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1. Introduction

In this paper, we discuss the nonlinear extremal problem

1
L(y) == sup i ¢f?dz (1)
fEH2 YW oD
£ll=1
and its relationship to the classical linear extremal problem
1
AW) = sup |— YFdz (2)
”FﬁHl 27 Jap
Fll,=

and the compression of Toeplitz operators to the model spaces H?> © ©H2. In the above, D
denotes the open unit disk, D denotes the unit circle, 1 is a rational function whose poles do
not lie on 9D, H? is the classical Hardy space [11, 19, 24], and © is a finite Blaschke product.
We refer to ¢ as the kernel of the extremal problems (1) and (2). Since the focus of this paper
is primarily on H?, we let ||-|| (with no subscript) denote the norm on H? while ||-||; denotes
the norm on H'. Despite the nonlinear nature of (1), our investigation will involve the theory
of linear operators, specifically the relatively new field of truncated Toeplitz operators and
complex symmetric operators [17, 18, 39].

The linear extremal problem (2) and its natural generalization to H? (1 < p < c0) have a long
and storied history dating back to the early twentieth century [11, 19, 20, 23, 27, 34]. For the
moment, we single out several notable classical results which motivate this paper.

We first mention a theorem of Macintyre and Rogosinski [27, 34] (see also [23, p. 33]) which
asserts that for any given rational kernel ¢ having no poles on JD there exists an F, in the
unit ball of H' for which

1
M) = 55 VP

This function F, is called an extremal function for (2). In general, F, is not necessarily unique.
Indeed, one need only consider the extremal problem

1
1(3) = g, 17011
17, =1
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to see that the functions
(z—a)(l—az)
1+ |of?
all serve as extremal functions. (On the other hand, the analogous extremal problem for H?
with p > 1 always has a unique solution [11, Thm. 8.1]). Nevertheless, for general rational
1) we can always choose an extremal function F, which is the square of an H? function [23,
p. 33|, from which it follows that

, aeC, (3)

A(y) = T(¥).
Using the theory of truncated Toeplitz operators and the structure of the underlying Jordan
model spaces, we give a new proof of this fact in Proposition 1.

A second result worth mentioning here is due to Fejér [13], who showed that for any complex
numbers ¢y, ¢1,...,C, One has

€o Cn
A2 ) = 1A,

where H is the Hankel matrix (blank entries to be treated as zeros)

ch (1 C2 Cn
1 C2 Cn

H — 02 PR cn
Cn

and || H|| denotes the operator norm of H (i.e., the largest singular value of H). In the special

case when ¢y = ¢; = -+ = ¢, = 1, Egervary [12] provided the explicit formula
11 1 1 (n+Dr
Al =+ = 4... = Zgec 20 4
<z+22+ +z"+1> 2% on+3 @)
and showed that the polynomial
4 [, (n+Dm . L 2

. 5
2n+3{m i3 Mgy T TEsNg 5)

is an extremal function (In particular, note that this is the square of an H? function). Golusin
in [21] finds an extremal function for the original (general) Fejér extremal problem as well as
some others [20]. We refer the reader to [11, 19, 23] for further references.

Fejér’s result can also be phrased in terms of Toeplitz matrices, which turn out to represent the
simplest type of truncated Toeplitz operator — a class of operators which figures prominently in
our approach to (1) (see Subsection 2.4). Indeed, if T is the following lower-triangular Toeplitz
matrix

Cn

T == c2 .. cn 9
4] Co “ee CTL
Co C1 C2 s Cp,

then UT = H, where U is the permutation matrix

U: )

and thus ||T| = || H].
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In Theorem 1 and Corollary 2 we extend Fejér’s result and show that A(y) = I'(¢) is equal
to the norm of a certain truncated Toeplitz operator on a canonically associated model space
Kg = H? © ©H?, where O is a certain finite Blaschke product associated with 1. To relate
I'(¢) to the norm of this associated truncated Toeplitz operator, we develop a new variational
characterization of the norm of a complex symmetric operator, something interesting in its
own right.

For a given rational v, the discussion above tells us that there is an extremal function f, €
ball(H?). In other words, the function f. satisfies

_ L 2
O

Using the theory of complex symmetric operators, we will show in Corollary 2 that f. belongs
to a certain model space Kg associated with I'(¢)). More importantly, we establish a procedure
to compute f. along with necessary and sufficient conditions, in terms of truncated Toeplitz
operators, which determine when the extremal function f, is unique (up to a sign).

Next, we consider the obvious estimate

Al) =T < .
(1) =T(¥) < max|y(C)
Using some results from [37], we will show in Corollary 5 that equality holds if and only if
P = )\g—;, where A € C and By, By are finite Blaschke products with no common zeros and
such that deg By < deg Bs. In particular, this demonstrates the utility of relating I'(¢) to the
norm of a truncated Toeplitz operator.

Let us now suggest another application. Since, for n =0,1,2,... and A € D,

enr =4 (=5

is the best constant in the inequality
[FON < ean|Fly,  FeH,

we can use operator theoretic techniques to explicitly determine the constants c,, » as well as the
associated extremal functions. Although this problem has been well-studied [12, 20, 26, 27],
we obtain the same results (see Theorem 3) using the new language of truncated Toeplitz
operators.

In Section 9 we briefly explore how our results can be extended to handle certain kernels
¥ € L*°(0D) which are not necessarily rational.

It should be remarked that (1) is not the first nonlinear extremal problem on the Hardy space
to be explored. The reader is invited to consult [1, 3, 5, 14, 28, 41] for other examples of
nonlinear extremal problems on H? as well as other spaces of analytic functions. We thank
D. Khavinson for pointing out these papers to us and for several enlightening conversations.
In addition, we thank David Sherman for pointing out the identity in (62).

2. Preliminaries
As mentioned in the introduction, we will relate the extremal problems (1) and (2) to the

emerging study of truncated Toeplitz operators and complex symmetric operators. This section
lays out all of the appropriate definitions and basic results.
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2.1. Model spaces. Given a rational function 1) whose poles do not lie on 0D, consider the
associated finite Blaschke product

(6)

Y
@(Z):Hl )TJZ
j=1 J

whose zeros A1, Ag,...,A,, repeated according to multiplicity, are precisely the poles of ¥
which lie in D. The degree, deg O, of the Blaschke product © in (6) is defined to be n, the
total number of zeros counted according to multiplicity. Note that 1) might have other poles
which lie outside of the closed unit disk D~. However, these poles are not counted amongst
the A;’s. We also assume that 1 has at least one pole in D, since otherwise A(¢) =T'(¢) =0,
which is of no interest.

With the above O, we form the corresponding model space
Ko := H> 5 ©H2
More precisely, Kg is the closed subspace of H? defined by

H?© ©H? .= H?> N (0H?*)* (7)
where the implicit inner product is the standard L? inner product:
——|d¢
) i= [ w(OE e 22 = £2(0m, ), (3)
oD a

The term ‘model space’ stems from the important role that Ko plays in the model theory
for Hilbert space contractions — see [31, Part C]. Let us briefly recall several important facts
about Kg. First note that Beurling’s theorem [11, p. 114] asserts that © H? is a typical proper
invariant subspace of finite codimension (since © is a finite Blaschke product) for the unilateral
shift operator

[Sfl(z) = 2f(2), feH
It follows from a standard duality argument that Kg is a typical nontrivial, finite-dimensional
invariant subspace for the backward shift operator
For further information on various function-theoretic aspects of the backward shift operator,
we refer the reader to the seminal paper [10] and the recent texts [7, 35].

When the zeros A1, Aa, ..., A, of © are distinct, it is easy to verify that K¢ is spanned by the

Cauchy kernels
1

1-— /\T'z7
Thus each function f in Kg can be written uniquely as

i=1,2,...,n. (9)

2) = p(2) _ 10

e vt (10)

where p(z) is an analytic polynomial of degree at most n — 1. Conversely, by partial fractions,

every such function belongs to Kg. In particular, each function in Kg is analytic in a neigh-

borhood of D~. It is also not hard to see that the preceding discussion is still valid even if the

zeros of © are not all distinct, so long as the terms in the denominator of (10) are repeated
according to multiplicity and the Cauchy kernels in (9) are replaced by

-
(1= X2

where m; denotes the multiplicity of A; as a zero of ©.

, 1<j<n, 1<m<my, (11)
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From the representation (7) we find that Kg carries a natural isometric, conjugate-linear
involution C : Kg — Kg defined in terms of boundary functions by

Cf = f20. (12)

Although, at first glance, the expression fz© in (12) does not appear to correspond to the
boundary values of an Hifunction7 let alone one in Kg, a short computation using (7) reveals
that (C'f, ©h) and (Cf, zh) both vanish for all h € H? and f € Ke, whence C f indeed belongs
to K@.
An important aspect of the spaces Kg involves the reproducing kernels
1—-0(w)6(z)
ky(z) = ————————=
(2) 1 —wz
which enjoy the so-called reproducing property
(fikw) = f(w), weD™, feKe. (14)

In light of the fact that © is a finite Blaschke product, note that k,, belongs to Kg for all w in
D~ and that the analyticity of © on 0D ensures that (13) is well-defined when both z and w
belong to dD. That (14) holds is a straightforward consequence of the Cauchy Integral Formula
and the fact that (f,2"0) = 0 for all n > 0. Letting Po denote the orthogonal projection of
L? onto Kg, we also observe that

, z,weDT, (13)

[Po fl(w) = (f,kw), feL?weD . (15)
Finally, another short computation reveals that
(Cha)(z) = 2 ZOW) e (16)
zZ—w

2.2. Takenaka-Malmquist-Walsh bases. Suppose that the finite Blaschke product (6) has
n zeros A\, Ag, . . ., Ap repeated according to their multiplicity. Although the functions from (11)
form a basis for Kg, they are not orthonormal. However, there is a well-known orthonormal
basis that can be constructed from these functions. Indeed, for w € D we let B,, denote the
disk automorphism

z—w
Bu(2) = 1 —wz
and consider the unit vectors
viz P k=1,
v(z) == 1=Az > (17)
(I By VIZIME o <,
1-— )\kZ

By (10), vy € Ko forill 1 <k <n. A short computation based on the reproducing property
and the fact that B, B,, = 1 on D shows that for j < k we have

(v, v;) = <(Hi‘€_j1 B/\,-) V1- |)\k|27 V1- >\j|2> »

1— gz 17)\72

(since By, (A;) = 0) while for j = k we have (vj,v;) = 1. Thus {vi,vs,...,v,} constitutes an
orthonormal basis for the model space Kg. A standard text refers to this observation as the
Malmquist-Walsh Lemma [29, V.1] but these functions appeared as early as 1925 in a paper
of Takenaka [40]. In light of this, we shall call {vy,vs,...,v,} the Takenaka-Malmquist- Walsh
basis for Kg.
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We do wish to mention a particular important case that will be used in Section 8. Suppose

that Ay = Ay =--- =\, = A so that © = BY. In this case, the functions
V1= AP k-1
vk(z):m(z—/\) , 1<k<n (18)

form an orthonormal basis for Kg. Note that these vectors are simply an orthonormalization
of the functions in (11).

2.3. Aleksandrov-Clark bases. It turns out that each model space Kg comes equipped
with another natural family of orthonormal bases. Let us briefly describe their construction.
Note that |©] =1 on 9D. Also note that |©’| > 0 on ID: write

= H B, ()

and use formal logarithmic differentiation and the fact that

Bﬁ\(z):(l_)\”;
’ 1—)\jZ

to get the identity

’ - 1- )‘j 2
o) =06 5 Ajz|><z| )

AP
<Z|1—A el

When z = ¢ € 0D, we get

Since |©(¢)| = 1 on 9D, the result follows.

Fix some 8 € 9D and note that since |©] = 1 and |©’| > 0 on ID, the equation O(¢) = S has
precisely n distinct solutions (1, (o, ..., (, on 0D. Here, as before, n denotes the degree of the
Blaschke product (6).

A short computation now shows that

ke, || = /1Ol 1<) <n.
Next we define unimodular constants wi,ws,...,w, by
wj = e3@EAaEl) << (19)
However the arguments of 5 and (1,(s,...,(, are selected, they are to remain consistent
throughout the following. Now consider the functions
ke, (2)
R

Y 1= B8O(z)
oG] 1-Gz
It is readily verified that (v;,vg) = d; 1 and, moreover, that
Cvj=v;, 1<j<n (21)
We refer to the basis in (20) as a modified Aleksandrov-Clark basis for Kg. The terminology

stems from the fact that the v; are the eigenvectors of a certain Aleksandrov-Clark operator
on Ko [6, 8, 32, 38]. Such bases are discussed in further detail in [15, Sect. 8.1].

One notable advantage of using Aleksandrov-Clark bases over the Takenaka-Malmquist-Walsh
basis is the fact that all Aleksandrov-Clark bases are C'-real in the sense that (21) holds.

(20)
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2.4. Truncated Toeplitz operators. As mentioned in the introduction, we will show in
Corollary 2 that the extremum I'(+) in the nonlinear problem (1) coincides with the operator
norm of a certain truncated Toeplitz operator on an associated model space. Let us now
consider these operators.

Definition. For ¢ € L = L>°(9D, %) and an inner function ©, the operator A, : Ko — K¢
defined by

Ay f = Po(ef) (22)
is called the truncated Toeplitz operator on Kg with symbol .

Truncated Toeplitz operators are sometimes referred to as compressed Toeplitz operators since
A, is simply the compression of the standard Toeplitz operator T}, on H? to the model space
Ko. Recall that if P : L? — H? denotes the orthogonal projection from L? onto H? (called
the Riesz or Szegd projection), then Ty, f = P(¢f).

The operator norm of a truncated Toeplitz operator A, on Ke will be denoted by || Ay ||k _ ko
or, when the context is clear, simply by [|[A||. It is easy to see from the definition (22) that
A, is a bounded operator on Kg satisfying [|A,| < [|¢]|,,. For further information, we direct
the reader to the recent article [39], which appears destined to become the standard reference
for truncated Toeplitz operators.

Maintaining the same notation as in (6), we observe that if the symbol ¢ of a truncated
Toeplitz operator A, : Ko — Ke belongs to H*, then its eigenvalues are precisely the
numbers ©(A1), ©(A2), ..., ©(A,). It is perhaps easier to prove the corresponding statement for
the adjoint A7, = Ag. To see this, note that since ©();) = 0, then ky,(2) = (1 - Aiz)~! and
so, by the Cauchy Integral Formula,

Thus

(Aghs, f) = (Po(@ha,), ) = (kxis of) = O = (90, f )
holds for all f in Kg whence
A@k}w = (Az)kkﬂ 1= 1, 2, e n. (23)

We approach our nonlinear extremal problem I'(¢) by considering a related system of “ap-
proximate anti-linear eigenvalue problems” (see Lemma 3) corresponding to certain truncated
Toeplitz operators. This technique, introduced in [16, Thm. 2], can be thought of as a complex
symmetric adaptation of Weyl’s criterion [33, Thm. VII.12].

To make this more precise, we require a brief discussion of complex symmetric operators.
Throughout the following, H will denote a separable complex Hilbert space and o(T) will
denote the spectrum of a bounded linear operator T': H — H.

Definition. A conjugation on H is a conjugate-linear operator C' : ‘H — H that is both
involutive (i.e., C? = I) and isometric (i.e., (Cx,Cy) = (y,z) for all x,y € H).

The canonical example of a conjugation is simply entry-by-entry complex conjugation on a
1?-space. In fact, each conjugation is unitarily equivalent to the canonical conjugation on a
I2-space of the appropriate dimension [17, Lem. 1]. From our perspective, the most pertinent
example is the conjugation (12) on the model space Kg, which in light of (21), is easily seen to
be entry-by-entry complex conjugation with respect to any of the modified Aleksandrov-Clark
bases {v1,va,...,v,} defined by (20).

Definition. A bounded linear operator T : H — H is C-symmetric if T'= CT*C and complex
symmetric if there exists a conjugation C' with respect to which 7" is C-symmetric.
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It turns out that T is a complex symmetric operator if and only if T is unitarily equivalent to
a symmetric matrix with complex entries, regarded as an operator acting on an [?-space of the
appropriate dimension (see [15, Sect. 2.4] or [17, Prop. 2]). In fact, if C denotes the conjugation
(12) on Keg, then any C-symmetric operator on Ko has a symmetric matrix representation
with respect to any modified Aleksandrov-Clark basis. For further details, we refer the reader
to [15, 17, 18].

The connection between complex symmetric operators and our nonlinear extremal problem

I'(4) is furnished by Theorem 1 and Corollary 2 below. The proofs will depend on the following
three lemmas.

Lemma 1. For ¢ € L* and © inner, the truncated Toeplitz operator A, on Ke is C-
symmetric with respect to the conjugation Cf = 20 on Ke.

The proof, which is a straightforward computation, can be found in [17, Prop. 3] or [15,
Thm. 5.1]. In particular, the preceding remarks ensure that a truncated Toeplitz operator
A, has a complex symmetric (i.e., self-transpose) matrix representation with respect to any
modified Aleksandrov-Clark basis (20). This property of truncated Toeplitz operators will be
apparent when we consider several numerical examples later on. We also mention that the
identity C'A,C = A7, along with (23) will show that if p € H, then

AWCkAi = 90()‘2')0]@\1' )

where \; are the zeros of ©.

2.5. The norm of a complex symmetric operator. In order to compute the quantity
| ALl KoK We Tequire a few words concerning the polar decomposition of a complex sym-
metric operator. Recall that the polar decomposition T = U|T| of a bounded linear operator
T : H — H expresses T = U|T| uniquely as the product of a positive operator |T'| = vT*T and
a partial isometry U which satisfies ker U = ker |T'| and maps 1an |T'| (the closure of the range of
|T'|) onto ranT' [9, p. 248]. If T is a C-symmetric operator, then we can decompose the partial
isometry U as the product of C' with a partial conjugation. We say that an conjugate-linear
operator J is a partial conjugation if .J restricts to a conjugation on (ker J)* (with values in
the same space). In particular, the linear operator J? is the orthogonal projection onto the
closed subspace ran J = (ker J)*. The following lemma is [18, Thm. 2].

Lemma 2. If T : H — H is a bounded C-symmetric operator, then T = CJ|T| where J is a
partial conjugation, supported on Tan |T'|, which commutes with |T| = VT*T.

Now recall that Weyl’s criterion [33, Thm. VII.12] from the spectral theory of selfadjoint
operators states that if A is a bounded selfadjoint operator, then A belongs to o(A) if and only
if there exists a sequence u,, of unit vectors so that

Jim [[(A = AL)up| = 0.

The following result [16, Thm. 2] characterizes o(|T|) in terms of what one might call an
approrimate anti-linear eigenvalue problem.

Lemma 3. If T is a bounded C-symmetric operator and A # 0, then

(i) |Al € o(|T)) if and only if there exists a sequence of unit vectors u, which satisfy the
approrimate anti-linear eigenvalue problem

i (7= AC)uy | = 0. (24)

Moreover, the u,, can be chosen so that Ju, = u, for all n.
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(i) |A| is an eigenvalue of |T| (i.e., a singular value of T') if and only if the anti-linear
etgenvalue problem Tu = ACu has a nonzero solution u.

To compute the norm of a truncated Toeplitz operator, and ultimately I'(¢), we require the
following general formula for the norm of a complex symmetric operator.

Theorem 1. IfT : H — H is a bounded C-symmetric operator, then
@) 17| = supjzy=1 | (Tx, C) |.
(i) If [|z|| = 1, then ||T|| = | {Tx,Cz)| if and only if Tx = w|T||Cx for some unimodular
constant w.

(iii) If T is compact, then the equation Tx = |T||Cx has a unit vector solution. Furthermore,
this unit vector solution is unique, up to a sign, if and only if the kernel of the operator
|T| = |T|II is one-dimensional.

Proof. To prove (i) observe that since | (Txz,Cx) | < ||Tx| ||Cz| < ||T|| whenever ||z| <1, it
suffices to prove that ||| < supy =1 | (Tz,Cx)|. Let A := ||T|| (which belongs to o(|T)) and
note that by Lemma 3, there exists a sequence u,, of unit vectors such that Ju, = u, for all

n and such that lim, o |74, — ACuy|| = 0. Thus we have

1T} = A, wn) (lunll = 1)
= (ITun; un) = (| T|un — A, un)
= (|T|Jtun, un) — {|T|Jthp, — Atipy, Up,) (Jun = up)
= (J|T|un, wn) — (J|T|up — Ay, up) (J|IT| =|T)J, Lemma 2)
< [T, un) | + [(J[T|up = A, un) |
= [(CJ|T|up, Cun) | + | (CT|T |ty = ACp, Cuyy) | (C is isometric, A > 0)
= | (Tupn, Cup) | + | (Tup — ACUyp, Cuy,) | (CJ|T| =T, Lemma 2)
< s (70, Ca) |+ [Ty = X | (ICunll = funll = 1).

Since the second term in the previous line tends to zero as m — oo, the desired inequality
follows. This proves (i).

Let us now consider (ii). First observe that the (<) implication is obvious. For the (=)
implication, suppose that ||z|| = 1 and ||T|| = | (T'z, Cz) |. By the CSB inequality we have

TN = [Tz, Cx) | < |[T[||Cz|| < [[T[[|Cll < [Tll|]| = I

whence | (T'z, Cz) | = | Tz||||Cz||. By the condition for equality in the CSB inequality, we find
that Tz = (Tz,Cz) Cz. In other words, Tz = w||T||Cx for some |w| = 1, concluding the proof
of (ii).

For (iii), first note that T is compact and thus ||T|| is an eigenvalue of |T'| whence, in light of
Lemma 3, the equation T = ||T'||Cx has a unit vector solution. We now show that this solution
is unique, up to sign, if and only if the kernel of the operator |T'| — ||T'||I is one-dimensional.
For one direction, we employ the following representation of compact C-symmetric operators

from [18, Thm. 3J:
dn
T = Z )\n Z Cun,k oy U,k
n>0 k=1
where A, are the distinct eigenvalues of the selfadjoint operator |T'| (which, since T is compact,
form a countable set whose only possible limit point is zero) and {uy.1,...,un.q, } is a certain
orthonormal basis for the eigenspace of | T'| corresponding to A,, which also satisfies the auxiliary
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condition Tuy, j, = ApCup, . Thus if the unit vector solution to 7'z = ||T'||Cx is unique up to
sign, then the kernel of |T| — ||T||I is one-dimensional.
On the other hand, if Tz = ||T|| Cz, then
Tx=|T||Cz = CTz=|T|= (IT| e R, C?>=1)
= CTCTz=|T| =
= T'Te=|T|z (CTC =T¥)

= [Tle=|T|=

since |T| = vT*T. Suppose now that x,y are two unit vectors such that Tz = ||T|| Cz,
Ty = ||T|| Cy, and x # +y. In this case, the conjugate-linearity of C, along with the facts that
lz|l = llyll = 1 and & # +y, ensures that z and y are not scalar multiples of each other. In
particular,  and y are linearly independent and satisfy |T|z = ||T|| = and |T|y = ||T|| y. This
implies that the kernel of the operator |T'| — ||T]|I has dimension at least two, as claimed. m

3. A reduction

As before, let © denote the finite Blaschke product (6) whose zeros, repeated according to
multiplicity, are precisely the poles of the rational function ¢ which lie in D. Writing f as
f = Pof+©h where h € H?, one can show that our original nonlinear extremal problem I'(¢))
in (1) can be reduced to the new problem

sup b ufd: (25)
feKeo 27i
I£1=1
posed on the model space Kg. Indeed, for f € H? we have
5 7{ Vf*dz f Y(Pof)? + 20(Pof)Oh +O°h?) dz
= w(P@f )*d (26)

T omi

We obtain (26) by noting that the functlon 1O belongs to H* whence the second and third
terms in the preceding line vanish by Cauchy’s Theorem.

We gather from this reduction two important observations. The first is that an extremal
function for the problem I'(¢)) exists since the nonlinear functional

1
27i

fe wadZ

is a continuous map and the supremum in (25) is over the (compact) unit ball of the finite
dimensional space Kg. The second is that an extremal function for I'(¢) lies in K¢ and thus
from the representation (10) has the form
p(2)
f(z) = =——+——,
where p(z) is an analytic polynomial of degree at most n — 1.

Putting together the material we have developed so far, we obtain the following corollary
to Theorem 1, which, in terms of computing the norms of truncated Toeplitz operators, is
interesting in its own right.

Corollary 1. Let © be a nonconstant inner function.
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(i) If ¢ € L™, then

HA@HK@_J(Q = fselg)e

7ll=1

1 of?
5 7{911» 5 dz‘ . (27)
(i) If p € H®, then

”A«pHK@HK@ = su ;
feH
Ifll=1

1 of?

Proof. Lemma 1 asserts that the operator A, : Ko — Keg is C-symmetric with respect to
the conjugation C'f = fz0 on Kg. Next we note that

holds for any f in Kg. Using the identity dz = iz|dz| to write the expression <<pf22, @> as a
contour integral on D and noting that © = 1/0 a.e. on JD, yields (upon an application of
Theorem 1) the desired formula (27). This establishes (i).

Let us now prove (ii). It follows from assertion (i) and the reduction discussed in (26) that

1 <Pf2 1 <P(P@f)2 2
— ——dz = — I H=.
27t Jop © dz 21t Jap © dz  fe

In other words, if the function ¢ belongs to H>°, then the supremum in (27) can be taken over
ball(H?). This yields (ii). |
The following corollary to Theorem 1 and Corollary 1 provides the fundamental connection

between truncated Toeplitz operators and the nonlinear extremal problem I'(¢)).

Corollary 2. Suppose that v is a rational function having no poles on 0D and poles A1, Aa, ..., A\,
lying in D, counted according to multiplicity. Let © denote the associated Blaschke product (6)
whose zeros are precisely A1, A, ..., A\, and note that ¢ = O belongs to H>. We then have
the following:

(i) The nonlinear extremal problems I'(¢)) from (1) and (25) are equal. Moreover, both are
equal to [[Apl o ey -

(ii) There is a unit vector f € Ko satisfying
Ao f =lAqlCf (29)
and any such f is an extremal function for T'(1)). In other words,

1 2
7{9@ Yfidz = ||A¢||K@_>K® .

2mi
(iil) Fwvery extremal function f for T'(¢) belongs to Ko and satisfies

Aof =1lAgllCf.
(iv) An extremal function for T'(¢) is unique, up to a sign, if and only if the kernel of the
operator |Ay| — || A, || is one-dimensional.

Proof. Use Theorem 1, Corollary 1, the reduction in (26), along with the fact that Kg is
finite dimensional so that the C-symmetric operator T' = Ayg is compact. ]
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4. Equality of the linear and nonlinear extrema

For a rational function ¢ having no poles on 9D, it turns out that the classical linear extremal
problem A(%) given by (2) and our nonlinear extremal problem I'(¢) given by (1) yield the
same answer. We begin with the observation that for any f € H? with ||f| = 1, we have
f? € H' and Hf2 = 1. Therefore

{f2:fer?|fl <1} C {F:FeH|F|, <1},

Iy

which implies that
L(y) < A(Y). (30)

Recall from the introduction that Egervary, in the special case where
1 1 1
’lb(z): ;+;++ sy
showed (see (5)) that an extremal function for the linear extremal problem A(z)) is the square
of an H? function whence I'(¢)) = A(¢)). As a somewhat easier example, we remind the reader
of the family of functions (3) which all serve as extremal functions for the linear extremal
problem A(1/z2). In particular, the extremal function

(%)

V2

is the square of an H? function and we again have I'(¢)) = A(¢)). As it turns out, the preceding
examples are not peculiar in this regard. Indeed, S. Ya. Khavinson [23] showed, in greater
generality beyond rational 1, that one of the extremal functions for A(¢)) can be taken to be
a function F' with no zeros in D. Thus f := +/F will be (up to a unimodular constant) an

extremal function for T'(1). Here is a new proof of the identity I'(¢)) = A(%) in the language
of truncated Toeplitz operators.

Proposition 1. If ¢ is a rational function with no poles on 0D, then A(y)) =T'(¢). In other
words,

1
sup |— YFdz| = sup 1/)f2 dz| .
rer' |27 Jop feH? 2mi
7]l =1 ll£ll=1

Proof. Since every F' € H'! can be written as F' = fg, where f,g € H? and ||F||, = ||f| |lg]l
(see [19, Ex. 1, Ch. 2] or [11, Thm. 3.15]), it follows that

1
sup —7{ Yfgdz| = sup YFdz|. (31)
fger® |27 Jon FeH! 2mi oD
llFlI=lgll=1 |F],=1

As usual, let © be the corresponding Blaschke product from (6). Writing f, ¢ in the preceding
as f = fl + @hl and g=g1+ @hz, where f1,91 € Ko and hl,hz S H2 we obtain

f Ofgdz = = f O(fr + Ohy) (g1 + Ohg)dz = — f Ofigudz. (32)

In particular, observe that all but one of the terms in the product integrate to zero since the
function ¢ = 9O belongs to H*°.

Putting this all together we find that

2mi

sup = sup ¢f!] dz (by (31))

z/JF dz
FeH! 27TZ f,gEHz
71, =1 llFlI=llgll=1

27ri
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= s |k f e (by (32)

f,9€eKeo i
IflI=llgll=1

= sup [(OYf,Zg0) |
f,9€eKeo
IflI=llgll=1

= sup [(¢f.Cg)| (p=v0)
f,9€eKeo
IflI=llgll=1

= s | {¢f. 9) | (c*=1
1AZTgls

= SUE{ [ {(Po(¢f), 9) |
WA

= s [ (Apfy9) |

Ko

||f|\ llgll=1

= ”AsO”K@%Ke

= sup ¢f2 dz (Corollary 2).
FeH? 2mi
[IflI=1

Thus A(¢) = T'(¥) as claimed. ]

5. Computing the supremum

Recall that Corollary 2 ensures that

F(Z/J) = ||Atp||K@_>K@
where ¢ denotes the H* function ¥©. We propose two simple and practical procedures for
computing || A, ||. Both methods involve computing matrix representations for the operator A,,.
In practice, these matrices are explicitly computable and hence their norms can be determined
algebraically (for n = dim Kg small) or numerically via Mathematica or any other comparable
piece of software.

5.1. Using the Takenaka-Malmquist-Walsh basis. Our first approach involves represent-
ing the truncated Toeplitz operator A, : Kg — Kg as an n x n matrix with respect to the
Takenaka-Malmquist-Walsh basis (17) for Kg.

(i) Let ¢ := 10O and note that ¢ € H since the poles of ¥ lying in I cancel with the zeros
of ©.

(ii) The jk-th entry [Ma,];r of the matrix representation M, of A, with respect to the
Takenaka-Malmquist-Walsh basis {vi,va,...,vn} is (Apuvg,v;). The resulting matrix
My, is lower triangular (see [29, Lect. V] and below).

(iii) The largest singular value of the matrix M, is the desired quantity |[A,|| = T'(¥).

A straightforward computation confirms that the matrix representation M4, of A, with respect
to the Takenaka-Malmquist-Walsh basis is lower triangular. Indeed, for j < k we have

[Ma,]ji = (Apvr, v;) = (Po(pvk),v;)

({4 () )

i=1 AkZ i=1
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k—1
TP 1
= /1= |\]2 By, L B S 33
Vi (o (T | YR e

=]

€H>
since By, ()\;) = 0 and thus the matrix is lower triangular.
The diagonal entries of our matrix are also relatively easy to compute:
[Ma, ik = ¢(Ak), 1<k <n.

Since M4, is a lower triangular matrix this is to be expected since the eigenvalues p(A1), ©(Az2), . .., ©(An)
of the operator A, must appear along the main diagonal.

For j > k the computations are more involved:

e | VIEAE (11 —yP
Ma )ik = By, | Y—2 (1] By, | Y—20
[Ma, Jsn <<,0 (H /\1> 1— Az H A 1—M\z

=1 =1

T— P (o 1=\
NI (1, ) VP

1= Az i 1-Xz

1 d
A=W i § P .
T Job (Hg:k B)\I) (1 — )\kz)(z — )\j)
Although the preceding can be evaluated explicitly using the residue calculus, the resulting
expression is somewhat unwieldy and we choose not to write it here. We will see the matrix

representation of a truncated Toeplitz operator with respect to the Takenaka-Malmquist-Walsh
basis again in Section 8.

(34)

5.2. Using modified Aleksandrov-Clark bases. A similar approach using the Aleksandrov-
Clark bases can also be formulated.

(i) Let o := 1O and note that ¢ € H> since the poles of ¢ lying in D cancel with the zeros

of ©.

(ii) Fix some B on 0D and let vy, vs,...,v, be the corresponding modified Aleksandrov-
Clark basis from (20). In particular, compute the unimodular constants (i, (s, ...,
and wy, wa, . ..,w, from (19).

(iii) The jk-th entry [Ma,];x of the matrix representation M4, of A, with respect to the
Aleksandrov-Clark basis {vi,vs,..., v} is (Auvk,v;). The resulting matrix My, is
complex symmetric (i.e., self-transpose).

(iv) The largest singular value of the matrix My, is the desired quantity [|A,|| = T'(¢).

Let us derive a general formula for M, in the simple case where the zeros A1, Az, ..., A, are
distinct (One can make adjustments for the general case where the zeros Ai, Ag,..., A, are
not necessarily distinct). Using the fact that the functions ¢, v;, and vi are analytic in a
neighborhood of the closed unit disk D™, it follows from the residue calculus that

(Apvk,vj) = (UK, ;)

_ Yk wj oz 1—-B6(2)1-B6(z) dz
\/‘GI(Ck” \/|@I(CJ)| lz|=1 1-— CT@z 1—-(;z 2miz
Wk Wi 1-BO(z) O(2)—p dz

VO VIOGN S T 1= Gr Bz — ) 27
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v puw; zn: @9\1‘)
\/\@’ () V107 (G)] = ©' (M) (1 = GeAi) (GG — )

Wk BCjwj . @(/\i)
= o T = S0 = e =T (35)

Wk wj goi/\l) o
\/\@' () V1O7(G)] = ©' (X)) (1 = GAi) (1 — G

Observe that we employed the identity S(;w; = w; when passing from (35) to (36). Notice
also from (36) that the n x n matrix Ma, = ((Apvk,v;))} ;= is indeed complex symmetric as
previously claimed. It follows from the preceding calculations and the fact that vy, vs,..., vy,
is an orthonormal basis for Ke that [[Apl|;_ _, , i equal to

(36)

M:

( Wi z”: o) )”
V107 (Ck) \\/\9' G = O/ ()1 = GeA) (1 = GAi) ht

Example 1. Let c¢1,co,...,c, be n arbitrary complex numbers and let A1, Aa,..., A, be n
distinct points in D. Now form the rational function

W) =3 oy

i=1

(37)

Using the residue calculus and Corollary 2, we obtain

L) = 140l ko ke
where ¢ = 9O and © denotes the usual finite Blaschke product (6). Observe that

Employing the identity

in (36) yields

) o wj n s n
D) = (wemn NP E ‘%))M-l

Example 2. To better demonstrate the procedure outlined above, let us work through a
specific numerical example in detail. Consider the nonlinear extremal problem

sup [£2(0) + f2(3)| = T(¥) = [ Ael e

feH?

llflI=1
where )

Z— 5 1
6(’2) ==z 12 5 1/1 = - 1
and ¢ = YO as usual. Letting 8 = 1 we find that the equation ©(¢) = 1 has the solutions
=1, G=-

From the preceding, we find that the desired unimodular constants w; and ws are given by

w1 = ]., Wo = —1.
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For a 2 x 2 matrix A we have the identity
1
Il = 5 (Va(ATA) + 2] det(A)] + /ir(A7A4) — 2] det(A)] ) (38)
This formula follows from the polar decomposition A = U|A| where U is unitary and |A| =
V' A*A is nonnegative. If A1, Aa > 0 denote the eigenvalues of |A| (i.e., the singular values of
A), note that tr(A*A) = A2 + A3 and |det A| = A\; )\ since U is unitary.

Plugging this data into (36) and using (38) we find that

5 T

4 4V3
_ T _ 13

4V3 12

In light of Proposition 1, we also have

1
sup |F(0) + F(%)‘ = —(7T+V37).
FeH! 6

7l =1

1
=57+ V37) ~ 2.1805.

2] K@—)K@ =
14| ‘

Example 3. One could generalize the above example to

sup |e1f?(ar) + cof?(a2)| =T(y) = 1Agll koo rq »
feH?

il fll=1
where a1,a2 € D (a1 # as2), ¢1,c2 € C\ {0}. In this case we have
C1 C2

(z —a1)(z — a2) W(z) = + , @ =10.

(1 —a12)(1 —azz)’ z—a;  z—ap

O(z) =

We now represent our truncated Toeplitz operator with respect to the Takenaka-Malmquist-
Walsh basis

1—Ja1]? z—ay \/1—lag]?
n(z) = 1—az ' Uz(z)Zl—aTz 1—azz
We then use (33) and (34) to get
c1(ai—a2) 0

(A=Ja1[?)(1-aiaz)
F(¢) = c1y/1—laz|? cay/1—]a1|? ca(az—ay) . (39>
Vi-laiP(1—aaz) = /1-]azP(1—aear) (1—laz[*)(1-azam)
V2

4

1

Example 4. Plugging a1 = % +1 az = 3, ¢c1 = 1, ¢ = —3, into (39) and using

Mathematica reveals that

sup [P +i2) = 31 (3)
FeH!
IF]l,=1

1 396684171644636\/54»\/1534301106004979085021064952\/5

48 2882—8881/2
~ 0.927119.
Example 5. For another class of examples, suppose cg,c1, ..., ¢, are complex numbers and

consider the rational function
Cn
Zn+1 .

_o ., a,
V@)= —+ G+t

The corresponding Blaschke product (6) is therefore ©(z) = 2"*! and hence by Corollary 2 we
see that

F(/l/}) = HA’LbZn+1 HKz"'Fl —)Kzn+1

= ‘|Acn+cn—1z+“'+002" K nt1 =K nt1-
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The matrix representation of Ay..+:1 with respect to the monomial basis {1,z,...,2"} for
K n+1 is the lower triangular (n + 1) x (n + 1) Toeplitz matrix

Cn
T=|¢, oo o (40)
cl 62 PR cn
Co C1 C2  +° Cp
By Corollary 2 we therefore obtain
1 Co Cp, 2
— — 4+ dz| =T . 41
fem? | 2m .7{911)) ( z et z"‘“) frdz = || (41)
I£l=1

Notice how this reproves the Fejér-Egervary results mentioned in the introduction.

Example 6. By the above calculation,

1 1
r ( n ) N P
z z

-G )]

1+5
2
~ 1.618.

In particular, notice that this answer agrees with Egervary’s example (4) discussed in the
introduction.

Example 7. This example generalizes the results of Example 6 and demonstrates the use
of antilinear eigenvalue problems to calculate the norm of a complex symmetric operator.
Consider the nonlinear extremal problem

D(S%+%) = s Raof(0)f(0) +a1f(0) “2)
lfll=1

where ag and a; are fixed. To ensure that the problem (42) is nontrivial, we make the additional
assumption that ag # 0. By the discussion in Example 5, it follows that

Qg ay w0
F( + ?) = HA@OJHMZHKZ?HKZZ B H (a1 ao>

22

Although the norm of the above matrix can be computed explicitly using standard methods
or the explicit formula (38), let us now illustrate our anti-linear eigenvalue technique.

The conjugation C' on K2 is given by Cf = fz2z%2 = fz. In other words,
C(ep+c1z) =¢1 + oz, co,c1 € C.

With respect to the monomial basis {1, z} for K2 we see that the anti-linear eigenvalue problem
Agg+a;20 = ACu (which has a unit vector solution) is equivalent to the following R-linear

problem:
ag O ur\ AUz
(o o) ()= () @

The norm of the associated Toeplitz matrix coincides with the largest A > 0 for which the
preceding system is consistent.
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In light of the assumption that ag # 0, it follows that us # 0 else u; = us = 0. Solving the
first equation in (43) for u; and substituting the result in the second yields

_ lao|*) __
a1Ug = A— \ us. (44)

Since the function A — X\ — is increasing for A > 0, it follows from (44) that the largest
positive number \ satisfying (43) must satisfy

lao?

laol?
A
This in turn means that A satisfies the quadratic equation

)\2 - |0J1‘)\ - |CL0|2 =0.

lai] = A

Solving this yields the explicit answer

2 4 2
F<a0+ﬂ) _ |a1|+ |Cl1| + ‘ao‘ (45)

27
which agrees with (38). On the other hand, a direct attack on the problem would involve
computing the eigenvalues of the matrix

a ar) (a0 0\ _ (lao)? aoay
0 @) \a1 ao) \agar |ao*+ |a1]?

and then explicitly computing their square roots. This involves considerably more symbolic
computation. For instance, Mathematica yields the seemingly more complicated answer

1
J laol? + 5 (lax]? = laa|v/farP + 4lacP?),

which is, of course, equal to (45).

6. Computing an extremal function

By Corollary 2 we have
F(d}) = ”Aw@”K(—)%K(—) = <Aw(—)U»CU>,
where u € Kg is a unit vector solution to the anti-linear eigenvalue problem
Ayou = [|Aype||Cu

(such a vector exists). Here is a procedure which, at least in principle, can be used to compute
an extremal function u for I'(v)).

As before, let My, denote the matrix representation of the truncated Toeplitz operator A,e
with respect to the modified Aleksandrov-Clark basis {vy,vs,...,v,} in (20). In particular,
recall that Cv; = v; for all 1 < j <n by (21). If u € Kg is a unit vector, then

U= civ1 + cava + - + CpUp, len | + Jea? 4+ -+ + Jen|* = 1.
If, in addition, u is a solution to

Apou = [|Aye||Cu,
then the coefficients ¢y, ca, ..., ¢, satisfy the equation
(&1 C1
MAw(—) = HMAw(—) H : (46)
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where M4, is a complex symmetric matrix. If we write ¢; = z; + iy; where z;,y; € R, the
above equation can be written as a linear system in 2n real variables and then solved using
linear algebra (then normalizing so that |c1|? + -+ + |c,|? = 1).

Remark 1. If one only wishes to find the extremal function up to a unimodular constant,

then one can avoid the conjugation C as follows: If {v,...,v,} is any orthonormal basis for
Ko and M is the matrix representation of Aye : Kg — Ko with respect to {v1,...,v,}, it
follows from the proof of part (iii) of Theorem 1 that if (cq,...,¢,) € C™ is a unit vector and
C1 C1
MM =M ]
Cn Cn

then, for some unimodular constant ¢,
u=_(crv1 + -+ cpvp)
is an extremal function for T'(¢)).

Example 8. Let us return to the data of Example 2. In particular, recall that we have
F(’L/J) = ||A1p@HK(_)HK@ ~ 218057 where

z—1/2 1 1
1—2/2 w_2+z—1/2'

Moreover, we found that the desired supremum is equal to

5 7i
1 _4\/5 1 -
’ (_ o )H = 57+ V/37) ~ 2.1805.
43 12

With g =1and {; =1,{o = —1,w; = 1,wy = —i, we can use (20) to compute the modified
Aleksandrov-Clark basis

0=z

3 ‘ iv3

vo(2) = —1V3 —
z—2’ 2(2) z—2
for the model space Kg. An extremal function w is any unit vector solution to

Apou = [[Ayel|Cu.

vi(z) =—-1-—

To compute u = cyv1 + cav2, we need to find a unit vector solution to the anti-linear eigenvalue

problem
5 T 1 __
4 RV I S 1
<_ Y ) () =5+ van (3).
443 12
A computation with Mathematica yields the coefficients

1 1 1 1
=424 —=, c=-i2— —.
173 N V37

Therefore, the desired unit vector u = c1v1 + covg equals

11 10
Z\/Q‘ﬁ_\/”ﬁ
z—2 z—2

Another computation with Mathematica will show that Aye has two distinct singular values
and hence the kernel of |Aye| — || Apel|] is one-dimensional. By Corollary 2 it follows that this
extremal solution u for I'(¢)) is unique up to a sign.
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When examining the extremal problem
Co C1 Cn
F <; + Z72 + o + ﬁ) ’

we saw from our previous discussion that this supremum is equal to the norm of the lower
triangular Toeplitz matrix 7" from (40), which is simply the matrix representation of Ay nt1 :
Kzn+1 — Kzn+1, where

Co Cn
lb(z):;‘f'""i‘ﬁ,
with respect to the orthonormal basis {1, z,...,2"} for K, n+1. Observing that

Clag+ar1z+ - +an2") =0y + 12+ +agz",
we see that in order to find a unit vector solution u to

szn-Hu = ||A,¢)Zn+l ||Cu,

we need to find a unit vector solution (ag,as,...,a,) to
Cn ag [
: . a Gnp—1
Cy -+ Cp = Hsz"“ || : (47)
N (n—1 ap
co C1 Co -+ Cp [e2% ag
As before, writing a; = z; + y;, x;,y; € R, this can be solved for ag,a1,...,a, using linear

algebra (and then normalizing so that |ag|? + |a1|> + -+ |an|? = 1).

Example 9. We saw from Example 6 that

11 10 1+5
r (Z + 22> = HAH-zHKzz—J(Zz = H (1 1) H = 92 ~ 1.618.

To find an extremal function u = ag + a1z € K2, we need to find a unit vector solution to

1 0\ [(a) 1+V5 (a7
11 ar) 2 ag
A short computation yields the extremal function

e 22 +v5+1
2 (5+V5)

1 1 1 1
r(t+—=)=a(24+=
(z+22> <z—|—22)7

observe that u is the square root of the H' extremal function from Egervary’s example (5).

Recalling that

Another computation with Mathematica shows that A; . has two distinct singular values and
so the kernel of |A14,| — ||A142]|I is one dimensional. By Corollary 2, we conclude that the
extremal solution u for T'(¢)) is unique up to a sign.

Example 10. Consider the rational kernel 1) = 1/22, which yields the nonlinear extremal
problem

_ f2(2) _ 4
() = sup |-— 5 dz| =2 sup [f(0)f(0)].
feEKe | 2Tt Jop # feKeo
Ifl=1 lfll=1
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According to our recipe, the corresponding Blaschke product is © = 22. We therefore have

¢ =10 =1 whence A, = I and

"(5)=6 )l

1 1
flzﬁ(l"'_z)a fzz\ﬁ(—l‘FZ) (48)

are linearly independent extremal functions for I'(¢)). Despite the fact that the corresponding
model space K 2 = \/{1, z} is two-dimensional, this does not imply that every function f(z) =
ao + a1z satisfying |ag|? + |a1]|? = 1 is extremal. Indeed, simply consider the functions 1 or z.
This behavior is not unexpected, since the underlying extremal problem is nonlinear.

In this case,

Example 11. Recall the nonlinear extremal problem

ai| + +/|a1|? + 4|ag|?
F(%+ﬂ):|1| |a1]? + 4]ao|
z z
from Example 7. With A\ denoting the above extremum, a computation with Mathematica
shows that a solution to the corresponding antilinear eigenvalue problem (43) is given by

ol DAY
@0 \/|)\2 — a1 A+ a(2)|2 + A2+ dag — a%|2
~ Jaol N+ a)—ad
Ug =

@0 \/\)\2 —a A+ a2’ + A2+ Aay — a2

This means that an extremal function is f = u; 4+ u2z. One can check that the singular values

of
ap 0
a; ap

are distinct if and only if a; = 0. Therefore f is the unique extremal function, up to sign, for
(42) if and only if a; = 0. When a; = 0, the supremum is equal to |ag| and one can check by
direct computation that (48) are two linearly independent solutions to (42).

7. Norm attaining symbols

Since the truncated Toeplitz operator A, : Ko — Kg is a multiplication operator followed by
an orthogonal projection, it follows immediately that

Aol kore S lelloe: 0 € H™. (49)

For a rational function v having no poles on 0D, we have shown that the nonlinear extremal
problem I'(¢) given by (1) yields the supremum I'(¢)) = ||Ay |k, _, k., Where © is the corre-
sponding Blaschke product (6) and ¢ = ¢©. In particular, it follows that

feH?

1
—7{ Y fidz
21 oD
I flI=1

We now investigate conditions under which equality holds in (49) and (50).

I(y) = sup

= Aol koo re < 1Pl - (50)

We say that a unit vector x is a mazimal vector for a bounded linear operator T : H — H
if |Tz|| = ||IT)|. It is clear that maximal vectors exist for any compact operator and thus for
any operator on a finite-dimensional space. From our perspective, the importance of maximal
vectors stems from the following important lemma [37, Prop. 5.1]:
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Lemma 4 (Sarason). Let © be any inner function and T : Ko — Ko be a linear operator
of unit norm that commutes with A, : Ko — Keo. If T has a mazimal vector, then there is
a unique function ¢ € H* such that ||¢| =1 and A, = T. Moreover, ¢ is both an inner
function and the quotient of two functions from Kg.

We say that a symbol ¢ € L*> for a truncated Toeplitz operator A, on Kg is norm-attaining
if ||[Apll = ||l It is important to note that this definition depends upon the particular inner
function © corresponding to the model space Ko upon which A, acts. For © a finite Blaschke
product, the next result says exactly when we have equality in (49):

Theorem 2. Let © be a finite Blaschke product. A symbol ¢ in H is norm-attaining with
respect to Kg if and only if ¢ is a scalar multiple of the inner factor of a function from Kg.

Proof. (=) Without loss of generality, we assume that ||A,| = ¢l = 1. Since © is a
finite Blaschke product, it follows that Kg is finite-dimensional whence the truncated Toeplitz
operator A, : Kg — Kg has a maximal vector. Now recall the well-known fact [37, Thm. 1]
that the commutant of A, : Ko — Ko is

{A@:K@%K@:@EHOO}

whence A, commutes with A,. By Lemma 4, it follows immediately that ¢ is an inner function
and ¢ = f/g, for some f,g € Kg. Thus f = ¢g = @I F,, where I, is the inner factor of g and
F, is the outer factor. A short argument now reveals that

Aﬂf:P@(TgSDIgFg) = Po(pFy) = pFy (51)

since the function ¢Fy belongs to H? and is orthogonal to @ H2. Indeed, since f belongs to
Ke we have, for any h € H?,

(pFy, ©h) = (plFy, O(Ih)) = (f,O(I4h)) = 0.
We conclude from (51) that ¢ is indeed the inner factor of a function from Kg.

(<) Conversely, let ¢ be the inner factor of a function from Kg. In other words, suppose that
there exists an outer function F of unit norm such that ¢F belongs to Kg. This implies that

[ApFll = [[Pe(pF)I| = lloFll = [[F] = 1

whence ||A,|| = 1. Thus ¢ is a norm-attaining symbol with respect to ©. |

Let us make a few important remarks concerning possible generalizations of the preceding
theorem. First observe that the (<) implication of Theorem 2 remains true for any inner
function ©. Furthermore, the (=) implication of the theorem remains true for general inner
© and ¢ € H* as long as the operator A, : Kg — Kg has a maximal vector. This occurs, for
instance, if A, is compact.

Corollary 3. Let © be a finite Blaschke product. If ¢ € H® is not a scalar multiple of a
Blaschke product, then ||Ay|l < |l¢ll.-

Corollary 4. If © is an inner function and ¢ is a finite Blaschke product of degree < dim Kg,
then ¢ is a norm attaining symbol for Kg.

Proof. Let A1, Ag,..., A, denote the zeros of ¢ and note that n < dim Kg. Consequently
there exists a nonzero function f € Kg such that f is orthogonal to the n kernel functions
kxy,kxys .-, ka,. In other words, there exists a nonzero function f € Kg which vanishes at
each A1, Aa, ..., \,. Since inner factors of functions in K¢ can be removed without leaving Kg,
we may assume that the inner factor of f is precisely . By the remarks preceding Corollary
3, it follows that ¢ is a norm-attaining symbol for Kg. [ |
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Example 12. If O is a singular inner function, then there exists a Blaschke product ¢ having
simple zeros such that ¢ is a norm-attaining symbol for Kg. Indeed, an argument using
Frostman’s Theorem [30, Thm. 3.10.2] (see also [15, Sec. 3.3]) produces many such Blaschke
products which occur as inner factors of functions in Kg. Now employ the observations made
prior to Corollary 3.

The following corollary of Theorem 2 (along with Corollary 2) tells us when we have equality
in (50).

Corollary 5. For a rational function v having no poles in 0D, the following are equivalent:

(i) AW) =T(v) = maxcean [¢(C)],

(ii) There exist a ¢ € C and finite Blaschke products By and By having no common zeros
and satisfying deg By < deg Bs so that

Proof. If we assume (i), then, adopting the notation from Corollary 2, we see that the symbol
@ = YO is norm-attaining with respect to Kg. Thus by Theorem 2 it follows that ©© = cB
where ¢ € C and B is the inner factor of some function f € Kg. Using the representation (10)
we find that
p(2)
f@) = "> (52)
Hj:l(l —Aj2)

where p(z) is a polynomial with degp < n = deg®. It follows that B is a finite Blaschke
product with deg B < n. The fact that © and B have no common zeros follows from the
definition of © from (6).

Conversely, if we assume (i), then 1) = cZ, where B and © are finite Blaschke products with
deg B < deg®. If A1, \a,..., A\, are the zeros of O (repeated according to multiplicity), then
every f € Ko takes the form (52). If we take p(z) to be a polynomial whose zeros are precisely
those of B, which is possible since deg B < n, then B will be the inner factor of a function
from Kg. By Theorem 2 it then follows that the symbol O is norm attaining with respect to
Ko. To conclude the proof, simply appeal to Corollary 2. [ ]

Example 13. In Example 6 we showed that

11 1
F<+ ); V5 1 6ls.

z 22

Observe that with (z) = 1/2z + 1/22, we have
max [$(0)] =2 > T(9).

ce
This strict inequality is expected since the rational function
z+1
v =25

cannot be written as By/Bs where deg By < deg Bs. Indeed, v is the quotient of the noncon-
stant outer function z + 1 and the finite Blaschke product z2.

Example 14. In a very similar way, we know from Example 2 that

1 1 1
r(+ > 6(7+\/?T7)z2.1805.

z z—1/2
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With ¢(z) = 1/z+1/(z — 3), a brief calculation shows that

max [(C)] = 3 > T(v).

As in the preceding example, the strict inequality is to be expected since

1
Ty

2(z—3)

P(z) =2

cannot be written in the form B /By where deg By < deg Bs.
Example 15. Let ¢(z) = z and

@(z):z<z_5>. (53)

1- %z
Since ||A;|| < ||z]|,, =1 and
A = [Po(zD)]| = ||=]| = 1,
it follows immediately that ||A.| = 1. That z is a norm-attaining symbol for Kg is to be
expected, since z is indeed the inner factor of a function from Kg.

This can also be verified by a direct computation. Using 8 = 1 in our recipe, we find that
¢; =1 and {3 = —1 whence w; = 1 and wy = —i. Putting this all together yields the modified
Aleksandrov-Clark basis
11-0(z2) V31-0(z)
n =g nl) =i
with respect to which A, has the matrix representation

3 i3
_ 4
Ma. = <_N5 1 )
4 4

which, via (38), has norm 1, as expected.

(Y

152 and let © as in (53). Using the data from the previous example,

V3
MAsa: V& 5 ’
8
1

71+ V3) % 0.683013 < 1 = ]| -

This is to be expected since ¢ is outer.

Example 16. Let ¢(z) =
we see that

Soo\»—l
W

oolut

which has norm equal to

8. Best constants

As an application of the identity
AW) =TW) = [Avell ko ke »

we can obtain the best constant in various pointwise estimates of the derivatives of H! func-
tions. Such estimates have been studied before [12, 20, 26, 27] (The papers [2, 4, 25, 36] contain
related results). using different methods and function theoretic language. Our discussion uses
operator theoretic language. To begin, first observe that the Cauchy integral formula [11, p. 40]
says that

! F(z)
FO()) = 7{ FeH!
N omi P o= /\)anz, e€eH", AeD. (54)
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This yields, via the inequality |z — A\| > 1 — |A| for |z| = 1, the pointwise estimate

|
P ()] < —

(G 1]y -

(55)

This is not the best that we can do, however. Going back to (54) we see that the best (sharpest)

constant ¢y » in the pointwise inequality

[FO ) < enn | Flly FeH, (56)
is
A n! r n!
o = (=) =T (=)
By Corollary 1, this constant is the operator norm of the truncated Toeplitz operator
A(17X237l+1 : Ko — Ko
where .
z—=2\"
O(z) = = . 57
©=(%) 7
Putting this all together, we obtain the following theorem:
Theorem 3. Forn=0,1,2,... and A € D, we have
n!
oA T 75 IxloNm1 T )
=y
where T is the (n+ 1) x (n+ 1) lower triangular Toeplitz matriz whose entries are
NI(E) ifi= g,
iy, = () ez (59
0 ifi <j.
Furthermore, an extremal function for A(ﬁ) when A =1 € (0,1), is of the form
1—7r2 | z—r z—r\"?
Flz)=(——= ..
(2) C(l—rz)2 _ozo+oz11_ i +o¢n<1_m) } , (59)

where ¢ is a certain unimodular constant and (ay, .. .,

Qo
aq

= |IT|?

Qp—1
Qo

ay) € CL s a unit vector solution to

(60)

Before proceeding with the proof of Theorem 3, let us make a few remarks.

(i) Once the unit vector solution (ag, a1, ..., ay) to

¢ in (59) is determined by the condition

1 n!
— ¢ " _F
2mi 72111) (z —r)ntl

(60) is fixed, the unimodular constant

(z)dz > 0.

(ii) Since the matrix (58) in the formula from Theorem 3 is a real Toeplitz matrix, its norm
can be computed by considering the corresponding selfadjoint Hankel matrix obtained

by reversing the order of its rows.

(iii) The theorem above was first proved by Golusin [20] using a function-theoretic approach.
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Proof. To prove (58) we may, by radial symmetry, assume that A = r € (0,1). Let © denote
!

the finite Blaschke product (57) and note that dim Kg = n + 1. Next, define ¢ = (szw SO

that |
n:
PEVO = g e

Recall now that the corresponding Takenaka-Malmquist-Walsh basis

{1)1,’[)2, e ,’l)n+1}
for K from (18) is given by

v1i—r? k—1

v(2) = (1irz)k(z—r)’ , 1<k<n+1,

whence the ijth entry [M];; of the matrix representation M = M, of the truncated Toeplitz
operator A, : Kg — Keg is

[M]ij = (Apvj, i) -
As we have seen, the matrix M is lower-triangular (see Subsection 5.1) so that [M];; = 0
whenever ¢ < j. Let us compute [M];; for i > j:

[M];j = (Apvj, vi) = (pvj, vi)
2 nl 1 (z—7r)~1(z— r)iil dz
a-g= §

p (1 —rz)ntl (1 —rz)d m’ z

— (1 —2 L‘ 1 (z — ’I")jfl (g _ ,,,)ifl 4i—1 .
=0 1{3@ (I=rz)ntt (1—=rz)d (1-7rZz)" 2 d

n! (z =7y~ (1—rz)it
1o !

1—rz)ntitl  (z — )t

z

! 1 1
=(1-r?)— — — . 1
( T )27TZ %(;]DJ (1 _ Tz)n+]7z+2 (Z — T)ijJrl dz (6 )

For p,q =0,1,2,..., an application of the Cauchy integral formula shows that
1 f 1 1 d (p+q—1)! rd
o (

2mi Jop (L= r2)P (z = 1)1 " Tql(p— 1)l (1 - r2)rFa’
Applying this identity with p =n+ j — i+ 2 and ¢ = i — j and continuing from (61) we find
that
(n+1)! ri=J
G—Dn+j—i+ 1)1 —r2)n+2

n! n+1\
= r
=i\

for ¢ > j. This yields the desired formula (58).

The second part of the theorem follows from Remark 1 and the fact that if f is an extremal

[M]ij = n'(l — 7”2)

function for F(#), then F = f? is an extremal function for A(W) n
Remark 2. The coefficients ay, . . ., a;, from (60) can also be computed by solving the R-linear
system
Qg Qi
aq Qp—1
Ty =17
Qp—1 aq
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To see this, notice that T is the matrix representation, with respect to the monomial basis

2 n—1 . .
) ) PARER ) . z z7
{1,2,z z"~ 1}, for the truncated Toeplitz operator A, : K » — K.n, where
n—1 n
k_k
z) = ",
o= (})
k=0
The isomorphism U : K,» — Ko, Uz? = Vj41, where v, is one of the Takenaka-Malmquist-
Walsh basis elements, shows that A, : K,» — K« is unitarily equivalent to A__ S Ko —
(I—rz)m

Ko. Moreover, the extremal vectors for each of these truncated Toeplitz operators get mapped
to each other via U. The extremal vector for A, on K.» can be solved by (47).

Example 17. Consider the simple case n = 0. Let

p(x) = ——, O(z)=

1=z C1—rz

zZ—=T

so that ¢(z) = 1/(z — r). Using the fact that the model space Kg is precisely the span of the
single function 1/(1 — rz), it follows from the Cauchy integral formula that

% oD z—=rT
1
172
Replacing r with |\|, where A € D, we obtain the sharp estimate
1
FO)| < ——F|,, FecH.
| ( )|— 1_|)\‘2 || ||1

In particular, this is a substantial improvement over the naive estimate (55). Moreover, the
preceding reproduces (using entirely different techniques) a result of Egervary [12] (see also
[26, 27]). An extremal function for the linear extremal problem A(-15) is simply

1- AP

(1—2A2)2
Notice how this is the square of the H? function

VI

f) = 1— Xz

which is a unimodular scalar multiple of an extremal function for the corresponding nonlinear
problem I'(-15).

F(z)=

Example 18. We now consider the slightly more complicated case n = 1. Using Theorem 3
1
C1 r =

we get
1 0
’ (1 —1r2)2 2r 1

Using (38), we find that the norm of the 2 x 2 Toeplitz matrix
1 0
= ( 2r 1 >
10\ _ .
|G 3 )=

is given by the formula
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whence

r+V1+r2
Clyp=———5—.
1, (1- 7*2)2
Replacing r by |\| and going back to (56) we establish the following sharp estimate:

Al + /14 |\
[F'\V)| < ——————5—|IFl,, FeH,
(1—1A))
This estimate was originally proved by Macintyre and Rogosinski in [26] using entirely different
methods.

An extremal function f for T'( (ZJT)Q) must be of the form

f=C¢(ar1v1 + azva),
where (| = 1, |a1|? + |a2|* = 1, {v1, v} is the Takenaka-Malmquist-Walsh basis

V1—r2 V1 —7r?

Ul(z) - 1—1rz

for

and (a1, az) satisfy

(%) 1)) -1Cs )
0 1 2r 1 as 2r 1
A Mathematica computation shows that

r+Vr2+1 o 1
\/(r+\/7‘27+1)2+1, i \/(r+\/r27+1)2+f

Thus an extremal function for A(ﬁ) is F' = f2.

a; =

Example 19. Macintyre and Rogosinski [27, Sec. 11] note several qualitative properties of
c2.r, although they do not compute it explicitly. Using our techniques, we can compute ¢,
explicitly. When n = 2, we apply Theorem 3 to get

car = T = r
(=232 30 1 (=11 o0 o

Using Mathematica to symbolically compute the norm of the preceding 3 x 3 selfadjoint Hankel
matrix, we find that cg , is ﬁ times the quantity

2 1 1
r? 4 S Vord + 2407 4 4 cos (§ arg <9r (6r5 + 247 4+ 117 +i\/3 (36 (r2 + 4) 2 + 109) 2 + 96) - 16)) +5
. . . ! .
As in the previous example, an extremal function f for T'(—2) is
(z=r)

f(2) = ((a1v1(2) + agva(2) + azvs(z)),

where ( is a certain unimodular constant,

V1—1r2 _ vi—-r2 _ V1—r? 9

ulz) = 1—rz
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and (a1, az2,a3) is a unit vector solution to

3r 3r2 aj 1 0

1 0 0 1 0 ay
3r 1 0 0o 1 3r a9 = 3r 1 0 a9
3r2 3r 1 0 O 1 as 3r2 3r 1 as
or equivalently
1 0 O ay 1 0 0 as
3r 1 0 as = 3r 1 0 ag
3r2 3r 1 as 3r2 3r 1 ar

Once the unit vector solution (a1, as,as) to the above system is fixed, the unimodular constant
( is determined by the condition that

1 2! )

Example 20. In a similar fashion we obtain

Gr =26 ||| 2008 152 6r 1
1574 20r% 1512 6r
6r° 1574 20r% 1512 6r

1 0 0 O
3 4 1 0 0
Gr=w— e ||| 62 4 1 0 ||
4r3 6r2 4r 1
1 0 0 0 O
i 51 0 0 0
Cap = ﬁ 1072 5r 1 0 0 ,
A= 1 100% 1002 50 1 0
5r4 1073 1072 5r 1
1 0 0 0 0
6r 1 0 0 0
5! 1512 6r 1 0 0
0
1

0
0
0
0
0
1

Unfortunately, evaluating these expressions explicitly in terms of r is prohibitive (if not impos-
sible). However, it is clear that these quantities can be computed numerically, for a specified
value of r, to arbitrarily high precision since this involves nothing more than computing the
eigenvalues of a selfadjoint Hankel matrix.

We also remark that if V' is the (n + 1) x (n + 1) matrix

0
1 0
V= 1 ,
0
1 0
then
T=(+rvV)"t. (62)

If 7, , is the norm of the Toeplitz matrix from (58) with |A\| = r (so that ¢, , = WTMT),

Golusin [20] (see also [23]) proved that for fixed n the function

T T
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is an increasing function on (0, 1) and

lim 7,, <2"h
r—1-

For an N x N matrix A, let
1/2

N
Al = | D 14is?
ij=1
denote the Frobenius norm (also known as the Hilbert-Schmidt norm) of A and note that
1
VN

(see [22, p. 314] for further details). Using this inequality and the definition of 7, ,, we get a
small improvement of Golusin’s estimate, namely

1 X n+1 2% 1z 2 n+1\2 2%k v
n+1Z(n+1—k) k: T < Tpr < Z(n—i—l—k) k; T .

k=0 k=0

1Al < Al < [|AllF

Going back to the simplistic estimate in (55), Corollary 5 implies that

n!

n!
con| (1=

(1 —r)ntl - ¢eaD . (63)

Cnyr <

9. Final comments

If ¢ belongs to L*°(0D) but is not necessarily rational, one can still consider the extremal
problems A(v) and I'(¢)). At this level of generality, several technical problems arise. To begin
with, there are functions ¢» € L for which the linear extremal problem A(%)) given by (2)
does not have an extremal function [11, p. 134]. In addition, we do not know if A(¢)) is equal
to I'(¢) nor do we know if it is possible for an extremal function to exist for A(¢) but not for
(). On the other hand, we still obtain the inequality I'(¢) < A(¢)) from (30).

When ) is continuous on 9D, it is known [23, p. 33| that an extremal function F' for A(v)
exists and that F' can be chosen so that |F'| > 0 on D. It follows, by noting that f := VF is
an extremal function for T'(¢)) (see Section 4 above), that A(y) = T'(y).

If ¢p € L*°(0D) such that there is an inner © (not necessarily a finite Blaschke product) for
which ¥© € H, then one can show that the proofs of Theorem 1 (i), Corollary 2 (i), and
Proposition 1 are still valid. In particular, this implies that

AW) =T (%) = [[Avell ke ke -

Using the remarks preceding Corollary 3, we can also show that if ¢ = /\%f7 where A € C and
I is the inner factor of a function f from Kg, then

AW) =T () = ¥l -

Unfortunately, any potential statements from our results concerning the existence and possible
uniqueness of extremal functions for I'(1)) must require different proofs since it is not clear
whether or not Aye : Ko — Ke has a maximal vector. Additionally, one does not necessarily
have a practical matrix representation for A,g with which to compute the norm.

We end with some results which begin to extend our work beyond rational .

Lemma 5. If ¢ € H® and © is an interpolating Blaschke product with zeros A1, e, ... (nec-
essarily distinct) then A, : Ko — Ko is compact if and only if lim, o p(A,) = 0.
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Proof. By Carleson’s Interpolation Theorem, it follows that the kernels &, form a Riesz basis
for Ko [29, p. 132-135] whence there exists a bounded invertible operator @ : I*(N) — Kg
such that Qe, = ky, for n € N. Here e,, denotes the n-th standard basis vector for I2(N).
Since A%ky, = ©(An)ka, (see (23)) for all n, it follows that Q™' A%XQe, = @(An)ey for all n.

Thus A7, is similar to the diagonal operator diag(¢ (A1), ¢(A2), . ..) on I?(N) which is compact
if and only if lim,, o (A,) = 0. []

Observe that if the associated truncated Toeplitz operator A, : Kg — Kg is compact, then
A, has a maximal vector and thus most of our proofs can proceed as before. In particular, we
get the following;:

Corollary 6. If ¢ = %, where o € H*, O is an interpolating Blaschke product with zeros
A, A2y and limy, oo ©(Ay) = 0, then A(y) = I'(¢) and there exists an extremal function
for T(¥)) and hence for A(3)).

Corollary 7. If ) = &, where p € H*®, © is an interpolating Blaschke product with zeros
AL, Az, .., and limy, oo (An) = 0, then A(y) = T(¢) = [[¢]| if and only if v = A5, where
A € C and I is the inner factor of a function from Kg.
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