17>

2
(=) (- =5)
H-— ) 5
:—1—2\/?—p’—1+2\/[7—p'=——1—p’
4 2

Since all of the character sums are correct, this is a PDS in the direct product of G
and G'. O

If we apply this product construction inductively to the two constructions in this
paper (the one due to Paley and the one in Corollary 3.1), we get the following family
of groups that support a Paley PDS.

4a+ab _ 4

Corollary 3.2. Any group of the form ZX x Z;* will have a <p4"+4b, k 5 \

4at+4b

P —350p

4 ’ 4 p4a+4~b . 1
the group ZX x Z}* x Z, will have a <p""‘+‘”’, 2, phatab phatab 1,—~2———)
reversible DDS.

d4a+4b

Paley PDS whenever a + b is a power of 2. This implies that

Finally, we note that we can generalize the idea of combining the Leung-Ma con-
struction together with PCP-type PDS for higher powers of the prime, but it is much
more difficult to keep track of the character theory. We did not see any applications
to the Paley parameters, so those results are not included in this paper.
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