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Splitting nodes and linking channels: A method for assembling biocircuits
from stochastic elementary units
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Akin to electric circuits, we construct biocircuits that are manipulated by cutting and assembling channels
through which stochastic information flows. This diagrammatic manipulation allows us to create a method which
constructs networks by joining building blocks selected so that (a) they cover only basic processes; (b) it is
scalable to large networks; (c) the mean and variance-covariance from the Pauli master equation form a closed
system; and (d) given the initial probability distribution, no special boundary conditions are necessary to solve the
master equation. The method aims to help with both designing new synthetic signaling pathways and quantifying

naturally existing regulatory networks.

DOI: 10.1103/PhysRevE.94.052404

I. INTRODUCTION

Networks of biomolecular pathways orchestrate the devel-
opment, progress, and fate of living cells. Currently there is
a struggle to translate the experimental results into pictorial
representations of molecular signaling pathways [1]. These
pictorial representations are necessary for understanding bi-
ological processes at a systems level as used in everything
from drug discovery to classification of biological processes.
As the networks and processes grow more complex, the
need for computation becomes apparent because extensive
textual explanation of pictorial representation of information
flow through pathways containing hundreds of molecules is
inefficient and impractical.

In this paper we use stochastic computation because
signals that propagate through successive molecular events
are stochastic in nature. Genetic regulatory reactions involve
a range of molecule numbers from the thousands down to
singular molecules. The statistical fluctuations at low molecule
numbers are usually higher relative to the mean values
and thus have a strong impact on the cell fate [2]. Some
pathways evolved to use these fluctuations to a cell’s advantage
for driving the cell into diverse phenotypic outcomes [3].
Phenotypic diversity of an isogenic population caused by
stochastic fluctuations is commonly found in microorganisms’
response to stress and virulence factors [4].

Stochastic fluctuations are often studied by simulating a
whole array of stochastic paths for the dynamics of the system.
From these stochastic paths the mean values, the standard
deviations, and the correlation functions are then computed.
This approach quickly becomes impractical for large networks
because they are computationally expensive.

Instead of first generating a whole array of stochastic data,
the method presented in this paper produces means and the
variance-covariance matrix from the Pauli master equation.
Many methods of computation [5-9] based on the Pauli master
equation [10-13] have been used to describe the molecular
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events and their mutual dependence. The master equation is
valid for any range of molecular number, from very large
for some species to very small for others. However, with
the exception of a few simple models, the master equation
is very difficult to solve. The main reason is that it delivers
an infinite system of equations for the moments of the
probability distribution. For the past 60 years, moment closure
methods have been used to tackle the master equation by
reducing the system of equations to make it finite [14-22]. The
approximation which reduces the equations, known as moment
closure, is carried out in a variety of ways. The moment closure
method in Ref. [23] is achieved by matching time derivatives
at an initial time. The resulting Taylor series argument reveals
that the time trajectories remain closed for short time intervals.
Multiplicative, rather than additive, moments are introduced
in Ref. [24] and the approximation is made by setting the
third-order multiplicative moments equal to unity. The model
in Ref. [25] assumes that the central moments of third order
are negligible. The approximation in Ref. [26] is achieved
by entropy maximization under known constraints to avoid
unmotivated bias. In Ref. [27] techniques and benchmark
models are used to compare the different moment closure
techniques such as mean-field, normal closer, min-normal
closure, and log-normal closure.

These methods tend to focus on disentangling the equations
without considering the topology of the biocircuit. By keeping
the topology of the biocircuit in the forefront, the method
presented here uses the diagrams themselves to implement the
moment closure. Because each term in the master equation
has a unique pictorial representation, there is a simple
correspondence between the qualitative interactions depicted
by the biochemical pathway and the mathematical model.
This gives a method that is diagrammatically easy to use
and manipulate by researchers not interested in the numerical
details, but also retains all of the quantitative properties of the
master equation that are useful for extensive computation.

In what follows we describe the method through which
the channels and nodes are split and later rejoined to create
moments that close at second order by using the ubiquitous
equilibrium reaction, A + B = C (Sec. II). The complex
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FIG. 1. A and B bind together to form C. (a) The control lines
that originate on molecules A and B meet at the node that symbolizes
the product g4gp and end on the box. The box depicts the action
€ = (—1,—1,41). Two action lines start on the box and end on A
and B, respectively, with the end bar denoting the annihilation (—1
in €) of those molecules. The third action line ends in an arrow
on C, expressing the creation process (+1 in €). (b) The open-loop
biocircuit.

formation and its reverse process, the dissociation, are the
most important elementary reactions. For example, irreversible
complex formation is key to DNA error correcting and T-cell
recognition [28,29]. Then we identify a set of three elementary
units, which, together with A + B < C, are used to construct
signaling pathways (Sec. III). We show how our method can
be used for two important types of networks: bistable (Sec. IV)
and ultrasensitive (Sec. V). Finally, we explore the concept of
modularity by splitting nodes and projecting the large circuit
into smaller circuits by using the elementary units (Sec. VI).

II. SPLITTING NODES AND LINKING CHANNELS

Signals processed by a network composed of N-molecule
types consist of stochastic time-dependent levels of molecular
numbers, g = (qx), k =1, ...,N. The environmental inputs
and the way the molecules control themselves is described
by the set of transition probabilities per unit time 7.(q,?).
Molecules can jump from one state g to another g + € = (qx +
€x), where € is an N vector given by stoichiometry with € €
{£1,0} representing the jumps that either increase, decrease,
or do not change the molecule number g;. The Pauli master
equation

IP(q,
_g’ D _ zTe(q —€e1)P(q —€.1) — P(q,t)z Te(q.1)
(1

expresses this time evolution of the network.

The first-order moments are generated from F(z,t) =
> or=0...qn=021" -2 P(qi, . ..,q,1) and the second-order
factorial moments are generated from Fy = 0, F|,=1 and
Fix = 0;; 5, Flz=1, where z = (21, ...,zy). For ease we will
refer to factorial moments as moments.

The first basic building block is the irreversible complex
formation, where molecule A binds to molecule B with
T(q,t) =kqaqp to form the complex C, represented in
Fig. 1(a) as a control-action diagram [30,31].

The master equation for F(z4,z5,2¢,t) 18

WF = (2325 28" — V)kzazpdy,, F. )

The problem we face is that the time evolution of Fig. 1(a)
never closes at any moment order due to the complex formation
product g 4q g which gives the second derivative in Eq. (2). For
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FIG. 2. The product node from Fig. 1(b) is split into either (a) six
channels or (b) two channels.

example, applying d,, ., on Eq. (2), the time evolution obtained
for the second-order moment F4 5(¢) turns out to be dependent
on third-order moments. To obtain a closed stochastic model,
we propose an approach based on the interpretation of the
diagram from Fig. 1(a) as not only a placeholder for the
interactions, but as a more literal flow of information through
the biocircuit. In Fig. 1(a), the information that flows from A
and B is multiplied at the “product” node. Then, after it passes
through the action node (the square-shaped node), it flows into
C and feeds back to A and B. This feedback prevents moment
closure. To obtain a finite system of equations we break the
feedback by duplicating molecules A and B into A, and By;
Fig. 1(b). The open-loop biocircuit is finite and completely
solvable, but it closes at fourth-order moments [32]. To reduce
it to second-order moments we split the product node and
the action box to let the information flow from A to C on
a different channel than that from B to C. There are many
ways to produce this splitting. For example, in Figs. 2(a) and
2(b) there are six channels and two channels, respectively.
We prefer the option from Fig. 2(b) over that from Fig. 2(a)
because the requirement that the master equation is free from
boundary conditions will be easily enforced on option (b).
After splitting the channels, a transition probability must be
assigned to each one. To guarantee the closing of the evolution
equations at second order, the transition probabilities assigned
to each channel in Fig. 2(b) will be k4ga and kggp for the
channels starting from A and B, respectively.

Since A, and B, are copies of A and B, a specific time
evolution must be imposed on the biocircuit from Fig. 2(b). To
specify this evolution we start by dividing the time into small
equal intervals At. The initial conditions F;(0) and F;;(0) at
t = 0 are known for Fig. 1(a). These initial conditions are
transferred to the molecules from Fig. 2(b) in such a way
that the duplicate molecules A; and B; have the same initial
conditions as A and B. During the time interval [0,A¢] the
values for the molecules A; and B, change but A and B did
not evolve in time because there is no process that changes
their molecule number in Fig. 2(b). Because A; and B, are
duplicates of A and B, the final values F;(At) and F;;(At) for
A, and By are passed to A and B as initial conditions for the
next time interval [A¢,2At]. The process is then iterated, A
and B drive A; and B; which in turn produces the updated
values for A and B for each time interval. Through this updated
iterative procedure, Fig. 2(b) is closed and, taking the limit
At — 0, we get Fig. 3(a). To determine k4 and kp we start
with

0 H =(23,25,2¢ — 1)kazad, H

+ (2a,25,28" — Vkpzpd, H, 3)
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FIG. 3. (a) The closed-loop biocircuit of Fig. 2(b). The duplicated
molecules A, and B, are glued back to A and B, respectively.
(b) The LC master equation for splitting the product node. The driving
parameter A is associated with A and 1 — A with B.

where H is the generating function of Fig. 2(b). From the same
figure we read that (qa.9.94,.98,-9c) —> (94,9894, —
l,gs, — 1,qc + 1), thus € = (0,0,—1,—1,1) for both action
nodes. This gives the term (z/:jzgdlzgl — 1). The transi-
tion probabilities, kaga and kpqp, give us ksz40,, H and
kpzpd,, H, respectively.

From Eqgs. (2) and (3) we get dF,/dt =dFp/dt =
—ch/dl = —kF4p and dHAd/d[ = —ksHy — kgHpg. The
equal evolution condition Hy, = Fy4 is fulfilled if ks Hs +
kpHp = kFap. The updating process Hy = H,, implies
H, = Fy4, which gives

kaFs+kpFp =kFup. “)

A simple solution to Eq. (4) would be an equal split drive
between A and B so that k4 Fy = kg Fp = kF4p. However,
an equal split drive is not necessarily obvious especially given
that the molecule numbers A and B may be very different.
The unequal split solution k4 Fy = Ak F4p and kg Fp = (1 —
Mk F 4 confers more freedom to the model. For convenience
we call the entire procedure the loop-closing (LC) method.

The LC master equation for F(z4,zp,2¢,t) is presented in
Fig. 3(b), which describes the time evolution of Fig. 3(a). The
transition probabilities, which are the ratios of the correlation
over the mean values, are not constant; they change together
with the stochastic evolution of the molecule numbers. In
general, the LC method is composed of the following steps:
(i) duplicate molecules by breaking selected feedback loops;
(ii) split nonlinear nodes; (iii) assign transition probabilities to
the new channels; (iv) close the loops by updating the initial
values between the duplicate and the original molecules. We
note that the equivalence between Figs. 1(a) and 3(a) is based
on the equalities Hy, = Fa, Hp, = Fp. Because F and Fp
are driven by the second moment F4 g, the procedure explicitly
involves the second moments; Fig. 3(b). However, it does not
explicitly involve the third and higher moments which are
compressed into the A parameters. The relevance of the A
parameters is further discussed in Sec. IV.

Now that we have reduced the irreversible complex
formation to second order, we can use it to study the
equilibrium complex formation since the master equation term
for disassociation of the complex contains only a first-order
partial derivative (z Aszgl — 1)k, z¢0,. F. The LC approx-
imation of the irreversible process, along with the linearity
of the disassociation, allows us to explore how close the LC
procedure comes to reproducing the stochastically simulated
data of the equilibrium process. The LC differential equations
were computed with Mathematica [33] and the time variation
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of each moment was compared with the corresponding data
simulated with the Gillespie algorithm [34].

All errors between two functions of time were com-
puted as the average of the relative error on a se-
quence of sampled times. The initial probability distribution
was taken to be concentrated at fixed molecule numbers
q40: 980> 9cos F(za,zp,zc.t = 0) = 2524z, The error
covered the range 107> to 10~!, the most common being 1073
[Appendix A]. We rescaled the unit of time so that complex
formation transition probability is unity k, = 1. Then we
varied the other parameter k,, between 10~ and 10*. The initial
molecule numbers for each molecule were varied between 0
and 10? in different combinations.

We found that, in order to obtain low errors, the parameter
A should be either O or 1. If the initial molecule numbers g4¢
is less than gpo then A = 1, otherwise A = 0. This means, in
view of Fig. 3(b), that the driver is the low-number molecule.
If the initial molecule number is equal then the error is A
independent and so we used an equal drive A = 0.5. For the
complex formation equilibrium process the initial order g 49 <
qpo 1s preserved during time evolution so that either A or B
is the driver, but not both. When a network is built on many
interconnected complex formation processes, molecules do
not stay in a fixed order at all times. For these networks the A
parameters need not be equal to O or 1 and can take intermediate
values between 0 and 1.

The error calculated for the equilibrium process reflected
the time evolution from the initial state to the equilibrium state.
For some combinations of k, and initial molecule numbers g4
and gp the transition regime to equilibrium is very short so
the error is more reflective of the equilibrium state. At the end
of Sec. IlII we study the LC method applied to a dynamical
system that is out of equilibrium.

III. ELEMENTARY UNITS

The list of elementary processes contains three more
. o k
elements besides the complex association, A + B L Cand

the complex dissociation C Ly + B. Figure 4(a) represents
an accumulation process controlled either by the environment
or through coupling with another network, both represented
by Tc(ga,t) = g+(t). Another accumulation, Fig. 4(b) with
T(ga,t) = p(t)ga, is driven by the molecule itself. The

|80

—+

|80

o 1
P S n()

(a) (b) (¢) Not used (d)

FIG. 4. Building blocks with one molecule, g,. The degradation
represented in panel (c) will not be used as an elementary process
whereas the other three processes will be used. The transitions for
panels (a) and (b) increase the number of molecules from g, togs + 1
whereas for panels (c) and (d) decrease it to g4 — 1. The terms in
the master equation that correspond to the one-molecule processes
for panels (a), (b), and (d) are g, (t)(z — 1)F, p(t)(z — 1)z0.F, and
n(t)(z~! — 1)zd, F, respectively.
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FIG. 5. (a) A fourth-order moment completely solvable network.
(b) The product node is split and the driving parameter X is associated
with ¢; and 1 — A with ¢,. (c) The LC-mean value F3; coincides
within the exact solution with a mean error of 1.2 x 10! over the
time interval [0,3.5]. The driving molecule is ¢; which starts att = 0
from zero. The other parameters are g, = 1,¢3 = 0att =0, g(¢) =
t,g(t) =1, and f(¢t) = sin(2nt)?. The arbitrary unit of time is set
by g2().

externally controlled degradation from Fig. 4(c) requires a
special boundary condition for P(q,t) because the transition
probability T'(ga,t) = g—(¢) does not automatically become
zero when g4 = 0. The form of the master equation thus needs
to be changed for the special case g4 = 0, so we will not use
Fig. 4(c) as an elementary unit because the boundary condition
makes the model hard to solve for large networks.

However, a boundary-condition-free externally controlled
degradation of a molecule can be achieved through the
complex formation process Fig. 3(a). Consider that B rep-
resents the entrance port through which the environment
controls the degradation of A. The external control may
be delivered either through a time-variable coupling k(¢) or
through the time-variation of Fg(¢) and Fpp(t) modulated by
the environment or another biocircuit that couples into B. For
this application the complex C is of no importance. The last
elementary process, also free of boundary conditions, is the
autodegradation Fig. 4(d) with T(ga,t) = n(t)qa.

An immediate application of the generators is to build a
system that does not settle at an equilibrium state; Fig. 5(a).
The generators g1 (¢) and g,(¢) continually increase the number
of molecules g, and g, which, in turn, produce more complex
q3- The complex formation transition probability per unit time,
T(q.t) = f(t)q1q2,is time dependent through f(¢) in addition
to its dependance on the stochastic time-dependent variables ¢,

PHYSICAL REVIEW E 94, 052404 (2016)

and ¢;. The network from Fig. 5(a) is an example for which the
moment equations close in the fourth order and there is no need
for a stochastic simulation to estimate them [32]. Because it is
solvable, this gives us a chance to study the accuracy of its LC
approximation, Fig. 5(b). For this example the generators g;(z)
and g»(¢) depend on time and the system can be driven into a
variety of trajectories. In Fig. 5(c) we choose f(¢) = sin(2m1)?
to model a coupling on g3 that oscillates between a maximum
strength and zero. The error for the mean value F3(¢) is on the
order of 10~7. Maximum errors on the order of 10~! appear for
the second-order moments; Fig. 5(c). In general, the maximum
error cover a range from 1073 to 10~ [Appendix C].

Other, more complicated processes are expressed in terms
of the elementary ones. For example, a simultaneous collision
of three molecules would produce a transition probability
proportional with kq;g»g3 that can be split, but the LC master
equation will involve third-order moments. Instead, the triple
product kq;g>g3 can be expressed as a more likely process
of sequential collisions in which two molecules collide to
form a complex and then this complex collides with a third
molecule. This approach will close the LC equations at second
order. Common types of transition probabilities are built out
of rational functions. An example is [l + (g A" which
represents a gate that closes for large g 4. This is not an elemen-
tary process because rational-function transition probabilities
describe the phenomenological behavior of subnetworks built
on elementary reactions. One of these networks responsible for
ultrasensitivity will be studied in Sec. V. The advantage of all
selected building processes is that the second-order moments
evolve in time independently of higher-order moments, thus
the time evolution closes at second order. Because elementary
units closely represent biochemical processes, the selection of
the network’s topology becomes intuitive.

To exemplify the method described above, in the next two
sections we build two networks out of the elementary units and
use the LC procedure to split each complex formation control
node. The first biocircuit has four nodes and thus it needs
four splittings. Each splitting introduces a A parameter. The
second one requires ten splittings. The reason for choosing
these specific examples is explained below.

IV. NETWORKS WITH MULTIPLE EQUILIBRIUM STATES

The first biocircuit is a bistable network. In multistable
regulatory networks noise elicits a phenotypical binary re-
sponse by driving transitions between distinct locally stable
states. The transition can adapt the organism to a change in
environment, switching back once the change elapsed [35-37].
Other bistable networks use noise to generate an irreversible
cell-fate decision such as hematopoietic cell differentiation.
Besides being important as a biological system, we are
particularly interested in bistable circuits because they give
the opportunity to reveal the use of the A parameters that
appear after splitting the nodes. To this end, consider a bistable
network that starts from a given initial state. When analyzed
with the deterministic mass-action method it is attracted to
one of the two states, but not both. The same bistable network
that starts from the identical initial state as above but is
now analyzed by stochastic simulations shows trajectories
that transition between two distinct locally stable states due

052404-4
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FIG. 6. (a) The control-action diagram for the bistable noncom-
petitive inhibition system. The driving parameters are associated as
follows: (E, A1), (I,A;), (ES,)\3), and (S,A4). (b)—(e) Four simulated
stochastic paths for S. All four paths start from S = 400 molecules
but evolve into different trajectories. In panel (b) the S runs between
0 and 1 even if the generator on S is continuously pumping. Contrary
to panel (b), panel (e) shows a paths that reaches high number of
molecules. The arbitrary unit of time is set by the degradation rate of
S (Appendix D).

to stochastic fluctuations. The mass-action method cannot
reveal this stochastic passage between the equilibrium states;
however, the LC method can show the bistability using the A
parameters.

To demonstrate the LC method applied to bistability we use
the bistable system from Fig. 6, which illustrates the stochastic
noncompetitive inhibition reactions £ + S =2 ES — E + P,
E+1Z2EI and ES+1 2 ESI = EI + S [38]. We are
interested in the behavior of S but not of P and so the reaction
ES — E + P is not represented in Fig. 6(a). Both S and [/
are coupled to the environment. The bistability shows itself in
the profiles of the S-molecule stochastic paths. In Fig. 6(b),
the molecule S starts from the initial value Fg(0) = 400 and
drops quickly to zero. The environment does not pump enough
S molecules into the system to avoid S depletion over the time
horizon (0,4). In Fig. 6 the effect of bistability is visible on
three paths. One path starts to rise before + = 1 and reaches
a value of S =1200 at r = 4; Fig. 6(e). The paths from
Figs. 6(c) and 6(d) transit between the two states: depletion

PHYSICAL REVIEW E 94, 052404 (2016)

(2)
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FIG. 7. In panel (a), by varying A,, we obtain different transition
times for the low to the high state. The rise of S is not much greater
than the initial value which mimics Figs. 6(c) and 6(d). In panel (b),
two parameters are varied: A; and A3. The accumulation of S reaches
higher levels than the initial value as in Fig. 6(e). All other A are set
to 0.5 except those that we varied above. The arbitrary unit of time is
set by the degradation rate of S (Appendix D).

and high values of S. A mass-action deterministic equation
using the same numerical parameters and the initial state is
unable to reveal the bistability; it only shows the depletion
state; Fig. 6(b).

The reason is that the mass action decouples the mean
value equation from the second-order moments and the X
parameters are lost. Nevertheless, the A parameters show the
bistable nature for the mean value of S; Fig. 7. The average
value of S computed from LC ordinary differential equations
[33] shows both the low- and the high-accumulation states.
Different shapes for the mean value of S can be obtained by
varying the A parameters; Fig. 7. These shapes correspond
to the average of different subgroups of stochastic paths that
are produced by the bistable phenomenon. The deterministic
mass-action result is obtained for 1; = 0.5 in Fig. 7(a).

It may seem that this results from the presence of A in
the mean value equations; however, this is not the case. The
mean value equations do not depend explicitly on A. Their
dependence on the A is through the correlation moments that
drive the mean values. The A explicitly drive only the second
moments. The necessity of the second moments to reveal the
bistability for this network is emphasized by the fact that
this example was taken from Ref. [38], where a theorem is
provided to help select networks with bistable states. Although

052404-5
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FIG. 8. The driving parameters are associated as follows:
(E1,1), (E3,)3), (E2,As5), (E3,)7), (E3,)Ao) for the downstream
cascade and (w3,A10), (V.As), (E3.A¢), (B.A4), (E2,Ay) for the
upstream cascade. The same molecule may drive more than one
complex formation. The cascade is assembled by linking the module
from the inset, which describes the reaction z; + z, & z3 — 24 + 2s.
Here z stands for the corresponding molecule.

the theorem is devised on classical mass action, it distinguishes
between some networks that can support bistable behavior and
others that cannot. However, for the example from Fig. 6(a),
the theorem cannot say if it is bistable or not. On the other
hand, the LC method is capable of showing the bistability of
Fig. 6(a).

V. ULTRASENSITIVITY

An ultrasensitive network delivers a binary (on-off) output
which is useful for decision-making processes. The output
switches from on to off if the input crosses a threshold value.
The ultrasensitive network acts to filter out small stimuli below
the threshold, so understanding its stochastic properties is im-
portant for designing switches that avoid accidental triggering
events. In Ref. [39] an ultrasensitive synthetic transcriptional
cascade was constructed where it was noted that a proper
matching of the kinetic rates of the cascade’s elements is
crucial for a clear separation between the on and off states. The
design and the construction of a noise-tolerant ultrasensitive
biocircuit was reported in Ref. [40]. Ultrasensitivity can be
achieved by more than one network topology. Here we study
one possibility: Fig. 8 based on Ref. [41], for two reasons. First,
to test the LC method on a network that needs hundreds of
differential equations for its time evolution. For this example,
a total of 275 moments are needed, of which 22 are mean
values, and 231 are correlations. Second, given that the number
of correlations increases quadratically with the number of
molecules, we discuss procedures that project out molecules
in order to reduce a network to a simpler one.

The equation for the inset in Fig. 8 is

1 Fia(1)
WF = Mz ' — 1 3, F
t (Zl 2y 23 )Fl(t) azjoz,
1 Fia(1)
1 -1 12
+A=M(z 'z — 1) oy 20
+ (212225 — 1)dz30,, F
+ (242525 " — 1)kz30,, F. (&)
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FIG. 9. The molecule § represents the output of the ultrasensitive
network. (a) The variability in the response time of the molecule §.
(b) The variability in the sigmoidal dependence of the number of
molecules § at equilibrium,  — o0, on the initial value of the input
molecule E'1.

The equation for the entire network is obtained by summing
ten terms, each being similar to Eq. (5). The stochastic time
evolution will thus include ten A parameters.

The response time Ty, of the ultrasensitive switch is
one of many specific time-evolution properties which can
be retrieved from the 275 moments. Tj,,, which depends on
each stochastic path, represents the time for the molecule
8 to reach 1/2 of its equilibrium level. It plays a central
role in network communication. For example, if § controls
a subsequent pulse-generating network, the duration of the
generated pulse depends on the controlling 6’s 7y,,. The
pulse may even be absent if the response time is too small
and so the range of values for 7j,, is relevant to signaling.
Besides T7,, which is computed from the mean value Fj(¢),
two other response times le/tz are important to represent the

stochastic nature of the ultrasensitive network. T172 is the
response time of the average evolution of § plus one standard
deviation, Fs(t) + [Fss(t) + Fs(t) — Fs(¢)*]'/>. The response
time of the average evolution minus one standard deviation
is T,. The range T, — T}, is computable with the LC
method; Fig. 9(a). The maximum relative range in Fig. 9(a)
occurs for the input E1 =7. Below E1 =7 the switch is
not opened and the response time Tj,, is meaningless. At
E1 =7 the switch is just about to open, as can be seen
in Fig. 9(b), which illustrates the sigmoidal dependance of
the equilibrium output mean value Fjs(co) in terms of the
initial input Fg(0). Flanking the mean value response are
the equilibrium responses F3(00) £ o (c0), which highlight the
stochastic nature of the sigmoidal response. A local maximum
in Fig. 9(a) appears for E1 between nine and eleven when the
ultrasensitive system is just about to be fully opened.
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Downstream Network
driven by

Downstream Network
driven by
E3 ad §

n.+p, /
b " (b)

FIG. 10. (a) The dotted line encircles a subnetwork that drives
the downstream network and is driven by the upstream subnetwork.
(b) Two-molecule equivalent system. The input molecules, 1 and
2, have identical time evolution. They start with the same initial
conditions and are driven by the same G, n, and p external actions.
The output molecule 3 is controlled by G3, n3, and ps. Here, A = 0.5
because the molecules 1 and 2 have identical evolution.

VI. REDUCING A NETWORK BY SPLITTING
AND PROJECTION

Recall from Sec. II that the LC method relies on the
equivalence of Figs. 1(a) and 3(a) up to second order. The broad
idea of splitting biocircuits to create equivalent systems can be
applied further to large networks such as the one seen in Sec. V.
A subnetwork can be disconnected from a larger network and
subsequently simplified to create a smaller, simpler equivalent
system. We use the encircled subnetwork in Fig. 10(a) as an
example.

Consider that two molecules from the ultrasensitive cas-
cade, E£3 and §, drive a downstream network which does
not influence the dynamics of the ultrasensitive cascade
through any feedback; Fig. 10(a). Moreover, the subnetwork
encircled by the dotted line in Fig. 10(a) only influences
the downstream network without influencing the upstream
network. Ideally, the information that flows from £3 and § into
the downstream network would be confined exclusively to the
five moments Ms = (Fgs3, Fs, Fgss, Frp3gs, Fss). If that would
happen, the time evolution of the downstream network could
be easily decoupled from the ultrasensitive network. However,
the differential equations that describe the evolution of the
downstream network contain moments of the ultrasensitive
network other than those aforementioned. Many correlations
internal to the upstream network will couple through E£3 and §
into the downstream network. Thus, we will set up a simplified
model for the encircled subnetwork and then fit this model to
the data given by known Ms. The moments Ms are known
from solving the ultrasensitive network from Sec. V.

To simplify the input into the downstream network we
disconnect the encircled subnetwork and reduce it to the
simpler topology from Fig. 10(b). The simpler topology is
not unique. There are many ways to make the reduction. For
the specific reduction presented in Fig. 10(b) our reasoning
is as follows: If only one molecule is used in the reduced
system it would produce two variables F; and Fj; and be
driven by a maximum of three elementary units; Fig. 4. This
topology is too small to fit this model to the five moments
of the driving molecules Ms. If we were to use two distinct
molecules we get five moments and six elementary units,
three per molecule, which is enough to fit the model to the
five moments. Using three or more molecules would be even
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easier to accommodate five moments, but we start to lose the
simplicity of the equivalent network.

In Fig. 10(b) we settled on using two molecules 1 and 2,
which are identical, and the complex, 3, which is a dimer
formed from 1 and 2. Usually the complex formation has
three distinct molecules; however, we have set 1 and 2 as
identical to ensure we have the least number of different
types of molecules possible while having enough elementary
units for optimization. We chose this topology because
complex formation is a repeated pattern in the ultrasensitive
network. The complex formation introduces two unknowns,
the association and dissociation coefficients k; and k_. The au-
todegradation function here is written as n(t) + p(t) instead of
n(t) because, together with the autoaccumulation p(z), it drives
the time evolution as (z — D)zp(t)d,F + (z~' — Dzp(t)d. F +
(z7' — Dzn(t)d,F. Thus, p(t) acts as a diffusion process
(z — Dzp()d, F + (z~' — 1)zp(1)d, F. The advantage of using
a diffusion plus a negative autoregulation instead of a positive
and a negative autoregulation is that the diffusion p(#) does not
affect the mean value; it changes only the standard deviation.
The same logic is used for ps3(¢). In this way the diffusion
terms p(t) and p3(¢) act mainly either around the initial time
or when the system leaves the transitory regime and enters into
the equilibrium state; Fig. 15 in Appendix F. Once the topology
is defined, the unknowns, k., k_, G(¢), p(t), n(t), G3(t), ps(t),
and n3(t), shown in Fig. 10(b), are found through fitting the
model to the given five moments Ms. We used Mathematica
[33] to minimize the error subject to the evolution constraints
Fp3(t) = Fi1(1), Fs(t) = F3(t), Fg3s(t) = F13(0), Feaps(t) =
F11(t), and Fs5(t) = F33(t), (Appendix F). Molecule 2 is not
part of the minimization constraints because it is identical
with molecule 1. With this strategy, we project out seven of
nine molecules that are between (E3,17) and § in the original
ultrasensitive network.

VII. CONCLUSIONS

We have shown that the mathematics and the diagrams
of biocircuits are in fact interdependent and can be used to
give an accessible method that produces quantitative results
from qualitative pictures. By modeling larger interactions as
combinations of the elementary units, networks that span to
hundreds of interactions can be built. Importantly, the results
maintain their stochastic nature because all of the equations
come from the Pauli master equation. This saves the oftentimes
huge computational expense of running a stochastic simulation
which becomes impractical for large systems. The master
equation also plays into the ease of the method because, for
each action in the diagrams, there is a corresponding term in
the equation.

The terms in the master equation from the split product
gave rise to the A parameters. The A parameters reveal that
the low molecule species is the driver in product interactions.
They also allow us to investigate different paths in bistability.
Selecting different A allows the selection of different paths in
the bistable process.

Different directions lay ahead for future studies. Instead of
taking the initial limit in the updating process of Ar — 0 we
can keep At finite and let the updating process run at discrete
times. Moreover, the time intervals Ar for each update do not

052404-7



CAMERON FERWERDA AND OVIDIU LIPAN

need to be equally spaced and, even more, they may be drawn
from a probability distribution. In this way some elementary
units or subnetworks will be updated more often than others.
This type of approach is similar with part of the Gillespie
algorithm for which the time between reaction is stochastic.
In this case the LC method becomes a hybrid, keeping the
differential equations for the reactions but the time updating
process needs stochastic simulations.

APPENDIX A: EQUILIBRIUM REACTION

In what follows we describe the procedure used to compute
the accuracy of the LC method on complex formation in

equilibrium reactions: A + B % €, ¢ ¥4 A + B. The final
results are tabulated in Tables I to V. All parameters were
varied except k, which was set to k, = 1 so that the timescale
in the master equation is expressed relative to k,. Changing
k, is equivalent to changing the time unit. To give an
example of the tabulated results we used k, = 10~* and the
initial conditions, g4 = 1, gg = 0, g¢ = 1000, which give the
initial generating function F(za,zp,2¢,t =0) = ZLZ%ZICOOO
This specific example was chosen because low molecule
numbers like 1 and O are not easy to study by using a system
of differential equations because their fluctuations are high
relative to the mean. We generated 103 paths for the entire
process by using the Gillespie algorithm. We denote the kth
path for molecules A, B, and C by Pax, Ppi, and Pcy,
wherek = 1, ...,10%. The time horizon was set to ITarget = 10*
so that the entire transition process, from the initial state to
the equilibrium state, was included in our simulation. The

jumps for each stochastic realization P(r;k) VA ks P(t}k) )B k>

TABLEI The accuracy of the LC method on equilibrium reaction
for k, = 1074,

PHYSICAL REVIEW E 94, 052404 (2016)

TABLE 1II. The accuracy of the LC method on equilibrium
reaction for k, = 107",

q1 q2 q3 A €max tTarget

1 1 0 0.5 2.7 x 1073 1.0 x 10*
0 0 1 0.5 7.8x 1074 1.0 x 10*
1 0 1 0 3.1x1073 1.0 x 10*
1 0 1 1 1.2 x 10 1.0 x 10*
10 1 0 0 3.8x 1073 1.0 x 10*
10 1 0 1 9.9 x 10! 1.0 x 10*
1 0 10 0 4.5x 1072 1.0 x 103
1 0 10 1 1.1 1.0 x 103
100 1 0 0 1.8 x 1073 1.0 x 10*
100 1 0 1 1.0x 103 1.0 x 10*
1 0 100 0 5.4 %1072 1.0 x 107
1 0 100 1 1.2x 107! 1.0 x 107
1000 1 0 0 2.0x 1073 1.0 x 10*
1000 1 0 1 1.0 x 10* 1.0 x 10*
1 0 1000 0 2.2 x 1072 1.0 x 10!
1 0 1000 1 2.7 %1072 1.0 x 10!
10 10 0 0.5 1.2x 107! 1.0x 103
0 0 10 0.5 1.2 x 107! 1.0 x 103
100 100 0 0.5 6.7 x 1072 1.0 x 10?
0 0 100 0.5 6.8 x 1072 1.0 x 107
1000 1000 0 0.5 2.3x 1072 1.0 x 10!
0 0 1000 0.5 2.3 %1072 1.0 x 10!

and P(rj(.k))A,k appear at rj(-k), which are random numbers

generated by Gillespie algorithm. The index j starts at 1 for

each k but ends at a random value j*) which is dictated by the

TABLE III. The accuracy of the LC method on equilibrium
reaction for k, = 1.

q1 q>2 q3 A €max r Target q1 q2 q3 A €max tTarget

1 1 0 0.5 2.3 %1073 1.0 x 107 1 1 0 0.5 9.2x 1074 1.0 x 10°
0 0 1 0.5 2.1x 1072 1.0 x 107 0 0 1 0.5 8.3x107* 1.0 x 10°
1 0 1 0 4.4x1073 1.0 x 107 1 0 1 0 1.8 x 1073 1.0 x 103
1 0 1 1 2.0 x 10* 1.0 x 107 1 0 1 1 5.8 x 107! 1.0 x 10°
10 1 0 0 1.3x 1073 1.0 x 107 10 1 0 0 22x 1073 1.0 x 10°
10 1 0 1 1.0 x 10° 1.0 x 107 10 1 0 1 8.8 1.0 x 103
1 0 10 0 1.9x 1073 1.0 x 10° 1 0 10 0 5.5%x 1072 1.0 x 10?
1 0 10 1 2.4 x10° 1.0 x 10° 1 0 10 1 1.2x 107! 1.0 x 107
100 1 0 0 2.1x 1073 1.0 x 107 100 1 0 0 3.2x 1073 1.0 x 103
100 1 0 1 1.0 x 108 1.0 x 107 100 1 0 1 9.9 x 10! 1.0 x 10°
1 0 100 0 3.3x107° 1.0 x 10 1 0 100 0 2.0 x 1072 1.0 x 10!
1 0 100 1 1.8 x 10? 1.0 x 10° 1 0 100 1 2.5x 1072 1.0 x 10!
1000 1 0 0 2.8x 1073 1.0 x 107 1000 1 0 0 2.2 %1073 1.0 x 10°
1000 1 0 1 1.0 x 107 1.0 x 107 1000 1 0 1 1.0 x 10° 1.0 x 10°
1 0 1000 0 7.4 %1073 1.0 x 10* 1 0 1000 0 7.2 %1073 1

1 0 1000 1 1.5 x 10! 1.0 x 10* 1 0 1000 1 7.7 x 1073 1

10 10 0 0.5 3.8x 1073 1.0 x 10° 10 10 0 0.5 6.7 x 1072 1.0 x 10?
0 0 10 0.5 2.0x 1073 1.0 x 106 0 0 10 0.5 6.8 x 1072 1.0 x 10?
100 100 0 0.5 4.7 %1073 1.0 x 10° 100 100 0 0.5 2.4 %1072 1.0 x 10!
0 0 100 0.5 3.8x 1073 1.0 x 10° 0 0 100 0.5 2.3x 1072 1.0 x 10!
1000 1000 0 0.5 3.8 x 1072 1.0 x 10* 1000 1000 0 0.5 4.6 x 1073 5.0 x 107!
0 0 1000 0.5 3.8 x 1072 1.0 x 10* 0 0 1000 0.5 7.5%x 1073 1
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TABLE IV. The accuracy of the LC method on equilibrium
reaction for k, = 10'.

q1 q2 q3 A €max ZTarget

1 1 0 0.5 3.7x 1073 1.0 x 10°
0 0 1 0.5 2.4x1073 1.0x 103
1 0 1 0 1.4x1073 1.0x 103
1 0 1 1 9.3 x 1072 1.0 x 10°
10 1 0 0 1.2x1073 1.0 x 107
10 1 0 1 5.0 x 107! 1.0 x 107
1 0 10 0 43 %1072 1.0 x 10!
1 0 10 1 5.4 %1072 1.0 x 10!
100 1 0 0 2.1x1073 1.0 x 107
100 1 0 1 9.1 1.0 x 10%
1 0 100 0 7.2 %1073 1.4

1 0 100 1 7.7 x 1073 1.4
1000 1 0 0 2.0x 1073 1.0 x 107
1000 1 0 1 9.9 x 10! 1.0 x 107
1 0 1000 0 2.1x1073 1.0 x 107!
1 0 1000 1 2.1x1073 1.0 x 107!
10 10 0 0.5 4.8 x1072 1.0 x 10!
0 0 10 0.5 4.8x 1072 1.0 x 10!
100 100 0 0.5 6.7 x 1073 1.3

0 0 100 0.5 7.3 %1073 1.3
1000 1000 0 0.5 2.4x1073 5.0 x 1072
0 0 1000 0.5 2.6x 1073 1.0 x 107!

.. k
condition rf(k{ N

max+1
3500.
The LC generating function produces a system of ordi-
nary differential equations for F(t), Fg(t), Fc(t), Fan(t),

> tTarger- In our simulations j{) was about

TABLE V. The accuracy of the LC method on equilibrium
reaction for k, = 10*.

q1 q2 q3 A €max tTarget

1 1 0 0.5 3.3x1073 1.0x 103
0 0 1 0.5 2.5x1073 1.0 x 10°
1 0 1 0 3.6 x 1073 1.0 x 10°
1 0 1 1 3.7x1073 1.0x 103
10 1 0 0 3.3x1073 1.0 x 107
10 1 0 1 3.4x1073 1.0 x 10%
1 0 10 0 3.3x1073 1.0 x 10!
1 0 10 1 3.4x1073 1.0 x 10!
100 1 0 0 2.8x 1073 1.0 x 10!
100 1 0 1 1.0 x 1072 1.0 x 10!
1 0 100 0 6.0 x 1073 1.0x 107!
1 0 100 1 6.1 x1073 1.0 x 107!
1000 1 0 0 2.1x1073 1.0 x 10!
1000 1 0 1 9.3 x 1072 1.0 x 10!
1 0 1000 0 1.6 x 1073 1.0x 1073
1 0 1000 1 1.6 x 1073 1.0x 1073
10 10 0 0.5 2.2x1073 1.0 x 10!
0 0 10 0.5 3.7x1073 1.0 x 10!
100 100 0 0.5 5.4x1073 1.0 x 107!
0 0 100 0.5 4.0x1073 1.0 x 107!
1000 1000 0 0.5 3.9x 1073 1.0x 1073
0 0 1000 0.5 3.3x1073 1.0x 1073
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Number of molecules

0 4 8 t(arb. units) 12

FIG. 11. An example of a stochastic process with large variation
between the duration of different states. The spiky jumps have a
duration of 5.0 x 1073 whereas the duration of the longest zero state
is 7.7. The arbitrary unit of time is set by k, = 1.

Fgp(t), Fec(t), Fap(t), and Fpc(t) which were numerically
solved with Mathematica on the time interval [0, fTyec]. The
LC results were obtained much faster than the results from
the stochastic simulations. To compare the simulations with
the LC results, we need to compute time-dependent first-
and second-order factorial moments out of the 10° paths.
We cannot take the path average over k for a fixed time
rj(k) because these times are stochastic and thus are not the
same for all paths. One way to obtain the moments from
the simulated data is to interpolate each path and obtain a
function defined for each time in the interval [0, f1arge]. We
then sample these interpolations at a specified time sequence,
sayt; =S t?&;‘ ,withs = 0, ...,100. The path average over k is
simplified because the time sequence ¢, is common for all paths
k=1,...,10°. This approach works if the molecule number is
large and if the difference between adjacent times ‘L'J(-]i)l —®
does not vary wildly. For small molecule numbers a molecule
may jump only between states ¢ =0 and ¢ = 1, and so a
linear or other smooth interpolation will introduce artifacts.
The result depends on the location of the sampled times #;. As a
consequence we used a zero-order interpolation that represents
paths as step functions. For this approach the process is kept
discrete, the sampled state at #; is either O or 1, not an
artifact intermediate number between O and 1. Although the
interpolation artifact is eliminated there is another problem that

needs to be solved. Say the state is ¢ = 0 between [r](.k_) l,t;k)]

— ‘l,';k) = 7.7, Fig. 11. Next, the state

jumps to g = 1 for a time length S r(ﬁ), =5.0x 1074
For such spiky jumps, the probability that ¢, will land between
™ and r](.'_?, is very small and so the value ¢ =1 is not
sampled. If the process is such that the state ¢ = 1 is short
lived for the entire process, then we would get the erroneous
result that the average value is zero. These problems are
solved if we use a zero-order interpolation and take a time
average over a subinterval of [0, fryget]. The time average will
capture the short-living states and so states like ¢ = 1 over

70 _ 20— 50 % 10~* are not lost.

J j+l = . .
To compute the time average, the interval [0, f1ygec] Was
divided in ten subintervals, [f;,#;+1], with i =0, ...,9. The

time-average for each path P, over each of the ten time

over a time length of t](.k_)l
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intervals was computed, (Px)(,.1,,,1- Finally, for each [#;,#;41],
which is common to all paths, we took the average over all
paths k =1,...,10% that is, 107 ", (P,)j.4.,1>- For the
second-order moments such as Fp(t), we ﬁrst multiplied the
paths P4 x and Pp x which can be done because A and B jump
at the same time for path k. Then we took the time average. The
time average over [#;,#; 1] of the moments obtained from the

. Gillespie Gillespie Gillespie
sng:;la@d datg”are denotgﬂ by Fyp, il Fp,.. nerl Eetiar
1 esple 1 esple 1 esple 1 eiple 1 Ciple
Faniiiar T Foctnar Fasuins Facin. and
Gillespie
BC[t;,tit1]”

Next, the ordinary differential equations from the LC-model
were solved with Mathematica:

dF,
— =—k,F k,Fc,
ar pFap + c
dFp
— = —k,F k,Fc,
ar pFap + c
dFc
0C ok Fap —kFo,
dt pl'AB C
dFa FanFap
=2k, (1 — M) Fap — 2k, A ———
dt p( ) AB p FA
F2
— 2k, (1 — 1)—2& + 2k, Fac,
Fp
dFpp FppFap
=2k, AFsp — 2k,(1 — \)———
dt P AB [( ) FB
F2
— 2k AL + 2k, Fc.,
dFcc FABFAC FapFpc
=2k, A—— +2k,(1 — \)——— — 2k, Fcc,
7 » i + 2k, ( ) F, cc
dF FusF FppF, F?2
AB — ko AaFap k(=) s Fan il
dt Fa Fp Fy
F2,
_kp(l_)") +k Fac + kyFpc + k, Fe,
dF FasF FupF
ac _ k(L= ) Fag + kA aaFap ko aBFac
dt Fa
FupF F?
—kp(1 =)= k(1= 2) 22
Fp
—kyFac +kyFec,
dFpc FupFac FypFpp
—— = —k,AFpap — k) r——— +k,(1 —A)———
dt phTAB P Fy + p( ) Fp
F,
—ky(1— A)LBC—H{ ] 22—k Fyc + ka Fec.
Fp

The initial conditions are generated, as above, from
F(za,z,2c,t =0) = ZLZ%ZICOOO. This will give Fg(t =0) =
0 which cannot be used because the LC equations contain
Fp(t = 0) as adenominator at ¢ = 0. To avoid division by zero
we took F(0) = 107, In general, for the zero-molecule initial
value, we used a small value for the LC initial conditions. For
Fpp(t =0) =qp(gp — 1) we used Fpp(t =0) = |gp(gp —
1)| to avoid negative numbers given that Fgp should be either
zero or a positive number. The LC system of differential
equations were numerically solved for A € {0,0.1,0.2,...,1}.
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FIG. 12. The maximum error for k, =1, k, = 107%, g4 = 1,
g = 0, and gc = 1000. The time horizon i e = 10*. The time
unit is set by k, = 1.

The time averages of the LC moments over [#;,7;] were

computed. These time-average values are denoted F }\‘[Ct,‘,z,»“]’

LC LC LC LC
it e Fetnng Fadw.oar Fab.i,, and soon.

The error for the first moment of molecule A, corresponding
to the time interval [¢;,#;+1] is computed as

| FLC Gillespie
Altitip] — T Al 1]
ealti,tip1] = Gillespie (AD
Alti 1]
. Gillespie
if FA[fiJi+1l 7 0and
_ LC Gillespie
ealtitin] = |FA[ri,t;+1] Al ] (A2)

for Ff[lt”etsf lle] =0.

These same formulas were used for all moments and all
ten time intervals. To get an overall view for the error for the
entire process, we defined €p,x by computing the mean value
over the time intervals of the logarithm of the error for each
moment [Eqs. (Al) and (A2)], and then took the maximum

value over the moments:

log;o(€max) = max
over all 9 moments

9
1
(E Z 1ogo(€moment i, ti+1 ])) :
i=0

(A3)

The overall error €y,,x depends on A; Fig. 12. We noticed
that the overall maximum error is lowest for A = 0. The value
A = 0 eliminates the action of g in Fig. 3(b) and leaves only
the lowest molecule number B, gg = 0 < g4 = 1 in Fig. 12,
as the driving molecule in Fig. 3(a). We found that the trend
for all cases we simulated and tabulated in Tables I to V was
that the LC term that produces the lowest error corresponds to
the lowest initial value molecule number.

APPENDIX B: FOURTH-ORDER CLOSED SOLUTION
FOR COMPLEX FORMATION PROCESS

Here we discuss the complete solution of the biocircuit
from Fig. 5(a). The product node is not split and so the solution
extends up to the fourth order before it closes. The molecules
that bind, 1 and 2, are connected to the environment through the
generators g;(¢) and g,(t), respectively. The finite system of
equations contains 13 equations. The moment F33(¢) depends
on Fiy3(¢) which in turns depends on Fjj5,(¢). For simplicity,
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the time argument ¢ is dropped for the generators, the function
f (), and the moments:

(1) dFy/dt = g,

(2) dFll/dl = 2g1F1,

(3) dFy/dt = g,

(4) dFn/dt =2gF>,

(5) dFpp/dt = g2F1 + g1,

(6) dF3/dt = fFi,

(7) dFi12/dt = gaF11 + 281 F1a,

(8) dFin/dt =2gF12 + g1Fn,

9) dFi1n/dt =2gFi112 4+ 281 Fixn,

(10) dFi3/dt = fFip + fF2+ g1 F3,

(11) dFy/dt = fFia+ fFi + g F3,

(12) dFp3/dt = fFio+ fFun+ fF2+ fFin+
& Fi3 4+ g1 F3,

(13) dF33/d[ = 2fF123.

Integrating the system of equations for the moments, the
biocircuit’s time evolution can be casted as an input-output
mapping. For example, a simple input-output relation becomes
apparent for the mean values of g; and ¢5:

t
Fit) = Flo-l-/ dtig1(t),
0

F(t)=F) + f dtigx(1). (B1)
0

Here, F) and F) are the initial mean values F;(0) and F>(0)
and are considered as the input variables. The output variables
are Fy(t) and F>(¢).

The input-output relation for all the other moments can
be represented as nested integrals. For example, the time
evolution of the mean value for the g3 molecule is

Fy(t) = / ds f13) / dirg1 (1) / diiga(t)
0 0 0
+/ dtaf(l3)/sdlzgz(tz)fzdtlgl(tl)
0 0 0
+F10/ dt3f(t3)/3dt2g2(t2)
0 0
+F20/ dl3f(la)/ dtrgi1(t2)
0 0

t
+F1°2/ dts f(t;) + Fy. (B2)
0

As the transition probability T'(g,t) = f(t)q1q, shows, the
product g, g, controls g3. To make this product visible in F3(t)
we use

3 B 4] 5]
f dl‘zgl(lz)f dtlgz(t1)+/ dtzgz(tz)f dtigi1(t)
0 0 0 0

- ( /0 3 dtzgl(tz)> ( fo 3 dt2g2<t2>) (B3)

and obtain

F3(t) =/0 dt3f(t3)<-/03dt2g1(t2)> (/O3dl‘2gz(tz))

t B
+ Fl()/ dtgf(ls)/ dtyg:2(t2)
0 0
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F3 — Solvable system from Fig. 5(a)

— LC system from Fig. 5(b)

6.0 0:5 1..0 1:5 2..0 2:5 3..0 3:5
t (arb. units)
FIG. 13. The LC-mean value F3 coincides within the exact

solution with a mean error of 2.8 x 10~7 over the time interval [0,3.5].
The arbitrary unit of time is set by g»(¢) = 1; Fig. 5(a).

t &)
+F2°/ dt3f(t3)/ dtg(t2)
0 0

1y
+F) / dts f(tz) + F5. (B4)
0

Dropping the integral sign in a nested integral we arrive at a
simple notation for the mean value Fi(¢):

F5(t) = faig2 + o281 + f&F + fa1 ) + fF + F3.
(BS)
Representing the product rule (B3) as g1g2 + 8281 = (g182)
we get

F3(t) = f(g18) + fg2F) + fg1 FY + fFs + Fy. (B6)

Similar formulas can be obtained for all moments [32].

APPENDIX C: COMPARISON BETWEEN SOLVABLE
SYSTEM FROM FIG. 5(A) AND ITS LOOP-CLOSING
VERSION

The moments F5(t), F33(t), Fi3(t), and F»3(t) were numer-
ically computed by Mathematica for both the solvable system
and its LC version. For the solvable system from Fig. 5(a),
we used the equations from Appendix B. Then a mean error

mean .
enear .« was computed for each moment:

10°—1
10g10 (eﬁgﬂ?em) = 1_03 Z loglo(emoment(tk))~ (C1
k=0

Here, €moment(fx) follows the same rule as above, (Al) and
(A2), with Fol€ (1) being exchanged with Fsolvable model (/)
Instead of using averages over time intervals [¢;,#;,1] that were
required by the stochastic simulation results, here we used
numerical values computed at a sequence of time points #; =
0.1+k% (tTa,get)/103, k=0,...,10° — 1 for both the solvable
model Fig. 5(a) and its LC approximation Fig. 5(b). In Figs. 13
and 14, tryeee = 3.5. This et was reported in Sec. I11.
We also used constant generators to find the error, by
varying g, and g, independently between 0 and 10 in steps
of five. We kept f(¢) = 1. The initial values for ¢ and g, were

varied independently choosing the values 0, 1, 10, and 100.

052404-11



CAMERON FERWERDA AND OVIDIU LIPAN

125F
13 100}
751  — Solvable system from Fig. 5(a)

50} — LC system from Fig. 5(b)

0.0 0.5 1.0 15 20 25 3.0 35
t (arb. units)

23 70
60F — solvable system from Fig. 5(a)
50
40
30 — LC system from Fig. 5(b)

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
t (arb. units)

FIG. 14. The LC-mean value F)3 coincides within the exact
solution with a mean error of 2.7 x 10~7. The driving molecule is
q1, > = 1, which starts at ¢ = 0 from zero. The LC-mean value F»;
coincides within the exact solution with a mean error of 1.5 x 107",
The molecule g, starts at t = 0 from 1 and its controlling term is
absent from the LC master equation, 1 — A = 0. The error is much
smaller for the correlation F; of g3 with the driving molecule ¢; then
F,; between ¢; and ¢,. This situation was observed in many other
comparisons between the LC and the exact results. The arbitrary unit
of time is set by g»(¢) = 1; Fig. 5(a).

The initial value of g3 was O for all the runs. A was fixed by
the driving molecule: A = 1 if the initial ¢; was less then the
initial g,. The time horizon was fryge; = 10. For each of the
combinations of the above parameters, we computed epcar
from Eq. (C1) for F5(t), F33(t), Fi3(t), F3(t). Then we find
the maximum value over the four moments. This maximum
value for all the parameter combinations covered the range

from 1073 to 10!,

APPENDIX D: BISTABLE NETWORK

In what follows we describe the LC method applied to
the bistable system from Fig. 6. The reactions, transition
probabilities, and numerical values of their parameters are
taken from Ref. [38]. The association of variables g; with
the biochemical notations are E =gq;, S =¢qs, ES = g3,
I =q4, EI = g5, and ESI = g¢. We study the paths of the
substrate molecule S that show the bistable character of the
biocircuit. The path of the § molecule may move between a
low and a high state. Because the behavior of § is sufficient
to show the bistability we decided to eliminate the product
molecule P from the Eq. (D14) and worked with six molecules
instead of seven. We changed ES — E + P from Ref. [38]
with T3 = kpg3 to ES — E with the same transition

PHYSICAL REVIEW E 94, 052404 (2016)
rate:

E+S— ES, T)=kiqq. ki=25979.537, (D)

ES—E+S, Th=k g3, k; =3.3722455, (D2)
ES > E, Ts=kpags: kpor = 5844.999, (D3)
E+1— EI, Ty=kiqiqs, ki =53341555 (D4
El - E+1, Ts=kyqs, k, =16623.325, (D5)
ES+1— ESI, To=kiqqs, ki =12200.836, (D6)
ESI - ES+1, Tr=kjqes, ki =1472.3849, (D7)
ESI - EI+S, Ty=kjqs Kk, =15145.809, (D8)
EI+S— ESI, To=kfqqs, ki =9647.324. (D9)

Molecules S and I degrade proportional with their respective
number:

S— 0, §s=1,

& =1

Molecules S and I accumulate, being coupled to external
generators.

T = &sqo, (D10)

I =9, T =E&qa, (D11)

— S, Tin=Gs, Ggs=1734.2661, (D12)

e I, T13 = G], G[ =1. (D13)

The initial conditions for the Gillespie simulation at t = 0
are E=2,5S=400, ES=0,I=1,El =0,and ESI = 0.
For the LC method we take 0 as 10~'° for the same reason
as given in Appendix A, and so we used E =2, S = 400,
ES=10"171=1,EI =10"1° and ESI = 10~'°. For the
LC method we need initial conditions for the second-order
moments. We used F;;(0) = |g;(g; — 1)|, where the absolute
value was necessary only for the case of 10~ initial condition.
The initial values for the correlations were F;;(0) = g;q; for
all i < j withi,j =1,...,6. The molecules are considered
to be uncorrelated at + = 0, with an initial probability dis-
tribution F(z,0) = z323°°29z422z2. The differential equations
were numerically solved on the interval [0,4]. The LC method
provides the following master equation for the generating
function F(z,t) = F(z1,22,23,24,25,26,1):

Fio(t
O F (1) =Mz 'z 'z — 1)k 2O o P
Fi(1)
o Fia(1)
+(1— Al)(zl 122 123 — l)kl+ ) ZgaZZF(Z,t)
1 Fia(t)
Mz 2 zs — ki —2217,0, F(z,t
+ 2(11 24 25 )2 Fi() 210z, (z,0)
o Fia(t)
+ (1= 2)(z "2y zs — 1)k X0 240;, F(z,1)
o F34(1)
+aa(y 2 2 — 1)K 0 230, F(z,1)
Fsu(t
+ (1= 23)(z5"25 26 — 1)k3+L()Z4aZ4F(z,r)
Fy(1)
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TABLE VI. The relation to the MAPK notation from Ref. [41].

¢1 =El go = MAPK
¢ =E2 ¢10 = MAPKP

¢s = MAPKKK g1 = MAPKPa

¢s = MAPKKKS g1» = MAPKPP

gs = MAPKK g13 = MAPKKKEI
g6 = MAPKKP g12 = MAPKKKE2

g7 = MAPKKPP
¢s = MAPKKPa

q17 = MAPKKPMAPKKKS
¢i1s = MAPKKPPMAPKKPa
g19 = MAPKKPPMAPK

¢20 = MAPKPMAPKPa

¢>1 = MAPKPMAPKKPP
g2 = MAPKKPPMAPKPa

¢15 = MAPKKMAPKKKS
q16 = MAPKKPMAPKKPa

1 - Fs(1)
Mz 'z ze — 1)k 9, F(z,t
+14(25 25 26 — 1)k] By 202 (z,1)
Fas(t
+ (1= ha)(z5'25 26 — l)kZL()ZsBZSFW)
Fs(1)

+ (212225 = 1)k 239, F(z,1)
+ (z1zaz5 " = 1)k; 2505 F(2,1)

¢ — 1)k 269, F(z,1)
2125 = Dkprorz39, F(2,1)
%" = 1)&5220,, F(z,1)
+ (23" = 1)&1240, F(z,1)
+(z2 — DGsF(z,t) + (z4 — 1)G[F(z,1). (D14)

APPENDIX E: ULTRASENSITIVE NETWORK

The parameters used to simulate the network from Fig. 8
are as follows:

(i) The A parametersare .} = 1, A, = 0.5, 13 = 0.5, 1y =
0.5, A5 =05, A¢=1, A7 =0.75, 2 =0.5, 19 =0.25,
)\.10 =0.

(i) a = 1032, d = 10%, k = 10°. The LC master equation
contains ten parts of the type described in Fig. 8 inset. For all
ten parts the a, d, and k parameters are equal. Equal parameters
were used also in Ref. [41].

(iii)) To avoid overcrowding Fig. 8 with names of each
molecule we will use the following method to localize the
molecules: With reference to the inset of Fig. 8, the name of
the intermediate molecule z3 is constructed by concatenation
of the name of z; and z;, the concatenation symbol being the
column :, Name[z3] = Name[z;] : Name[z;]. The molecules
z4 and zs are obtained by dissociation of z3. The name of
z4 1s Name[z4] = Name[z3]/Name[zs], where “/” means that
zs left the complex z3 to obtain z4. Similarly, Name[zs] =
Name[z3]/Name[z4].

(iv) To write the master equation in terms of zz, k =
1,...,22, the molecules from Fig. 8 are denoted as follows:

q1 = El, g3 =0, qa=E2 q5=8,
g =B =(B:E2/E2, q;=E3, g=w2, qy=y,
qio =y=(y : E3)/E3, qu=w3, qn=9, qz=a:El
qi5=P: E2, qie=w2:((B: E2)/E2),
qi7 = E2:((B: E2)/E2), qis=E3: w2,

g =wl,

qia = E2: wl,
q9=y : E3,

g0 =w3:((y:E3)/E3), qu=E3:((y:E3)/E3),

g =98:w3. (E1)
(v) The initial molecule numbers at t = O are

gi=1,...30, ¢ =230, ¢g3=2300, g4=10"1,

gs =120, qe=10"", ¢;=10", g5 =30, go= 120,

qro=10"", g1 =12, gn=10"", ¢g;3=10"",

qua=10"", gs=10"", g1 =10"",

a7 =107, iz =10"", g1 =10"",

g0 =10"" gn =10"", gn=10"".

(vi) The initial probability at t = 0 is taken to be F =
1_[1251 z'

The relation to the MAPK notation from Ref. [41] is given
in Table VI.

The stochastic dynamics of the ultrasensitive net-
work can be expressed in terms of the time-dependant
Hill function: Fs(t) = wst™ /(1 + ast™) and Fgs(t) =
wsst™ /(1 + asst™?). The parameters m, w, and o depend
on the initial value Fg;(0). We used the time-dependant Hill
functions to compute the response times 77,2, T172, and Tf;z.

APPENDIX F: REDUCING A NETWORK BY SPLITTING
AND PROJECTION

The steps taken to obtain the equivalence of the ultrasensi-
tive subnetwork from Fig. 10(a) with the simplified network
from Fig. 10(b) were

(i) The time interval over which the projection was
computed was taken to be [0,0.5] and was divided in 5000
pieces. The functions Fg3(t), Fs(t), Fr3s(t), Fg3ps(t), and
Fss(t) were computed by using the LC method applied to the
entire network of 22 molecules of Fig. 8. Each function was
sampled at #; = 0.0001(k — 1) with k = 1, ...,5000.

(ii) For the simplified molecule network of Fig. 10(b) the
driving A parameter is A = 0.5 because of the identity of the
molecules 1 and 2.

(iii) The optimization procedure was carried in two
steps. First the parameters k., k_ were considered func-
tions of time and a sequence of ki (#), k_(#) for each
sampled time was obtained. This optimization gives an
equivalent model for Fig. 10(b) with time-dependent asso-
ciation and dissociation parameters. For each time 7, the
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G(t)|

4.0x10%

0. 0.01 0.02
t (arb. units)

3.0x10%
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1.0f

0 0.004 0.008

t (arb. units)

1.2x10%

0.8

Ry(t)

04

0.02
t (arb. units)
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2.0%10%
t
G,(t)
1.0
0
0 0.01 0.02 0.03 0.04 0.05
t (arb. units)
40x10%
n(t)
20
0f—=
0 0.004 0.008 0.012
t (arb. units)
40 x10’
n(t
X0
20
0
0 0.001 0.002

t (arb. units)

FIG. 15. The results of the second optimization for which k;, = 0.000 13 and k_ = 0.009. The arbitrary unit of time in the ultrasensitive
network is set by the dissociation constant d = 10°. The time horizon on which the systems from Fig. 10 were studied is 0.05. Only those time
intervals on which each generators G, p, n and G, ps, n3 act were plotted.

unknowns k (#), k—(t%), G(t), p(t), n(te), G3(t), p3(t),
and n3(f;) were determined by minimizing the objective
function: (dFLz _ dFI )2 + (dFa _ de )2 4 (dFLzm _ dFH)Z

(dF“ — dF” )2 + (dF” - d$3)2 computed at t;. There is no
need to 1nc1ude in the objective function the moments of the
molecule labeled 2 in Fig. 10(b) because the time evolution of
this molecule is identical to the evolution of molecule 1. The
minimization was carried out through the Mathematica com-

mand NMinimize with the DifferentialEvolution method [33].

The optimization constraint imposes that all the unknowns
should be non-negative.

(iv) For the second optimization procedure, we computed
the median value for the association and dissociation time-
dependent parameters obtained from the first optimization:
ki =0.00013 and k_ = 0.009. These values were used for
a second run of the optimization algorithm for which k; and
k_ are now known constants. The results are presented in
Fig. 15.

[1] S. Raza, K. A. Robertson, P. A. Lacaze, D. Page, A. J. Enright,
P. Ghazal, and T. C. Freeman, BMC Syst. Biol. 2, 1 (2008).

[2] M. B. Elowitz, A. J. Levine, E. D. Siggia, and P. S. Swain,
Science 297, 1183 (2002).

[3] H. H. McAdams and A. Arkin, Proc. Natl. Acad. Sci. USA 94,
814 (1997).

[4] H. H. McAdams and A. Arkin, Trends Genet. 15, 65 (1999).

[5] J. Hespanha, 3rd International Symposium on Communications,
Control, and Signal Processing (IEEE, New York, 2008),
pp- 142-147.

[6] C. H. Lee, K.-H. Kim, and P. Kim, J. Chem. Phys. 130, 134107
(2009).

052404-14


https://doi.org/10.1186/1752-0509-2-36
https://doi.org/10.1186/1752-0509-2-36
https://doi.org/10.1186/1752-0509-2-36
https://doi.org/10.1186/1752-0509-2-36
https://doi.org/10.1126/science.1070919
https://doi.org/10.1126/science.1070919
https://doi.org/10.1126/science.1070919
https://doi.org/10.1126/science.1070919
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1073/pnas.94.3.814
https://doi.org/10.1016/S0168-9525(98)01659-X
https://doi.org/10.1016/S0168-9525(98)01659-X
https://doi.org/10.1016/S0168-9525(98)01659-X
https://doi.org/10.1016/S0168-9525(98)01659-X
https://doi.org/10.1063/1.3103264
https://doi.org/10.1063/1.3103264
https://doi.org/10.1063/1.3103264
https://doi.org/10.1063/1.3103264

SPLITTING NODES AND LINKING CHANNELS: A ...

[7] C. S. Gillespie, IET Syst. Biol. 3, 52 (2009).
[8] D. T. Gillespie, J. Chem. Phys. 115, 1716 (2001).
[9] J. Even and M. Bertault, J. Chem. Phys. 110, 1087 (1999).
[10] A. Sommerfield and P. Debye, Probleme Der Modernen Physik
(Leipzig, Hirzel, 1928).
[11] W. H. Furry, Phys. Rev. 52, 569 (1937).
[12] A. Nordsieck, W. E. L. Jr., and G. E. Uhlenbeck, Physica 7, 344
(1940).
[13] N. G. Van Kampen, Stochastic Processes in Physics and
Chemistry (Elsevier Science B.V., Amsterdam, 1992).
[14] L. Goodman, Biometrics 9, 212 (1953).
[15] P. Whittle, J. Roy. Stat. Soc. B Met. 19, 268 (1957).
[16] D. T. Gillespie, J. Phys. Chem. 81, 2340 (1977).
[17] D. T. Gillespie, Phys. A (Amsterdam, Neth.) 188, 404 (1992).
[18] P.J. Gans, J. Chem. Phys. 33, 691 (1960).
[19] D. A. McQuarrie, J. Appl. Probab. 4, 413 (1967).
[20] P. Kim and C. H. Lee, J. Chem. Phys. 136, 234108 (2012).
[21] D. Schnoerr, G. Sanguinetti, and R. Grima, J. Chem. Phys. 141,
084103 (2014).
[22] C. A. Gémez-Uribe and G. C. Verghese, J. Chem. Phys. 126,
024109 (2007).
[23] A. Singh and J. P. Hespanha, IEEE Trans. Autom. Control 56,
414 (2011).
[24] M. J. Keeling, J. Theor. Biol. 205, 269 (2000).
[25] P. Azunre, C. Gémez-Uribe, and G. Verghese, IET Syst. Biol. 5,
325 (2011).

PHYSICAL REVIEW E 94, 052404 (2016)

[26] T. Rogers, J. Stat. Mech.: Theory Exp. (2011) P05007.

[27] M. C. Guenther, A. Stefanek, and J. T. Bradley, Computer
Performance Engineering, Lecture Notes in Computer Science
Vol. 7587 (Springer, Berlin, Heidelberg, 2012), pp. 32-47.

[28] J. Hopfield, Proc. Natl. Acad. Sci. USA 71, 4135 (1974).

[29] B. Goldstein, J. Faeder, and W. Hlavacek, Nat. Rev. Immunol.
4, 445 (2004).

[30] S. Achimescu and L. O., IEE Syst. Biol. 153, 120 (2006).

[31] O. Lipan, Mod. Phys. Lett. B 23, 773 (2009).

[32] O. Lipan, AIP Conf. Proc. 1637, 582 (2014).

[33] I. Wolfram Research, Mathematica, Version 10.3 (Wolfram
Research, Inc., 2015).

[34] D. Gillespie, J. Comput. Phys. 22, 403 (1976).

[35] L. Yuan et al., Nat. Commun. 7, 10160 (2016).

[36] A. Meister, C. Du, Y. H. Li, and W. H. Wong, Quant. Biol. 2, 1
(2014).

[37] D.Lob, C. Priester, and M. Drossel, Phys. A (Amsterdam, Neth.)
445, 85 (2016).

[38] G. Craciun, Y. Tang, and M. Feinberg, Proc. Natl. Acad. Sci.
USA 103, 8697 (2006).

[39] S. Hooshangi, S. Thiberge, and R. Weiss, Proc. Natl. Acad. Sci.
USA 102, 3581 (2005).

[40] T. Shopera, W. Henson, A. Ng, Y. Lee, K. Ng, and T. Moon,
Nucleic Acids Res. 43, 9086 (2015).

[41] C. Y. Huang and J. E. Ferrell, Proc. Natl. Acad. Sci. USA 93,
10078 (1996).

052404-15


https://doi.org/10.1049/iet-syb:20070031
https://doi.org/10.1049/iet-syb:20070031
https://doi.org/10.1049/iet-syb:20070031
https://doi.org/10.1049/iet-syb:20070031
https://doi.org/10.1063/1.1378322
https://doi.org/10.1063/1.1378322
https://doi.org/10.1063/1.1378322
https://doi.org/10.1063/1.1378322
https://doi.org/10.1063/1.478152
https://doi.org/10.1063/1.478152
https://doi.org/10.1063/1.478152
https://doi.org/10.1063/1.478152
https://doi.org/10.1103/PhysRev.52.569
https://doi.org/10.1103/PhysRev.52.569
https://doi.org/10.1103/PhysRev.52.569
https://doi.org/10.1103/PhysRev.52.569
https://doi.org/10.1016/S0031-8914(40)90102-1
https://doi.org/10.1016/S0031-8914(40)90102-1
https://doi.org/10.1016/S0031-8914(40)90102-1
https://doi.org/10.1016/S0031-8914(40)90102-1
https://doi.org/10.2307/3001852
https://doi.org/10.2307/3001852
https://doi.org/10.2307/3001852
https://doi.org/10.2307/3001852
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1016/0378-4371(92)90283-V
https://doi.org/10.1063/1.1731239
https://doi.org/10.1063/1.1731239
https://doi.org/10.1063/1.1731239
https://doi.org/10.1063/1.1731239
https://doi.org/10.1017/S002190020002547X
https://doi.org/10.1017/S002190020002547X
https://doi.org/10.1017/S002190020002547X
https://doi.org/10.1017/S002190020002547X
https://doi.org/10.1063/1.4729374
https://doi.org/10.1063/1.4729374
https://doi.org/10.1063/1.4729374
https://doi.org/10.1063/1.4729374
https://doi.org/10.1063/1.4892838
https://doi.org/10.1063/1.4892838
https://doi.org/10.1063/1.4892838
https://doi.org/10.1063/1.4892838
https://doi.org/10.1063/1.2408422
https://doi.org/10.1063/1.2408422
https://doi.org/10.1063/1.2408422
https://doi.org/10.1063/1.2408422
https://doi.org/10.1109/TAC.2010.2088631
https://doi.org/10.1109/TAC.2010.2088631
https://doi.org/10.1109/TAC.2010.2088631
https://doi.org/10.1109/TAC.2010.2088631
https://doi.org/10.1006/jtbi.2000.2066
https://doi.org/10.1006/jtbi.2000.2066
https://doi.org/10.1006/jtbi.2000.2066
https://doi.org/10.1006/jtbi.2000.2066
https://doi.org/10.1049/iet-syb.2011.0013
https://doi.org/10.1049/iet-syb.2011.0013
https://doi.org/10.1049/iet-syb.2011.0013
https://doi.org/10.1049/iet-syb.2011.0013
https://doi.org/10.1088/1742-5468/2011/05/P05007
https://doi.org/10.1088/1742-5468/2011/05/P05007
https://doi.org/10.1088/1742-5468/2011/05/P05007
https://doi.org/10.1073/pnas.71.10.4135
https://doi.org/10.1073/pnas.71.10.4135
https://doi.org/10.1073/pnas.71.10.4135
https://doi.org/10.1073/pnas.71.10.4135
https://doi.org/10.1038/nri1374
https://doi.org/10.1038/nri1374
https://doi.org/10.1038/nri1374
https://doi.org/10.1038/nri1374
https://doi.org/10.1049/ip-syb:20050027
https://doi.org/10.1049/ip-syb:20050027
https://doi.org/10.1049/ip-syb:20050027
https://doi.org/10.1049/ip-syb:20050027
https://doi.org/10.1142/S021798490901903X
https://doi.org/10.1142/S021798490901903X
https://doi.org/10.1142/S021798490901903X
https://doi.org/10.1142/S021798490901903X
https://doi.org/10.1063/1.4904627
https://doi.org/10.1063/1.4904627
https://doi.org/10.1063/1.4904627
https://doi.org/10.1063/1.4904627
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1016/0021-9991(76)90041-3
https://doi.org/10.1038/ncomms10160
https://doi.org/10.1038/ncomms10160
https://doi.org/10.1038/ncomms10160
https://doi.org/10.1038/ncomms10160
https://doi.org/10.1007/s40484-014-0025-7
https://doi.org/10.1007/s40484-014-0025-7
https://doi.org/10.1007/s40484-014-0025-7
https://doi.org/10.1007/s40484-014-0025-7
https://doi.org/10.1016/j.physa.2015.10.092
https://doi.org/10.1016/j.physa.2015.10.092
https://doi.org/10.1016/j.physa.2015.10.092
https://doi.org/10.1016/j.physa.2015.10.092
https://doi.org/10.1073/pnas.0602767103
https://doi.org/10.1073/pnas.0602767103
https://doi.org/10.1073/pnas.0602767103
https://doi.org/10.1073/pnas.0602767103
https://doi.org/10.1073/pnas.0408507102
https://doi.org/10.1073/pnas.0408507102
https://doi.org/10.1073/pnas.0408507102
https://doi.org/10.1073/pnas.0408507102
https://doi.org/10.1093/nar/gkv936
https://doi.org/10.1093/nar/gkv936
https://doi.org/10.1093/nar/gkv936
https://doi.org/10.1093/nar/gkv936
https://doi.org/10.1073/pnas.93.19.10078
https://doi.org/10.1073/pnas.93.19.10078
https://doi.org/10.1073/pnas.93.19.10078
https://doi.org/10.1073/pnas.93.19.10078

	University of Richmond
	UR Scholarship Repository
	11-10-2016

	Splitting nodes and linking channels: A method for assembling biocircuits from stochastic elementary units
	Cameron Ferwerda
	Ovidiu Lipan
	Recommended Citation


	tmp.1486141668.pdf.WIp8x

