EZRICHMOND

SchooloArts & Sciences University of Richmond
UR Scholarship Repository

Math and Computer Science Faculty Publications Math and Computer Science

1991

A Note on Nonabelian (64, 28, 12) Difference Sets

James A. Davis
University of Richmond, jdavis@richmond.edu

Follow this and additional works at: http://scholarship.richmond.edu/mathcs-faculty-publications
& Part of the Discrete Mathematics and Combinatorics Commons

Recommended Citation
Davis, James A. "A Note on Nonabelian (64, 28, 12) Difference Sets." Ars Combinatoria 32 (1991): 311-14.

This Article is brought to you for free and open access by the Math and Computer Science at UR Scholarship Repository. It has been accepted for
inclusion in Math and Computer Science Faculty Publications by an authorized administrator of UR Scholarship Repository. For more information,

please contact scholarshiprepository@richmond.edu.


http://as.richmond.edu/?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://as.richmond.edu/?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarship.richmond.edu?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarship.richmond.edu/mathcs-faculty-publications?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarship.richmond.edu/mathcs?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarship.richmond.edu/mathcs-faculty-publications?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/178?utm_source=scholarship.richmond.edu%2Fmathcs-faculty-publications%2F120&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarshiprepository@richmond.edu

A Note on Nonabelian (64, 28, 12) Difference Sets

J.A. Davis

University of Richmond
VA 23173 U.S.A.

Abstract. The existence of difference sets in abelian 2-groups is a recently settled
problem [5]; this note extends the abelian constructs of difference sets to nonabelian
groups of order 64,

1. Introduction.

A difference set D in a finite group G (of order v) is a subset of size k so that
every nonidentity element of G can be represented X times as differences from
elements in D. For groups of order a power of 2, the existence of difference
sets in the abelian groups is a recently settled problem [5]. The nonabelian case
is more difficult; this paper discusses a technique for using the structure of the
abelian difference sets to obtain difference sets in nonabelian groups of order 64.

It is helpful to consider the ring Z[G1. If A C G, we will abuse notation

by writing A = Y, o’ as an element of Z[G]. Also, AV = ¥, ,(a") 7).
By the definition of a difference set, D C @ is a difference set iff DD(-! =
(k—X\)1+ A\G.Inthev = 64 case, thisis DD = 16(1) + 12G.

All groups in this paper will be written multiplicatively, including abelian
groups. Subgroups will be denoted (- , - ), where the generators are included in the
brackets.

2. The abelian case.
The abelian case Z16 x Zs is discussed in [1], [2], [4].

Theorem 2.1. Z:s x Z4 has a difference set.

‘We will provide the difference set and leave it to the reader to verify the
theorem (either by a straight check or by character theory). All elements of the
group can be written as powers of a and b, where a'® = b* = 1. If we take the
subgroup H = (a*, b?), we can write G = Ug; H.

Take the following subsets of H:

Dy, Dy D Ds Di Ds Dj

Bl‘l aﬂ n'i: P ﬂl: bl
' Y ) (L S50 (L B

The claim is that a Dz UabD3 Ua® Dy U Ds UbDY Ua® D Ua® bD; is a difference
setin 215 X Zy.
The following lemma is proved in [3].
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Lemma 2.2. Ifi# j, then D.D( D2y,
This lemma excludes two important cases, which are covered in the next lemma,

Lemma 2.3,
(@) DsD{™" = Dy D5 = 4(a® + b2) + 2(a* + a®b? + a'? + al2h?)
) DgD’(" DDEV = 4(a® + a®B?) + 2(a* + a*B? + a'? + 01232)
(©) D,D" "+b21) D" D=4y
(d) D.;D’s(”” + a’bzosﬂg‘-" =4H.

Notice that these lemmas can be considered in the group ring Z[ H] since al|
the D; are subsets of H.

3. The nonabelian case.
Let G be any group of order 64 with a normal subgroup H & Z; x Z;. We can
choose an iscl@orphism f:H — H, where H is the Z4 x Z; from the abelian
case. Define D; = { f(d:) | di € D;}.
Theorem 3.1. A group G with a normal subgroup H isomorphic to Z4 x Zz has
a difference set if;
(a) there are 4 distinct coset mpcsentati ves 5,,5, .36, 3¢ inG/H so that g
(39" = 5455’ (f(bz)) and 3¢(55) ™" = eTs' (f(a'F*)),
®) gD:D\ g1 = DD " foreveryg € G,
© sDsD5 g5 =594 DsD" ", 55 Dy Ds g5 = 9595 Dy D5 "
and the samcszemplace.ibyd

»

Proof: Pick three distinct coset representatives gz, g3, g5 in G/H that are also
distinct from g5, 7§ , T, 0¢. Weclaim that D = g, D2 Ugy DaUg, DaUgs Ds Ugs
D, UgsDsU T4 D, is a difference set in G. Consider the group ring equation _

1 -D__
Do Z DD 5. a

We can apply Lemmas 2.2 and 2.3 to tms situation since f is a group ring isomor-
phism from Z[ H) to Z[ H]. If i # j, Lemma 2.2 implies

== ] o nTR el _ = =178 FF

5D, g =525 =59 2. o)
Combining Lemma 2.3, (a), and (c),

—— l___ —— -1__
gsDsDs gt~ +giDs Dy g5t

= gsa"‘DsD;“ + 9555 D D"
PR — i -1
=g5g: ' DsDy " +§sgs~ f(4*)DsDs @)

= 7535 (F1Ds D{ " + D5 Df 1)
=575 Y(f(4H)) = Esfs'"'l(tfﬁ)
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56DeDy 3¢ +5eDiDe "5 =636 (4T, @
Putting (1), (2), (3), (4) and (b) together,
ooy
- (T )2H+E§.D. 374353 (AT 4360 (4T
¥ &)
(Eg.g, )2H+EDD D egsai (A M)+ 7654 (4T).
i7i

D is a union of 7 subsets of cosets of H out of 8 possible cosets. Thus, in G/H,
the coset representatives used by D form an (8,7, 6) difference set. Other than
H, each of the 7 cosets appear 6 times, and each time they are multiplied by 2 H;
therefore, each coset is covered 6(2) = 12 times. H is covered by T, D._{ n.
which is the same as the abelian case. This implies

DD =16T+ 12T, - ®
so D is a difference set in G. B |

Corollary 3.2. The following groups have difference sets as defined in the proof
of Theorem 3.1; the groups are defined by their generators, followed by the iso-

morphism f andgs, g}, s, Ts-

1.a%=ph=1, bab~'=3a*;  fia* — &%, B2 — B (1,B,a2,5%D)
2. ® 5 bab=!=a%; " : (1,b,a%,a%h)
3. L bab—'=3a"; " ; (1,3,a%,5°D)
4. LN bab~' =a’; - i (1,b,a%,a%)
5. % bab~'=a'; " : (1,b,a%,a*h)
6. w bab~'=a"; " ; (1,b,a%,a%D)
7.8%=0=1, bab'=a’,a’=0*; f:a* —a* B —a*B%; (a%D,a%,1,D)
8. " . Bab'=a,af=F " i (a%,a%,1,B)
9. ", bab'=a"! at=b%; 2 : (a%,3%,1,b)
Remarks.

(1) Not all groups which contain Z4 x Z, will have difference sets; Zy; x 2
does not have a difference set, nor does the group defined by a'¢ = b* = 1,
bab~! = g~!. Condition 3.1(a) fails in these cases, and that condition
appears to be the most difficult of the three to satisfy.

(2) Theorem 3.1 can probably be generalized, but analogies would be needed
for Lemma 2.3 and Condition 3.1(a).

(3) Groups 3.2.2,3.2.4, and 3.2.6 are contained in [3] they are included here
for completeness.

313



References

1. J. Davis, Difference sets in abelian 2-groups, Ph.D. Dissertation (1987), Unj.
versity of Virginia.

2. ]. Davis, Difference sets in abelian 2-groups. (to appear).

3.J. Davis, Difference sets in nonabelian 2-groups, IMA Proceedings (June,
1988).

4.].F. Dillon, Difference sets in abelian 2-groups, Proc. Amer. Math. Soc. (1988).

5. R.G. Kraemer, Proof of a conjecture on Hadamard 2-groups. (lo appear),

6. E.S. Lander, Symmeiric designs: an algebraic approach, London Math So-
ciety Lecture Note Series 74 (1983).

314



	University of Richmond
	UR Scholarship Repository
	1991

	A Note on Nonabelian (64, 28, 12) Difference Sets
	James A. Davis
	Recommended Citation


	tmp.1445368215.pdf.R6Grz

