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INVARIANT SUBSPACES OF BERGMAN SPACES ON SLIT DOMAINS

WILLIAM T. ROSS

ABSTRACT. In this paper, we characterize the z-invariant subspaces that lie between the
Bergman spaces AP(G) and AP(G\K), where 1 < p < oo, G is a bounded region in C, and
K is a closed subset of a simple, compact, C' arc.

1. INTRODUCTION

For a bounded region U C C and 1 < p < oo, we define the Bergman space AP(U) to
be the space of analytic functions f on U with [, |f(z)[PdA(z) < oo (here dA is Lebesgue
measure on C), and the operator S on AP(U) by

(SF)(2) = 2f(2).
Characterizing the S-invariant subspaces of AP(U) (those subspaces M of AP(U) with SM C
M) is a difficult and unsolved problem.
This paper investigates the S-invariant subspaces M of AP(G\K) (where G is a bounded
region in the plane and K is a closed subset of a simple compact arc of class C*') such that

AP(G) Cc M C AP(G\K). (1.1)

(Throught this paper, G will be a bounded region, K will be the C! slit, and M will be
an S-invariant subspace of the form (1.1).) The character and complexity of these invariant
subspaces depends on the index p and splits into two distinct cases: 1 < p < 2 and p > 2.

For 1 < p < 2, M can be described in terms of analytic continuation across portions of the
‘slit’” K.

Theorem 1.1. For 1 <p < 2, there is a closed set F' C K with M = AP(G\F).

To prove Theorem 1.1, we use a technique of [2] [3] [6] to relate the annihilator of AP(U)
with the Sobolev space WI°(U), ¢ = p(p — 1)', via the differential operator . This
converts characterizing the z-invariant subspaces in (1.1) to the problem of characterizing
the z-invariant subspaces that lie between the Sobolev spaces W{°(G\K) and W{°(G). For
1 < p < 2, the conjugate index ¢ > 2, making W; ’O(G) a Banach algebra of continuous
functions. We then utilize the fact that G\ K is a ‘slit’ domain to show that such subspaces
are in fact closed ideals of W{°(G) which, using Banach algebra techniques of Sarason [12],
can be written as W{°(G\F). We then reverse the above process to obtain M = AP(G\F).

For p > 2, the situation becomes more complicated as not every M can be written as
AP(G\F), but we still can describe these subspaces by means of the ¢g-capacity, C,, associated
with the Sobolev space WY [2]. To state our second theorem, we make the following definition:

We say a set £ C C is quasi-closed if given any € > 0, there is an open set W with C,(W) < ¢
and E\W closed.
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Theorem 1.2. For p > 2, there is a quasi-closed set E C K and an increasing sequence of
closed sets Fy C Fy C --- C E with Cy(F,) = Cy(E) and

M = M(E) = U #(G\Fy)
n>1
Moreover, M(FE) is independent of the choice of {F,} and if E1, Ey C K are quasi-closed,
then M(E,) = M(Ey) if and only if Cy(E1AEy) = 0.

The characterization of the z-invariant subspaces between W{°(G\K) and W{°(G) is at
the heart of our problem and will use weak topology techniques of [9].

LP

2. PRELIMINARIES

For 1 < g < oo, define the Sobolev space Wi = W{(C) as the space of functions u € L9 =
Li(c,dA) whose first partial derivatives (in the sense of distributions) are also in L9. We
norm Wy by

1/q
lully =( [ (ful? + [Vu?)/2dA )
and note that W is a separable, reflexive Banach space [1], Theorem 3.2 and Theorem 3.5.

For a bounded domain U C €, define W{°(U) to be the closure of C5°(U) in the W norm
and note, by the Poincaré inequality [8], p. 69, we can equivalently norm Wr(U) by

lullgo = ( [ [Vultaa)s

If ¢ > 2, the Sobolev imbedding theorem yields qu’o(U ) is a Banach algebra of continuous
functions [1], p. 115.
We identify the dual of LP(U) with LY(U), ¢ = p(p — 1)~!, via the bilinear pairing

< f.g>= [ JodA, [e D), ge L)
U
and write BY(U) for the annihilator of AP(U) in LY(U). In general, we denote the annihilator
of a set X by X*. In [2] [3] they identify BY(U) with W{*(U) via the operator

-~ 1,0 0

0=—-(—+i—

2(890 + Zay)

as follows: By Weyl’s lemma [15], p. 32, A?(U) = (C$(U))*. Now apply the Hahn-Banach
theorem, to obtain:
Lemma 2.1. BY(U) is the Li-closure of 0C5°(U).

_An application of the Calderon-Zygmund theory [14], p. 60, yields the equivalence of
|0v]| e and ||Vv]|Lq for all v € C§°(U), i.e. there is a positive constant A, depending only
on ¢ with

Agllv||pe < [|Vollze < AJMOv|La Vo € CGo(U). (2.1)
Define D densely on W{°(U) by Dv = dv, where v € C5°(U) and notice that
2z0v = 0(zv) Vv € C(U). (2.2)

By our bilinear pairing < -,- >, the operator R on BY(U) defined by (Rg)(z) = zg(z) is
well defined and continuous. If we define M on W{°(U) by (Mh)(z) = zh(z) and use the
above lemma, (2.1), and (2.2), we have:
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Proposition 2.2. The operator D extends to a continuous invertible operator from qu’o(U )

onto BY(U) with DM = RD.

(We remark that by distribution theory [15], p. 29, D~! can be given in terms of the
Cauchy transform (D7'g)(w) = —7~! [;; g(2)(z — w)"'dA(z).) Putting this all together, we
are now able to convert our Bergman space problem to a Sobolev space problem as follows:
Let M be S-invariant with

AP(G) c M C AP(G\K).
Taking annihilators, we obtain
BY(G\K) c M*+ C BY(G)
and R(M*) c M+, Applying D! and Proposition 2.2 we have
Wi (G\K) € D™ (M*) C WPH(@)

and the subspace D~1(M%) is M-invariant. The rest of the paper will be dedicated to the
description of D~'M* for which we will need a detailed understanding of the zero sets of
functions in qu’O(G). Our analysis separates into two distinct cases; 1 < p < 2, which will
be taken up in Section 3, and the harder case p > 2, which will be examined in Section 4.
Once D' M is known, we transfer back to M by the above recipe.

3. THE CASE 1 <p <2

Since 1 < p < 2, then ¢ > 2 and Wf’O(G) is a Banach algebra of continuous functions. We
will now utilize that fact that K lies on a simple compact C! arc to prove:

Theorem 3.1. D~ 'M* is an ideal of W{°(G).

To prove Theorem 3.1, we need the following well known approximation lemma which uses
very strongly the fact that the arc containing K is both simple and C* and is false if the arc
is only piecewise C''. We let v be the simple, compact C! arc which contains K, by which
we mean v has a continuously differentiable parameterization « : [a, 5] — 7 such that o/(?)
is non-vanishing on [a, f].

Lemma 3.2. Let ¢» € C*(C). Given ¢ > 0, there is a polynomial p(z) and ® € C*(C) with
O =1 ony and with |[p — ®| < e and |[Vp — VP| < e onC.

Proof. Since v is a simple C! arc, there is an interval [a,b] in R, two-dimensional neigh-
borhoods U and V' of v and [a, b], respectively, and a diffeomorphism F' of V' onto U with
F(la, B]) = . We assume without loss of generality that the component functions of F' and
F~! have bounded derivatives on V and U respectively. Define Y (t) = F(t,0), a < t < b,
and I' = F([a,b]). Let g : [a,b] — C be a C! extension of ¥(Y (t)), @ < ¢ < 8, which has
compact support in (a, b).
Let € > 0 be given. By Lavrentiev’s theorem [11], there is a polynomial ¢(z) with
/ Yfl 2
PR LalCly
Y'(Y=1(z))

for all z € I'. Let p(z) be a polynomial with p’ = ¢ and p(Y(a)) = 0. Then Lp(Y(t)) =
q(Y(£))Y'(t) so

d

—p(Y(t)) — g'(t ‘

LY (0) — g0

=Y )Y () =] = YO || o (1) = 5 | < M=
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for all @ <t <b, where M = sup{|Y'(t)| : a <t < b}. Thus, for a <t < b,
td
(o) — 9] =| [ Spr(s) —'s) | < (- aprre < - aprre

et 1, N2) and define ¢ on Yy
Let F~!' = (h1, h d defi Ub

p(e,y) = ple +iy) — p(Y(ha(z,9))) + g(h(z, y))-
Then, ¢ = ¢ on 7, |p(x + iy) — p(x,y)| < (b —a)Me for all (z,y) € U, and

dp  dp| |, ohy , Ohy |
o= ol = g ) G = PO ()Y () 5 | =
Ohy / / /
Tz |19 n(@,9)) = (Y (ha(z, )Y (ha (2, y)) ’ < AMe
on U, where A = sup{|%| : z € U}. Similarly
Jdp  Op
> _Plc
3y oy < BMe

on U, where B = sup{|‘9a%| 1z e U}
Let n € C§°(U) with n =1 in a neighborhood of 4. Define ® on C by
® = pn+(1-¢)p.
Then ® =4 on y; and on C, [® —p| = Inl\p - <p| < Hnlloo(b —a)Me,

0P  Op an
and 50 9
p 77
— - = (b—a)M o AM O
<] o H a)Me + [[nc AMe.

Remark: In these next two proofs, we will use the fact that for ¢ > 2, a function f € W}
belongs to W°(U) if any only if f = 0 on the complement of U [6], p. 313 - 314.

Proof of Theorem 3.1

To show D' M+ is an ideal of Wf’O(G), it suffices to show Y D' M+ C DI M* for all
¥ € C3°(G). To this end, let ¥ € C3°(G), € > 0 be given, and p and ® be as in Lemma 3.2.

If f € DM, then &f € qu’O(G) with f — ®f =0 on K. So by the above remark,
Of — df € WHG\K) ¢ D-'M*, thus dist(yf, D' ML) = dist(®f, D' ML), Since
pf € D7'M*, then

dist(®f, DT M*) < |Ipf — flly < Cel fllo,

hence ¢ f € DIM* A,
Proof of Theorem 1.1:

By our discussion above, D' M is an ideal of W{°(G) that contains W{°(G\K). Let

Im={z:f(z) =0 Vfe D 'M}

and note that Z is closed, and since WE°(G\K) ¢ D *M<L, then Zy C K. By the
above remark, D-'M* c W{°(G\Zy). For the other inclusion we let ¢ € C3°(G\Zp).
Using Banach algebra techniques of Sarason [12], p. 41, Lemma 2, one finds a g € D~ M*
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with g = 1 on supp(y) and thus ¢ = gp € DM+ Hence DM+ = W8 (G\Zy) and
M = AP(G\Zr) A.

4. THE CASE p > 2

For p > 2, W{°(G) is not an algebra of continuous functions and thus the situation
becomes more complicated. We will still describe D~' M in terms of its zero set on K
except that this set will not always be closed. To understand the zero sets of Sobolev
functions, we use capacity.

4.1. Capacity. Following [2], we define the ¢-capacity C, of a compact set F' by
Cq(F) = inf [[ull,

where the infimum is taken over the all real-valued functions v € C35° with v =1 on F. We
extend this definition to arbitrary sets E by

Cy(E) =sup{C,(F): F C E, F compact}
and define the exterior capacity C;(E) of an arbitrary set E by
Cy(E) =inf{Cy(G) : G D E, G open}.

A set I is said to capacitable if Cy(E) = C¥(FE). One notes [2] that C; is a monotone,
subadditive set function and that the Borel sets are capacitable. Recalling the definition of
quasi-closed, one argues (using the fact that Borel sets are capacitable) that a quasi-closed
set is capacitable, as is the difference of any two quasi-closed sets. We also say a property
holds quasi-everywhere if the set for which it fails has exterior capacity zero.

Since functions in W{, for ¢ < 2, are not always continuous, we introduce a suitable
substitution. A complex-valued function f is quasi-continuous if for every ¢ > 0 there is an
open set W with Cy(W) < € and f|c\y continuous. One can show [2], Lemma 1, that every
f € W{ has a quasi-continuous representative and this next result of Bagby [2], Theorem 4,
describes W%(U) in terms of zero sets.

Proposition 4.1. Let u € W{ be quasi-continuous. Then v € W (U) if and only if u
vanishes quasi-everywhere off of U.

4.2. Invariant Subspaces. We are now in a position to discuss invariant subspaces for
p > 2. For a quasi-closed set £ C C, we find an increasing sequence of compact sets

FrCcFC---CFE

with C,(F,) — Cy(E). Since AP(G\F,) increases with n, we can define the S-invariant
subspace

M(E) = | A(G\E,) - (4.1)

n>1

Proposition 4.2.

(i) M(E) is independent of the choice of {F,}.

(i1) If Ey, Ey are quasi-closed, then M(E;) C M(E;) & Cy (G N (E1\Ey)) = 0. Thus
M(El) = M(Ez) <~ Cq(G N (ElAEQ)) = 0.
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Proof. (i) For a quasi-closed set £ C G, let
W,y(E) = D™H(M =W Y(G\F,)

n>1
and notice, by Proposition 4.1, that a quasi-continuous f € W{°(G) belongs to W,(E) if
and only if f = 0 quasi-everywhere on E. Thus W, (E), and hence M(FE), is independent of
the choice of {F),}.

(ii) If Cf(G N (E1\E2)) = 0, then, by the above comments, W,(E,) C W,(E;), hence
M(E,) C M(Ey). If C)(G N (Ey\Es)) > 0, one argues, using Proposition 4.1, the above
remarks, and a result of Bagby [2], Theorem 3, that W,(E>)\W,(E;) # 0, and hence
M(E)\M(Es) 0. .

As mentioned in the introduction, the union in (4.1) does not always collapse down to a
single AP(G\F).

Proposition 4.3. For p > 2, not every M is of the form AP(G\F).

Proof. Fix 1 < ¢ < 2 and let G be a disk of radius 2 centered about the origin and K =
[0,1]. Let B C [0, 1] be constructed in the same manner as the Cantor set except that the
intervals removed (a,,,b,) are such that >, C, (an, bn,) < C4[0,1]. (This is justified since
C,(a,b)? ~ (b —a)* 7 if ¢ < 2 and Cy(a,b)* =~ (log(2/(b — a))~' [13], and [7], p. 115,
Proposition 6.) Set E = [0,1]\B = Unzl(an,bn) and notice that F is open and dense in
0, 1] with Cy(E) < C,[0,1]. A straightforward argument shows that E is quasi-closed and
Cy(EAF) > 0 for any closed set F. Setting M = M(E) and using Proposition 4.2, we are

done. 0
Using the proof of Theorem 3.1, one can prove YD ML C D7IM* for every ¢ € C™.
We will use this to ultimately show D™ M+ = (E ) and hence M = M(FE) for some quasi-

closed E C K. To accomplish this, we let f € W{*(G) (assumed to be quasi-continuous),
and define

[f] = span{pf : p € C}.
If we define Zy = f1(0), we see (using the fact that f~!'(F) is quasi-closed for closed
F and quasi-continuous f) that Zy is quasi-closed and, by the proof of Proposition 4.2,
[f] € W,(Zy). To keep our exposition clear, we defer the proofs of the following two results
to the very end.

Lemma 4.4. If g, h € W{#°(Q) with |g(2)| < |h(2)| a.e., then g € [h].
Lemma 4.5. If f € W{°(G) is quasi-continuous, then [f] = W,(Z;).

Assuming these two facts, one can now show that D= M+ = W, (E), for some quasi-closed
ECK.

Corollary 4.6. There exists a quasi-continuous f € W(G) with
DM = [f] = Wo(Zy).
Proof. Since D~ M is separable, there is a sequence of quasi-continuous functions {f, :
n > 1} in WP(G) with
DM+ =span{[f,] : n > 1}.
By [4], p. 316, |f.| € WG), and by Lemma 4.4, [|f,]] = [f.]. Thus we may assume
fa > 0. For each n > 1, let &, = || f,||;'27" and define f = ¥, e, f, € W{(G). Assuming
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[ is quasi-continuous, we see that Z; = Znz, quasi-everywhere. (This will follow from the
fact that if p,, is the n-th partial sum, then C,(f —p, > €) < e || f — pullq [2], Theorem 2(i)
and hence a subsequence of p, will converge to f quasi-everywhere.) Thus

f €span{[f,] :n>1} =DM C W,(Z;),
and hence, by Lemma 4.5, [f] = D~'M* = W, (Z;). O

Proof of Theorem 1.2.

By Corollary 4.6 there is quasi-closed set E with D~'(M*) = W, (E). Since M(E) C
AP(G\K), we can apply Proposition 4.2 to assume £ C K. A

4.3. Weak Convergence and Cut-off Functions. In this last part, we prove Lemma 4.4
and Lemma 4.5. To do this, we will use cut-off functions and and weak topology techniques
of [9].

By [1], Theorem 3.10, p. 50, the dual space of W{"(G), denoted by W”,(G), is the set of
linear functionals of the form

ou ou
U(u) = /G (vou tug, g, > dA,  vg,v1,v9 € LP(G), (4.2)
and the norm of ¢ satisfies
2 1/p
el < ¢ (S loellhoe ) (4.3)
k=0

Proposition 4.7. Let {f, : n > 1} be a sequence of functions in WE°(G). If f, — 0 a.e.
and || foll, is uniformly bounded in n, then f, — 0 weakly in W{°(G).

Proof. Since {f, : n > 1} is uniformly bounded in L?(G)-norm, we can apply Egorov’s
theorem to obtain [ f,odA — 0 for all ¢ € C5°(G). Since {f, : n > 1} is uniformly bounded
in Sobolev norm, we can apply the Banach-Alaoglu theorem (since W{°(G) is reflexive) to
get that every subsequence has a weakly convergent subsequence that converges to h (h will
depend on the subsequence). Thus if ¢, € W”,(G) is defined by ¢,(u) = [updA, where
v € C°(G), then

o) = Tim (,(f,, ) =0,

Thus [ hedA =0 for all ¢ € C5°(G), hence h = 0. Thus f, — 0 weakly. OJ

The proof of Lemma 4.4 will depend on this next lemma for which we mention a few
technicalities which can be found in [15], p. 55. (We thank A. Aleman for showing us this
proof.) Given a function u € LP, 1 < p < oo, and r > 0 we define

up(w) = ! /Z|_r u(z + w)dz

2mir?

and notice from Fubini’s theorem that the line integral exists for almost all w and that
u, € LP when u € LP, 1 < p < oo. One also shows [15], p. 54 - 55, (using Green’s theorem)
that the Cauchy transform

of u, is given by
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In particular, by the Hardy-Littlewood inequality [14], p. 5, ||Cu, ||z, < |lulz» and
li_r)%(CuT)(w) =u(w) a.e. (4.4)

Finally, we mention that if u € W{ (with compact support), then

! Bu(y)dA(y). (4.5)

Ur(w) - ﬁ ly—w|<r

We will also need the following approximation lemma: For u € L*°, we let u., € > 0, be
a mollification of u [1], p. 52. Note that [[uc|[oc < |luloo for all € > 0 and that u. — u

pointwise a.e. as € — 0. Also notice that if Ju € L, then an easy calculation shows that
10ue |0 < [|0u]|-

Lemma 4.8. If u € L and f € W{°(G) with uf € W{°(G). Then uf € [f].

Proof. First notice that Cu, € L™ and that 0Cu, = u, € L>®. Thus, for fixed r > 0, if h.
is a mollification of C'u,, [1], p. 29, then h.f € [f] and h.f — Cu,f a.e. One also notices
(from the discussion above) that h.f is uniformly bounded in Sobolev norm and thus by
Proposition 4.7 Cu,. f € [f].

Since Cu,.f — uf pointwise a.e. (4.4), we see by Proposition 4.7, that it suffices to show
|Cupfllg ~ |O(Curf)|| e (see (2.1)) remains uniformly bounded in 7. Notice that

O(Cu, f) = Cu, 0f +u, f (4.6)
and using the Hardy-Littlewood inequality again,
ICuOf e < NICusllosll fllze < Nlullocll fls-

To bound (in L? norm) the second term of (4.6), we write

urf(w) = (uf)o(w) + — [ ule+ w)(fw) = 1+ w)d,

2mir?

Since uf € W we have from (4.5) that

1 _
. = — dA
i) = — [ Buf)w)iAw)
which, again by the Hardy-Littlewood inequality, has L? norm bounded by a constant mul-

tiple of ||uf]|,. Finally, we estimate

1
2mir?

| f(re' +w) — f(w)]

r

dt.

1
[ v+ w)(F) = F G+ w)idz < Jullg |

Using [14], Theorem 3, p. 135 and Proposition 3, p. 139, we see that that the L? modulus
of continuity of a function in W{ is O(|r|). From this we deduce that

H |f(re’ +w) — f(w)]

r

La

is uniformly bounded in r. An application of Fubini’s theorem completes the proof. O

Proof of Lemma 4.4

Let f = hand u = gh~'if h # 0 and zero otherwise. Note that u € L with uf € W°(U).
Now apply Lemma 4.8 to get uf =g € [h]. A
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Remark: The following fact will be important for what follows [4], p. 316: If f € W] is
real-valued, then f* = max(f,0) € W{ with

/|Vf+\qu: /f>Ony|qu < /lVf\qu.

Lemma 4.9. W, (Z;) N L> is dense in W,(Zy).

Proof. Let g € W, (Zy). It follows from Lemma 4.4 that [|g|] = [g] € W,(Z}), thus we may
assume g > 0. For an integer M > 0, let gy = min{g, M} and apply [4], p. 316, and the
above remark to get gay € Wo(Zy) N L™ with ||ga|lg < ||gllq- Since gar — g ae. as M — oo,
we can apply Proposition 4.7 to show g,; — g weakly. U
Proof of Lemma 4.5:

This proof is a modification of in idea found in [7], p. 89 - 90 and very similar to [9],
Lemma 4.2. Clearly [f] C W,(Zf). If fi denotes the cut-off function f; = min{|f|,1} then
Zy = Zy, and since f; < f it follows from Lemma 4.4 that

) C U WolZy) = Wo(Zp,).
Thus we may assume 0 < f < 1. Moreover it follows from Lemma 4.9 that it suffices to show
Wo(Zp) N L> C [f].

To this end, let g € W,(Z;) N L™ be quasi-continuous. By Lemma 4.4 we may assume

g > 0. For each positive integer n let

1
n — - *70
g max{g - }

and notice that g, — g a.e., g, is uniformly bounded in Sobolev norm (see the above remark),
and g, € Wf’O(G) (Proposition 4.1). So applying Proposition 4.7, it suffices to show g,, € [f].
For what follows, we fix a positive integer n. For ¢ > 0 we define

Ny ={z:ga(2) #£0, f(2) < t}.

The functions f and g are quasi-continuous, hence the sets

My ={z:9(z) > i,f(z) <t}

are quasi-closed and for each ¢t > 0 they satisfy Ny C M;. Now M, C Z;\Z,, hence by
assumptions on g and the fact that the M; are decreasing (as t — 0) and quasi-closed, we
can apply a result of Fuglede, [5], Lemma 2 (really just a generalization of the fact that for
compact sets K; | K implies C,(K;) = C,(K), to quasi-closed sets), to obtain

C;(N)) < CL(My) = C(My) = 0

as t — 0. By [2], Theorem 2(i), we can find a family 0 < w, < 1 of functions in W{ with
wy = 1 quasi-everywhere on V; and ||w||, — 0 as ¢ — 0. For ¢ > 0, notice that

IV (f +0) Mz < N(F+0) Mool V Fllza < 672V o
For ¢,6 > 0, define u; 5 by
(1 —wi)gn
f+o0

Since Wi N L™ is an algebra [7], p. 48, we have u;s € W N L. Applying Lemma 4.8, we
have fu.s € [f].

(4.7)

Ut,s =
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We now show that we can choose a sequence t; — 0 with fuy; s¢,) uniformly bounded in
Sobolev norm and converging to g, a.e. Once this has been established, we apply Proposi-
tion 4.7 to show g,, € [f] and the proof will be finished.

To control the Sobolev norm of g, — fu;s in t and § we let ¢;(x) be a smooth increasing
function on [0, 00) with ¢;(0) = t/4 and ¢;(xz) = x for all x > /2. Since w, = 1 quasi-
everywhere on N;, then

(1 — wy)gn (1 — wy)gn

2o I gy 2T
f+0 1 e f)+0

Let 1 5(z) = (¢i(z) + 0)~" and note that since p; + 3§ > ¢/4, then ||¢; s/l < 4t~ and

Gn — furs = wegn + (4.8)

111 5ll00 < 16]|0}]|oct 2. First note that
IVt o f +0) Hlzae = IV(¥es 0 e (4.9)
< 1 sllocllV fllze < 16[l6 ooV fllat™ < Cit 72, (4.10)

where C; is a constant independent of 4.
Looking back at (4.8), we see that

lgn = fuisllq < lwigallg + 110gn(1 = wi)tbes(F)llg- (4.11)
The first term on the right hand side of (4.11) is uniformly bounded in ¢ since

[wignllq < llwellsollgnllq + lgnlocllwellq, (4.12)

0 <w <1forallt>0,and ||w]];, = 0. The second term on the right hand side of (4.11)
is bounded by

Ol (1 = wi)gnlloo Vs ()l e + 01 (1 = we)gnllgloe.s () oo (4.13)

By (4.12), the quantities |[(1 — w¢)gnl|/q and [[(1 — wt)gn|/c are uniformly bounded in ¢ and
applying (4.9) and the fact that ||1); 5]/ < 4t7! to (4.13), we see that

109 (1 — we)trs(f)lly < 6Dt~ (4.14)

where D; is a constant independent of §. Letting 6(t) = t*(D; + 1)~! we see that §(¢) — 0
as t — 0 and that (4.14) and hence g, — fu () is uniformly bounded in Sobolev norm for
t— 0.

To conclude, we show that uy, 5,)f — gn a.e. for some sequence t; — 0. Since |Jwy|l; — 0
as t — 0, there is a sequence t; — 0 with w;, — 0 a.e. as j — oo. Thus

ug, 5 f = (1 — wt.)gnL — Gn
7:0\%5 J f + (5<t])

a.e. on the complement of Z;. But this all we need since u, 5¢,)f = g = 0 a.e. on Z, and
Z\Z,, has measure zero. A
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