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RANK ONE PERTURBATIONS OF SELF-ADJOINT OPERATORS

HAOXUAN ZHENG

1. INTRODUCTION

A linear operator T" on a Hilbert space H, with inner product (-,-), is said to be
cyclic if there exists a vector v € H, a cyclic vector for T', so that the linear span of
{v,Tv, T?v, T3v,---} is all of H. The operator T is self-adjoint if (T'z,y) = (z, Ty)
for all z,y € H. Two examples of cyclic self-adjoint operators are (1) the operator

T:C"—>C", Tx=Ax,

where A* = A is a self-adjoint n x n matrix with distinct eigenvalues and (2) the
operator

T:L%[0,1] — L2[0,1], (Tf)(z) = xf(x).
Note that in (1) the inner product on C™ is

n
<V7 W> - Z viWia
=1

while the inner product for (2) i

1
(f.g) = /0 F(@)g@)d.

The spectral theorem for cyclic-self adjoint operators 71" says that there is a
measure pur on R so that T' is unitarily equivalent to the operator

M*: L (p) = L2 (n), (MY f)(x) = xf(x).
In this thesis, I will discuss the details of the work of Simon and Wolff [1, 2] which
deals with the properties of the spectral measures of rank-one perturbations of

operators. In particular, I will deal with the following problem: Given a cyclic
self-adjoint operator 1" on ‘H with cyclic vector v, form the family of operators

T\ =T+ Av®wv),

where A € R and (v ® v)(w) = (w,v)v. These operators turn out to be cyclic and
self-adjoint (see the details in the thesis) and so, by the spectral theorem, there is
a family of measures {u : A € R} associated with the family {T) : A € R}.

I will focus on this, almost magical, property of these measures:

[ ([ @) ar= [ sy

This theorem was shown by Simon[1] but the details in their paper are a bit vague.
In this thesis, we will prove this theorem in its full detail. We will also work out
some specific examples this theorem in two main cases (1) self-adjoint matrices and
(2) multiplication by = on L2[0,1].

1



2 HAOXUAN ZHENG

In Section 2 of this thesis, we prove the spectral theorem (as stated above) for
cyclic-self adjoint matrices. In Section 3, we prove the Simon-Wolff formula which
requires an elaborate approximation argument using harmonic functions and the
Hahn-Banach separation theorem. In Section 4 we work out some specific examples
of the Simon-Wolff formula for self-adjoint matrices — proving some interesting
integration formulas along the way. In section 5, we compute the family of spectral
measures for multiplication by z on L2[0,1].

2. THE SPECTRAL THEOREM

We will need the spectral theorem stated in terms of L?(y), where u is a measure
on R. But before we discuss the spectral theorem, we would like to review some
basic linear algebra.

Definition 2.1.

(i) An n x n matrix T' of complex numbers is self-adjoint if T* = T, where
T* is the conjugate transpose of T
(ii) A matrix T is cyclic if there exists a vector v such that Span{v,Tv,T?v ...} =
cn.
(iii) A matrix T is unitary if T*T = I.
Theorem 2.2 (The Spectral Theorem). Given any self-adjoint n x n matriz T,
there exists a unitary matriz P such that

T =PDP*,
where D = diag{\1,..., n} and A1,..., A\, are eigenvalues of T.
Proof. From linear algebra, we know that for a self-adjoint n x n matrix 7', there
exists an orthonormal basis for C™, each vector of which is an eigenvector for T'. Let

{V1,...,Vvn} be such a basis, and {A1,...,A,} be the corresponding eigenvalues.
We then construct

P=lvi| -+ [|va],
and D a diagonal matrix with {\1,..., A, } as diagonal entries. Given P and D we
have
TP=[Tvi] -+ [Tvy]
= [)\1V1| T |Anvn}
= PD.

Since the columns of P form an orthonormal basis for C*, we get

(PP")ij = > PacPik = (vivs) = 0
k=1
for ¢ # j. Thus P is unitary. Therfore we have

T =PDP ' =PDP*.

Corollary 2.3. A self-adjoint matriz T can be written in the form
T=MP1+ 4+ AP,

where {P; : i =1,...,n} form a set of orthogonal projections onto the eigenspace
of T according to the \;’s.
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Proof. Let P; = PI;P*, where P is defined as in Theorem 2.2, and I; is an n X n
matrix with all zero entries except for a 1 at the ith diagonal entry. Then the
desired equality comes easily from the equality in Theorem 2.2. Also it is easy to

see that PzPJ = 6Z]PZ O
As an example to the above corollary, consider the self-adjoint matrix
1 2
= {—21’ 1} '
It is easy to obtain the eigenvalues A\; = 3, A3 = —1, and the corresponding nor-

malized eigenvectors
2=
vy = — , Vg = — .
ERVC L RV A B

1 14 4 3 0
po Ll Hlwan=ft 0]

Then we have

Thus
T=MP + P

1 0] .. 0 0] 5«
—nrly ol Prenr)y )
1 i 1 i
T2 2 2 2

Corollary 2.4. A self-adjoint matriz T has only real eigenvalues.
Proof. From Theorem 2.2, we take conjugate transpose and get
T* = (PDP*)* = PD*P*.
Since T =T, we have D = D*. Therefore T has only real eigenvalues. ([

Theorem 2.5. A self-adjoint operator T : C™* — C"™ is cyclic iff T has n distinct
eigenvalues.

Proof. We will identify T with its matrix representation. If T is self-adjoint and
has distinct eigenvalues, then we can write T as

T =PDP™ !,

where P~! = P*, and D is a diagonal matrix with entries being the distinct eigen-
values {A1,...,A,} of T. Let

then we have

T'v=PD'P 'v=P
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We want to show that {T%v : i = 0,1,...,n — 1} are linearly independent.
Assume that there exists a vector ¢ = (co, 1, ..., ¢n—1) such that

n—1
E CiTZV = 0,
=0

which means

Al
n—1 )\Z
P Z .2 C; = 0.
i=0 | -
An
Now, since P~ exists, we have
i
n—1 7
2
Z . C; = O
i=0 | -
A
Notice that the above is equivalent to
IS VI ,\?—1
INED PRI Vi
. c=0,
D P o
and that the Vandermonde matrix has
/D VERRRRIND Vi
1 Ay -- A1
det ) = I o) #o
C : : 1<i<j<n
1 A, - Al

n

Thus ¢ = 0 and {T%v :i = 0,1,...,n — 1} are linearly independent. Therefore T
is cyclic with cyclic vector

To prove the other direction, we assume for the sake of contradiction that T is

cyclic and does not have distinct eigenvalues. Without loss of generality, we assume
that Ay = Xy = A, so

A
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and _
)\’L
_ N
T =P ) P*.ieN.
A
Let v be a cyclic vector of T and w = P*v, then any vector in Span{v, T'v, T?v,...}
will be of the form ¢(T")v where ¢ is a polynomial, and hence of the form

w1Q()\)

q(T)yv="P qu.()\)

wad(An)

Let x = (—wg,w1,0,...,0). It is obvious that x L Span{v,Tv,T?v,...}, so
Span{v,Tv,T?v,...} # C". This contradicts the fact that v is a cyclic vector
for T.

([l

Definition 2.6. We define L*(u) = {f : R = C, [ |f(x)|?du(x) < oo}, which is a
Hilbert space with inner product

() = [ fadn.

Theorem 2.7. Given any cyclic self-adjoint operator T : C™* — C", there exists a
measure u on R and a unitary operator U : C* — L?(p) such that
UTu ' =M,
where (M f)(z) = 2 f(x) on L?(u).
Proof. By Corollary 2.3 we can write T' in terms of its distinct eigenvalues A; and
orthogonal projections P;:
n
T = Z NP
i=1

Let v be a cyclic vector of T', and we define a discrete measure

p=_ 1P|,
i=1

on R and the resulting L?(u) = {f : {\i,i=1,...,n} — C}.

Now we want to show that there exists a unitary operator U : C* — L?(u), such
that UTU* = M. Since {P;v : ¢ = 1...n} forms a basis for C", for any w € C" we
have w = Y7, ¢;P;v for some ¢;’s. We then define U : C" — L?(y) by

Uw = Z CiX{n}s
i=1

where for a set A we define x 4(x) as

(2) 1 ifzeA
xTr) =
X4 0 ifed Al
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Then we have
UTw ::LTEE:Ai}% ZE:ij?V
i=1 j=1

:icfj§:‘Xﬂ%}%V

i=1

= Z)\icz‘X{/\i}
i=1

On the other hand,
MUw =M cixiag = Micix(n}
i=1 i=1
so we have UT = MU, and we want to show U is unitary, meaning that U is norm

preserving and onto.
For norm preserving, given any arbitrary w € C”,

oWl = [ 3o e, duta)
i=1 j=1

n
=>_lal’IPv]?
i=1

= [[w|?.

To show onto, we need to show that for every element f € L?(u), there exists
aw € C" such that Uw = f. Since any f € L?(u) can be written in the form
> CiX{xn}, we can always find the desired w = Y | ¢; Pyv.

O
3. THE DISINTEGRATION THEOREM

As we have shown in Section 2, for each cyclic, self-adjoint T : C" — C™, there
is a corresponding measure u as prescribed in Therorem 2.7. Now we would like to
describe one-dimentional perturbations to T as the following:

Th=T+IAV®Yv,
where A € R and v is a cyclic vector for T, and v ® v is defined as the following;:

Definition 3.1. We define the operation ® that maps an ordered pair of n-
dimentional vectors {v,w} to an n x n operator as

(vew)u=(uw)v,
where u, v, and w are any n-dimentional vectors.
Lemma 3.2. T) =1T5.

Proof. We can show that T is also self-adjoint by showing that v®v is self-adjoint.
For any w € C",

(vev)u,w) = ((u,v)v,w)
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= E (E umm) ViW;
i k

= E E UV V; W, .«
ik

Similarly,

(u, (v v)w) = (u,(w,v)v)
= Z U; <Z wk”k) V;
i k
=33 uwpupm;
ik
= Z Zukﬁiviﬁ (switched dummy indices ¢ and k)
ik

={((vev)u,w).
Therefore T}, is self-adjoint. O
Lemma 3.3. T) is cyclic with the same cyclic vector v as T.
Proof. We will show that Span{v,T\v,...,T\"v} = C". First notice that
Thw=Tv+AvevV)v
=Tv + A|v|v.

Since A||v|| € R, T'v € Span{v,Thv} and Thv = ¢1(T)v, where ¢; is a polynomial
of order i € N. Now we will proceed to prove the induction statement: for all
k > 1,TFv € Span{v,T\v,...,T\*v} and v = qp(T)v if v,Tv,...,TF"v €
Span{v, Thv,... 7T)\k_lv} and T)’f_lv = qrp-1(T)v.
Since
T3 = g1 (T)v,
k—1
T\ lv = ZaiTiv, for some a; € C,a;_1 # 0.
i=0
Then
k—1
TAkv =1\ Z a; T*v
i=0
k—1
=(T+AvevV) ZaiTiv
i=0

k k-1
= Z a;_ 1T + )\(Z a;T'v,v)v
i=1 i=0
= qr(T)v.

Since v, Tv,...,T* v € Span{v,Thv, ..., T\""'v}, we have

T*v € Span{v, Thv, ... 7T)\kv}.
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Induction complete. Thus, Span{v,Tv,...,TF—v} = C" C Span{v, Thv, ..., Th\ v},
which implies that

C™ = Span{v, Thv,... ,T)\kv}.
Therefore T is cyclic with cyclic vector v. ([

With the above lemma, we can assign each T its spectral measure py in a similar
fashion as we did for T. Now we are ready to present the following disintegration
theorem of Simon [1]. For the rest of this section, uy is spectral measure for T).
Note that each p) is of the form

= Z C§-/\)5,\j(x)
=1

Theorem 3.4. For f € C(R) > f(z) € O(Z%) as x — +oo,

[ (fsomn)on= [

We first show two lemmas that prove the above equality for a special family of
functions:

Lemma 3.5. Let

Fz) = / dp(t)

t—2z
and dis ()
125N
F)\(Z) :/ PR .
Then 1
F I
A(2) F(z)T+ A\

Proof. For any self-adjoint operator T : CV — CV we have

N
T = Z AP
j=1

and for any polynomial ¢(z), we have

Jj=1

Thus

Moo

@-a =y op,

Jj=1
and so

Moo

(T =) v,v) = 3 (P,

Jj=1

where
(Pyv,v) = (P*v,v) = (Pjv, Pv) = | Pyvl.

Hence

N
(=20 ) = Y el = [

t—z
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R

R R

F1GURE 1. The upper hemisphere Cr and the closed path Dp

where dur is the spectral measure for 7. Thus
Fy(2) = ((Tx — 2I) v, v).

On the other hand, for any w € C™,

(Ty —2I)™P = (T — 2I) ™ HYw = (T — 2I) YT — 2I — (T — 2D))(T\ — 2I)"'w
= (T —2I)"*Ovev)(Ty— 20 tw
= - \NT = 2I)"Y{(Ty — 2I)tw,v)v
= \Nw,(Tx — 2I)""V)Y((T — zI)"*v)
=-M(T-zD)"'v)® (Tx — zI) " 'v)w.

Thus
Fr(2) = F(2) = (Tx — 2I) ™t = (T — 2I) " Hv,v)
= - MUT = 20)"'v) @ (Tx — 2I)"'v)v,v)
= M(T\ — 2I)"'v,v)((T — 2zI)"'v,v)
= —AF\(2)F(2).
Therefore
1
F)\(Z) = m O

The first class of functions that we will prove Theorem 3.4 for is the following;:

Lemma 3.6. For f.(t)=(t—2)"' —(t+4)"!,2€ C\R,

J ([ eio)r-  c0m

Proof. For RHS, we want to show:

/“f(t)dti 2mi if Sz >0
o S lo ifSz<0
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Let Cr be an open path of the upper hemisphere of radius R, and Dg the closed
path of Cr and the diameter, as shown in Figure 1, then

; _ -1 N1
ngréo . fo(t)dt _ng%o /CR ((t—=z) (t+1) )dt’
z41
= 1i —dt
Ao /CR (t—z)(t+1) ‘
1
=z +i| lim —|dt]
R—oo Jop [t — 2||t + i
1
< |z +i| lim |dt|

R—oo Jop (|t| - |Z‘)(|t| - |7’|)

2 il ) e
= |z 7| 11m .
w2 (R= DR =) Je,

= |z +1| lim 2nft
R—oo (R —[2])(R — i)

=0.
Thus

R—o0

lim f-(t)dt =0,
Cr

and therefore

/ : £t =t [ 1; (1)t

R—o0

R
lim / f=(t)dt + lim [ (t)dt
-R

R—o0 =00 Jog

= lim f-(t)dt

R—o0 Dr
lim (f{ (t—z)—ldt—Ja{ (t+z‘)‘1dt).
R— o Dr Dr

Now, we will show that for each R large enough,

2mi i S
% (t—c)_ldt:{ m if e >0 (3.7)
Dr

0 ifSec<0,

/_O; f=(t)dt = Jim (]ik(t —z)tdt — jéR(t + z')_ldt>

B {2m' if 3z >0

so for RHS

0 if Sz < 0.

Definition 3.8. A function is analytic on an open set D C C if for all g € D, f(x)
is infinitely differentiable at xg, and the Taylor series of f at = in a neighborhood
of xy converges to f(x).
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To show Equation (3.7), we first consider the case Sc¢ > 0. We deform the
contour D to a circle of radius r = Jc/2. Clearly (t —c)~! is analytic in the region
between D and the circle. By the Cauchy Deformation Theorem,

lim (t—c) tdt = 7{ (t—c) tdt
DR @(7)

R—o0

2m
= / (cH+re’ —c) tire' dt! (t=c+ret)
0
= 2mi.

In the case Sc < 0, ¢ is outside the contour D, so (t —¢)~! is clearly analytic in
D.By Green’s Theorem,

lim (t—c)~tdt = 0.

R—o0 Dr

This establishes the RHS of (3.4) for f,(¢). Now given Lemma 3.5, the LHS of
(3.4) with f,(t)then becomes

/ (/ fz(t)d/u(t)> X = / (/(t —2) Y (t) - /(t—s—i)_ldm(t)) X

:ﬁa@—memw
= [(O=CFE ) = 0= CRED ) i

Due to Equation (3.7), if we can show that Sz - J(—F(2)~1) > 0, then similar to
that on RHS, we have on LHS

//fz(t)dm(t)d,\ = {2” if 3z >0

0 ifSz<0’

To show Jz - J(—F(2)~1) > 0, first we show SF(z) - S(=F(2)71) > 0: let
F(z) =z +iy,z,y € R, then

AF =3 () =

$2+y2 .’L’2+y2’

which has the same sign as y = SF(z). Now recall that
du(t) 1
F(z) = - ,
o= [P et

where ¢; € R*. Similar to what we just showed for SF(z), S(i) shares the

same sign as $(z — t;) = Sz for all . Thus
1
S(F _ Cx
S(F(:) %:qs(”_z)

shares the same sign as 3z. Therefore Sz - S(—F(z)™1) > 0. O

Thus, Theorem 3.4 is proved for f,(¢) as a lemma. Now we want to show that
the theorem works for all functions f € C(R) and f € O(33z). To do this, we
need a few tools.
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Definition 3.9. We define the Poisson kernel:

1 Yy +
Px+zy(t) = ;(I_t)2+y2,$€R7y€R .

It is easy to show that [~ P, (t)f(t)dt is harmonic on the upper-half plane,
and that

(o9}

lim [ Poysy () f(8)dt = f(2), (3.10)

y—0 ) _

for suitably smooth functions f. Now let u be a measure on R with [~ du(t)

oo 1182 < 00

then similarly [~ Py, (t)du(t) is harmonic on CT.
Theorem 3.11. Let g € C.(R) and dy = 2;21 cjly;, then

lim (/ PgH_iy(t)du(t)) g(z)dr — / g(t)du(t).
y—=0t J oo —o0 —©
Proof. Since we have integration over du(t) on both sides, due to linearity of the
discrete measure, it suffices to show that the result holds for du(t) = d.(x) for some
ceR.
RHS is obviously g(c). Since

< Yy
— = =, for y >0,
/_oo (x —c)? +y?

—_— d
[ Ga=dr) st
and need to show that RHS = LHS. Since

we write RHS as

ylgégr N (/OO Px+z’y(t)du(t)> g(z)dz = yll:}ﬁ N <7T(x_c)2+y2) g(@)d,
we have
. (1 Yy
LHS — RHS =1 — — .
S — RHS Jim | (W(x_c)2+y2>(g(x) g(c))dz

Because g(z) is continuous at ¢, there exists a 6 > 0 for each € > 0 such that for all
|z —c| < d,|g(x) — g(c)] <e. Thus

i [ (2t ) ) st

y—0t J_ o\ 7 (z — ¢)? + 2

+mnwﬂd(1y)mm—mmm

y—0+ 7w (z —¢)? 4+ y?

= im 1y o) — aleNd
—ostm [ (Cage) e st
1

. Yy
< lim T x) —g(c)|ldx
y—=0+ Jig—cl<s (7r (z —¢)? +y2> l9() = g(e)]

1
com [ (ot )a
y=0F Jig—cj<s \T (z — ) +y
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=ec lim ztan*1 <5) dx
y—0t+t T Yy
=e.
Therefore LHS = RHS. ]
Corollary 3.12. If ffooo Prtiy(t)du(t) =0 for all z,y € R, then p =0

Proof. From Theorem 3.11, if ffooo Py yiy(t)du(t) = 0 for all z,y € R, then

o

lim (/ P$+iy(t)du(t)> g(x)dx — 0, for all g,

y—=0t J_
which means that

/OO g(t)du(t) =0, for all g.
This can only be true if p 57000 ]
Let R=RU {00} and define a norm in C(I@) by
flog, = supllf )],z € CR)}.

One can show that C' (I@), with this norm, is a Banach space (a complete normed
linear space).

Let v be a finite measure on R = R U {oo}, and let £: C(R) — C be defined by

o) = / F(t)dw(t).

Then ¢ is clearly a linear transformation. We know that

o= [ f(t)dV(t)‘ < [11©l O] < 1l @

This says that ¢ is continuous.

Definition 3.13. Given a Banach space X, the dual space X'* is the space of all
{: X — C, where / is linear and continuous.

Following the definition, C (]@)* is the set of all continuous functions from C (I@)*
to C. We know the following theorem:

Theorem 3.14 (Riesz representation theorem). For any ( € C(R)*, there exists a
measure v on R such that

() = [ rante).

Theorem 3.15 (Hahn-Banach seperation theorem). Let M be a closed subspace
of a Banach space X, M C X, and fo ¢ M. Then there exists a function £ € X*
such that

U(f)=0YfeM,
U(fo) = 1.

Combining Theorem 3.14 and Theorem 3.15, the following corollary is immedi-
ate:
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Corollary 3.16. Let M be a closed subspace of C(R), M C C(R), and fo ¢ M.
Then there exists a finite measure v on R such that

/f(t)dz/(t) =0Vfe M,

[ fottravte) =1
A lemma then follows:
Lemma 3.17.
M = Clos(Span{(1 + t*)Ppyiy(t) : z € R,y > 0}) = C(R).

~

Proof. Suppose that there exists fo € C(R)\ M, then by Corollary 3.16, there exists
a measure v such that [ fo(t)dv(t) = 1, and that [ f(t)dv(t) = 0 for all f € M.
This implies that

/(1 + 1) Pyyiy (H)dr(t) = 0.

Let du(t) = (1 + t?)dv(t) and apply Corollary 3.12, we get p = 0, and thus v = 0.
This contradicts with the fact that [ fo(¢)dv(t) = 1. Therefore C(R)\ M = 0. O

Now, back to the proof that Theorem 3.4 works for all f such that f € C(R)
and fe€ O (gﬂ%) Since

1 1 1 1
- ) = 2iPyy (1),
(t—z+t+z‘> (t—ert—I-z') PPty (t)

the theorem works for all P, (t) with z € R,y > 0, i.e.

/ </ ch-‘riy(t)d,u)\(t)) d\ = /Px+iy(t)dt.

According to Lemma 3.17, for all f such that f € C(R) and f € O (I—lz), and
any € > 0, there exists a g(t) € Span{ P,y (t) : © € R,y > 0} such that

lg(t)(1+ %) — f(B)(1 +17)| < i.

‘ / ( / f(t)dm(t)> - | f(A)dA]
| [ (Juo-soamw) e [ ( [awino)an

[ -gonar- [ g()\)d)\‘.

Since g € Span{P,1y(t) : z € R,y > 0}, and we have proved Theorem 3.4 for
the Poisson kernels, we know that

([ stmse) ar= [ anan

Thus the above equation reduces to

/ </(f(t) - g(t))dm(t)) d) — /(f(/\) _ g(A))dA‘

Then
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< [ ([ 1560~ sttansio) ar+ [ 1500 - sian
Now, since

() = 9(®)ldan(®) ) dX < 5 : L)) ax
™ 4+t
o [ ([ Prestoimno) ax
*/POHZ

= —dA\
27T 1+ )\2

€
—T
2w
€
77

Jrsw-sovw < 5 [ =5

(/o) fon
/(/f GIETNG )d)\+/|f Nldr

for any € > 0. Therefore Theorem 3.4 is proved.

and

we have

4. SOME MATRIX EXAMPLES

We will now compute some specific examples of the disintegration formula for
Ay = A+ Av ®v, where

then
det [v[Av] = cd® + bd — ad — c.
Let 6 = b — a, then the roots for
det [v|Av] = cd® + 6d — ¢

would be
o

0 c=0.



16 HAOXUAN ZHENG

Thus, for values of d that does not meet the above roots, v would be an cyclic
vector for A, as well as for A+ Av®v.
We first investigate a specific cyclic vector

v=— .
v2 1
It is easy to verify that v will never make det [V|AV] = 0, so it is always a cyclic
vector for A. A standard matrix calculation shows that the eigenvalues for A, are

AL = L <a+b+>\—\/(a—b)2+(2c+)\)2),

2

)\2:%<a+b+)\+\/(afb)2+(20+>\)2),

and following the procedure described in Thereom 2.7, we have the spectral measure
for Ay:

- —20—)\+\/(a—b)2+(20+/\)25 N 2c+ A+ +/(a—b)2+ (2c + \)2
T a0t et 2 /(a b2 1 (2c + N2
Then by Theorem 3.4, for f € C(R) > f(z) € O(%) as x — oo,

[ ([ rmw) o x

:/°° —2c— A+ /(a = )2+ (2c + \)2
2¢/(a —b)2 + (2c + )2

Az

2c+ A+ +/(a—b)2+ (2c+ \)2
2¢/(a —b)2 + (2¢ + )2

f(h) +

—00

:/: F(t)dt

Example 4.1. Let f(t) = e~t*, then we have

f (&)) dA

X
2

o 1
/_002\/(a —b)2+ (2c+ A)
((\/(a—b)2+(20+)\)2 —26—)\)exp(—

(—/(@— b2+ (2¢ + 1)? +a+b+)\)2)

A~

+(v/(a—b)% + (2c + \)2 +20+)\)exp(— i(\/(a—b)2+(2c+>\)2+a+b+>\)2)>d)\

— /7.

Example 4.2. Let f(t) = H%, then we have

o 1
/,Oo <A)\2+B/\+C>d)\:7r’

where A, B, C are constants independent of A:
_a® —4c(a+b) +2ab+b* +4c% +4
2(a2 + b2+ 2) —4c(a+b) +4c2
~ —2c%(a+b) 4 ¢(4 — 4ab) + 2(a(b(a + b) + 1) + b) + 4¢3
N a? —2c(a+b) + b2 +2c2 +2

B
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2 (a®+1) (b +1) 4 2(4 — 4ab) + 2¢*

C:
a? —2c(a+b) + b2 +2c2 +2

If we now set b = 0,¢ =0, and a # 0, we have

/°° a’+2 D\
5 = .
—oo \ (% +2) A2+ 20X +2(a® + 1)

We can take derivatives with respect to a on both sides, and obtain

/°° ( (a+A)(a\—2) 2>d)\:0.
oo \ (@2 (A2 +4) +da) +4X2 + 4)

Example 4.3. Let a = 1,0 =0,¢ =0, and f(z) =

number. Then

/°° 1- M\ VAT 11 L LNV o e (%)
(VAT +A+1D) 7 +22 (VAT 1+A+1)" +2v 20=2p -

In addition to functions that are nonzero on (—o0, 00), we would like to study
step functions of the form

f(@) = 9(@)(Om, (x) = O, (2)),

where g is integrable on (mq,m2) and 6,,(z) is the Heaviside function:

1 . o .
1757 Where p is a positive even

Definition 4.4. For m € R, the function 6,, : R — R is defined as

0, (z) 0 ifz<m
m(x) = .
1 ifz>m

Applying Theorem 3.4 to these step functions then yields

—2c— A+ +/(a—b)2+ (2c+ \)?
/ v - )f()w) dA
my <A <ma 2¢/(a —b)2 + (2¢ + )2

2c+)\+\/a7b (QC+>\)2

:/ fl()‘)d)\+/ f2(A)dA
mi <A <mgo mi<A2<mgo

(f1 and fy are just the terms above in parentheses as a function of \)

ma

miy

To simplify the above equation, we would like to find out the ranges for A corre-
sponding to m; < A1 < mo and my < Ao < my. We take derivative of A\; with
respect to A:

C(l;;\l = dd/\ (1 (a+b+)\ V(e —0)2+ (2c+)\)2>>
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1 1 2c+ A
2 V(a—b)2 + (2c+ \)?
> 0.

Since A; is monotonically increasing with respect to A\, we calculate the limits as
A approaches too:

lim %(a—i—b—i—)\—\/(a—b)?—}—@c—l—)\)z) = —00

A——o00

lim 1(a+b+)\f\/(a—b)2+(2c+)\)z) :l(aerch).
A—oo 2 2

Thus, we only need to solve for A from A;(A) = m for m = my; and m = mgq
respectively. The solution only exists for m < %(a +b—2c¢) and is calculated to be

2 (ab— ¢*) + 2m(—a — b) + 2m?

A = —
(m) a+b—2c—2m

Similarly,

A2 € (;(a—i—b—Qc),oo) ,

and the solution only exists for m > (a4 b — 2¢) in the same form A(m).
Therefore, our integration formula for a step function then becomes

f/?((mZ) A)dA if my < 2(a+b—2c)

mo

/ g@)dt = [0 AN+ [2 f(NdN it my < S(a+b—2c) < my
" f/f((:zz)) A)dA if L(a+b—2c) <my

Example 4.5. Let a=1,b=0,c¢ =0, and f(z) = p(z) — 61(z). Since 3(a +b—
2¢) = 5 € (m1,m2) = (0,1), we have

/ng(t)dtzl
/°° “A+VI+ X d)\+/0 A+V1+ A2
—Jo 2v/1+ N2 e\ VTN

/ A+ V1I+X2
o VIt A2

This is verifiable through classical calculation.

) d\  (change of variable for the second integral)

Example 4.6. Let a =1,b = —1,¢ =0, and f(z) = 2P (0y(z) —01(z)),p € N. Since
2(a+b—2c) = 0=my, we have

mo 1
t)dt = ——
/m g(t) P

/0 ((A + m)pH) i

2Pt /4 4 N2
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:/°° ((—A+\/4+/\2)”+1> D
0

21/ 1 )2

5. COMPUTING THE POINT MASSES

In the work of Simon and Wolff [2], they present a direct way to compute the
1 measure in terms of the spectral measure pg for a given T' via the following
theorem:

Definition 5.1. We define function

B = ([te- y>2du0<y>)1

with the convention that co™! = 0.

Theorem 5.2 (Simon-Wolff). Fiz A # 0. Then duy has an atom at xg € R, i.e.
pa({zo}) > 0 iff

lim Fo(xg +ie) = —A~! (5.3)
e—0+
and
B(ao) # 0. (5.4)
Moreover, \"2B(xq) is precisely the py measure of {xq}.
Proof. From
, dux(t)
F = ————
\(xo + i€) / = (20 +i0)
7/ (t — g+ ie)dﬂ)\(ﬁ)
N (t—m)2+e2 7
we have o
. dpx(t
SFx(zo +i€) = E/ (t—20)2 + €’
. (t — mo)dpa(t)
RE = | —FX—=.
Then, since
. €2 1 ift=uxg
lim ———— = ,
=0+ (t—z0)2 + €2 0 ift+#x

by dominated convergence theorem, which allows us to push the limit through the
integral, we have

€2

. oy N s _
ngél+ G\YF)\ (fEO + ZE) N eligl* (t - .130)2 + €2 dMA (t) M/\({xO})7

and similarly

) L e(t — xp) B
61_1}(1)1 6§RF)\($0 + ZE) = 6£rél+ W(lu}\ (t) =0.
Therefore,

lim eFy(zo + i€) = px({zo})i.

e—0t
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Now, if pux({zo}) # 0, then |Fy(zo + i€)] — oo. Together with the fact from
Lemma 3.5 that

1
FO(Z) = 1 )\7
Fx(z)
we have
lim Fy(zo +ie) = =271
e—0t

This proves condition (5.3).
Moreover, by the monotone convergence theorem, which again allows us to push
the limit through the integral,

dux(t)

) N SN _ -1
Jm e SEo(wo g = lim [ G i e = B
Now, if
611}%1 Fo(IO + ZE) = 7)\71,
then .
i Fo(xo + ie) A~ 1
lim §{ ———= | =8 —— ) = (A .
eir(% J(eFA(Jso e R i (fzo )i (Aur({zo}))

On the other hand, due to Lemma 3.5,
. Fo(zo + ie) . -1 . -1 -1
lim §( ————= ) = lim & Al +1)) =X lim Qe " Fyp = AB .
tm (i i) = i (AR ) =2l S =BG
Thus, we have
N pxn({zo}) = Blwo),
which also proves condition (5.4).

Conversely, if conditions (5.3) and (5.4) hold, then in particular, the above dis-
cussion shows that condition (5.3) implies

>\2HA({$0}) = B(xo).

Thus if B(zg) # 0, i.e., condition (5.4), then py({zo}) # 0. d
100
Example 5.5. Let A= |0 2 0/, then we can easily calculate
0 0 3
. ) . dpo(t)
lim Fi =1 _
Jm Fo(wtie) = lim o0

I 1 1 +1 1 +1 1
= lim (= = =
=0+t \31—(xo+ie) 32— (xo+iec) 33— (xg+ie)

1 1 N 1 N 1
S 3\l—-xy 2—-20 3—1x0)

Thus the atoms for uy would be the xy’s that satisfy the equation

1 1 N 1 N 1 1
3\1—2p 2—-20 3—x20/) X

and the corresponding weight for each z is

328(0) =32 ([ (20~ 1) dyaly)) B
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1o I | ‘

FIGURE 2. The blue curve is the graph of Fy(z). The purple curve
is a fixed value of A = 0.4. The red dots, point masses of u), are

- _1
3

the solutions to Fy(x)

72 1 1 1 -t
= (3(3:0 12 T B —2)7 | 3(zo = 3)2) '

See Figure 2 for a drawing which helps explain the computation.

6. A MULTIPLICATION OPERATOR

So far we have considered only matrix representations of self-adjoint operators
for Theorem 3.4. Now we would like to consider operators on L?[0,1]. Let
A=M,

where M is defined in Theorem 2.7, then
duo(t) = dt.

Obviously 1 is a cyclic vector for M, so we have
A=M+A1o1

as a measure on [0, 1], and we would like to know what the corresponding py is.

Due to some technical details in Simon’s paper [1], uy has no continuous singular

component. Thus we can write duy in the form
A
dpx(t) = gx(t)dt + Z e,
2

and our goal is to find out what g (¢) and yzg/\)’s are. Note that the A in cg’\)éyw is

to denote their dependence on A, not an exponent.
From Lemma 3.5, we know that for y # 0,
) dpo(t
Fo(z + iy) = / L)'
t—x—11y

_/1 dt
Jo t—x—1iy

M-z +iy)adt
/0 (t—z)*+y*
YT (¢ 4 dy)dt
-/ S

—X
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1 (1—2)2 + y?
oo |\ — ) TI
932+y2

and we are able to calculate

) Fo(zx + iy)

Pz +iy) = —————.
Mo Fiy) =37 AFo(z + iy)

On the other hand,

L dmt) [ ga)dt M
Fx(ar+zy)—/t_x_iy—/Oot_x_iy+zi:yzw -

T
and
lim (Fx(z +1iy) — Fa(x —iy))
y—>0

<t —(z+ zy = (xl_ Z-y)> ga(t)dt

—2772/ Priiy(t)ga(t)dt (from Definition 3.9).

Then, by Equation 3.10, we have

gr(z) = lim Poyiy(t)ga(t)dt
y—=0t J oo
1
=5 yhm (Fx(z +1iy) — Fa(z —iy)).

Before we plug in Equation 6.1, we would like to simplify it:
Fo(z +iy) Fy(z —iy)

. 1—=x
+ 1 | arctan [ —— | — arctan
Yy

Fy(z+1iy) — Fa(x — iy) =

Fo(x +iy) — Fo(z — iy)

L+ MFo(z+iy) 1+ MEo(x — iy)

T+ MFo(z + i) (1 + MFo(z — i)

Now plug in

(1—2)* +y?
22 + 42

and simplify the equation, we get

Fy(z + iy) — Fx(z — iy)

2% (arctan (1 z) + arctan (&>)
Y v

1
Fo(x +1y) = 3 log

. 1—2z
+ 1 | arctan | —— | — arctan
Yy

(1 + %)\log %

Now consider the limit y — 0T,

s fl—a2>0
1—=x 2
lim arctan () =<0 ifl—a2=0
y—0+ Y .
—g fl—xz<0

)2 + A2 (arctan <1y1) + arctan (%))2
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5 ifx>0
lim arctan(x>= 0 ifx=0,
y—0+t Y .
5 ifx <0
then
0 ifz>1
% fe=1
. 1—=x T .
lim ( arctan + arctan | — =q¢m f0<ax<l.
y—0+ Yy Yy .
5 ifz=0
0 ifx<O

Therefore we have

X(0,1)(2)
ga(2) = T
(1+ Alog (£2£))" + A2n2
Now we consider the point mass. According to Theorem 5.2, to have a point
mass at yM),
-1

B(yW) = (/0 “;MQ) =yMN™M —1) #£0.

The above integral is only defined on R\ (0,1), so the above condition is only
satisfied when y ¢ [0,1]. In addition, it must satisfy the condition that

lim Fy(y™ +ie) = —A~!
Jim Fo(y'™ + ie) :

1
o (1- ) =
yA)
-1
yN = (1 —e_?) .

Note that here the gy(t) part covers [0,1] while the y*) covers the complement
R\ [0,1]. Putting the pieces together, we have

SO

1

X(O,l)(l')dx e X
15 Mog (1=2)) 7 + a2m? )
(L Mog (S2))7 + 300 s (1 - 4)

dpx(z) =

7. SCHRODINGER OPERATORS

Of great interest in physics, the Schrodinger operator

2

d
7=
72 +V(z)

on L?(—00,0), where V(z) is a real-valued function, is self-adjoint. The pertur-
bation
T =T+ X

is particularly interesting. Simon [1] worked out the spectral theory for these rank
one perturbations and, in particular, computed the spectral measures ) for these
perturbations. Unlike in our previous examples where the support of uy was a finite
set for the self-adjoint matrices and the support was a bounded set for multiplication
by x on L?(0,1), the supports of uy in the Schrédinger case are unbounded sets.
Although some of the technical details are somewhat beyond what we are trying
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to accomplish here, we mention the Schrédinger operator as another example of
self-adjoint operator one can consider here.
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