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TRUNCATED TOEPLITZ OPERATORS ON FINITE
DIMENSIONAL SPACES

JOSEPH A. CIMA, WILLIAM T. ROSS, AND WARREN R. WOGEN

ABSTRACT. In this paper, we study the matrix representations of compressions
of Toeplitz operators to the finite dimensional model spaces H2 & BH?2, where
B is a finite Blaschke product. In particular, we determine necessary and
sufficient conditions - in terms of the matrix representation - of when a linear
transformation on H? © BH? is the compression of a Toeplitz operator. This
result complements a related result of Sarason [6].

1. INTRODUCTION

If H? is the classical Hardy space of the open unit disk D := {|z| < 1} and P
is the orthogonal projection of L? = L?(9D, df/2r) onto H? (see [3] for the basic
definitions), one defines for ¢ € L* the Toeplitz operator T, on H 2 by the formula

Ty f = P(of).
Recently, Sarason [6] initiated a study of truncated Toeplitz operators. These are
operators A, defined on the model spaces

Ky := H*n(WH?*)*,
where ¢ is an inner function, by the formula
Acpf = Py(of).

Here Py is the orthogonal projection of L? onto Ky. In other words, A, is the
compression of T, to Ky. In [6, Thm. 4.1], the set

Ty :={A,: ¢ € L? and A, is bounded}
is characterized as follows: A bounded operator A on Ky belongs to Ty if and only
if there are functions g1, g2 € Ky such that
(1.1) A=AJAA + 1 @k +k® go,

where

and h; ® hy denotes the rank-one operator
hy @ ha(f) = (f, ha)ha.

Though the condition in (1.1) determines which bounded operators on Ky belong
to Ty, it is difficult to apply since it depends on the existence of the functions
g1,92 € Ky. In this paper we will obtain, in the special case when Ky is finite
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2 JOSEPH A. CIMA, WILLIAM T. ROSS, AND WARREN R. WOGEN

dimensional, a more tangible condition. A finite n-dimensional model space takes
the form Kp, where B is a finite Blaschke product with zeros {a1,--- ,a,}. It is
well known that Kp consists of all functions of the form

_ p(2)
(1.2) f(z) = m

where p is any polynomial of degree at most n — 1. Furthermore,

03 e = L7 FOVEC)

is the reproducing kernel for Kz in that k) € Kp for all A € D and
fON) = (f,kx) VfeKp.

In the above formula, the inner product is the L? inner product

/f IdCI

where T := 9D. Using (1.2) and interpolating, it is easy to show that given distinct

points A1, , A, € D, the set {kx,, - ,ky,} is a basis for Kp. If we assume
that the zeros aj,--- ,a, of B are distinct, a (non-orthonormal) basis for Kp is
{kay» -+ , ka, } where
1
ko (2) = .
a’( ) 1—-ajz

By elementary linear algebra, the complex vector space of all linear transforma-
tions on K has dimension n?. By Sarason [6, Thm. 7.1], T has dimension 2n — 1.
This leads to the natural question as to which linear transformations on K g belong
to Tp. Our first theorem is the following.

Theorem 1.4. Let B be a finite Blaschke product of degree n with distinct ze-
r0S a1, ,an and let A be any linear transformation on the n-dimensional space

Kp. If My = (r;;) is the matriz representation of A with respect to the basis
{kays " ,ka,}, then A € Tp if and only if

! . — . . P
(15) 1y = <B(‘“)> <T“(‘“ @) 4 11,5(%; ‘“)), 1<i,j <ni# i

B’(ai) aj; — a4

Remark 1.6. (1) Theorem 1.4 says that the matrix representation of a trun-
cated Toeplitz operator is determined by the entries along the main diago-
nal and the first row. Notice how such matrices have dimension 2n — 1 as
they should since Tp has dimension 2n — 1.

(2) There is nothing special about the first row. For example, a similar result
can be obtained where the representing matrix is determined by the entries
along the main diagonal and the first column.

(3) The proof of this theorem will also yield an algorithm for determining the
symbol ¢ from the matrix entries.

(4) When n = 2, the matrix
1,1 T1,2
r2,1 T2.2
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is the matrix representation of a truncated Toeplitz operator with respect
to the basis {kq,, kq, } if and only if

B’(al)rlg = 7“2713’(@2).

Although {kq,,- - ,kq, } is a natural basis for K, it is not an orthonormal one.
An important orthonormal basis for Kp is the Clark basis {vc,,- - ,v¢, } which are
the normalized eigenvectors corresponding to the eigenvalues (; € T for the Clark
unitary operator U, where a € T. This is formed as follows: Since B is a finite
Blaschke product, it is analytic in an open neighborhood of D~ and hence, for each
¢ € T, the kernel function k¢ defines an analytic function on D. It is routine to
show that k- € Kp and

(L.7) f(Q)={fke) VfeKp.
For each o € T a routine exercise, using the fact that B’ never vanishes on T, will
show that there are exactly n distinct points (1,---,(, € T for which
a+ B(0
B(Cj)zi()7 =1,---,n.
14+ B(0)a
Another routine exercise will show that
ke, 1* = |B'(G)]
and so we form the normalized kernel functions
k
(1.8) Ve, = %
VIB'(G)l
The points (1, - -+ ,{, turn out to be the eigenvalues of the Clark unitary operator,
B(0) + « ~
1.9 Uy =A,+ ———(ko®k
(1.9) +1—\B(0)|2(0® 0)
with corresponding eigenvectors ve,, -+ ,vc,. (Here and for what follows below,
~ B(z) — B(\
One can show [6] that ky € Kp for all A € D.) Thus {vey, -+, ve, } is an orthonor-

mal basis for Kg. The operators U,, first explored by Clark [2], have been well
studied and generalized [1, 5]. By the spectral theorem, we know that the ma-

trix representation of U, with respect to this basis is diag(¢1,--+ ,(,). Our next
theorem replaces the basis {kq,, -, kq, } of kernel functions with the Clark basis
{UCU"' ’UCn}'

Theorem 1.11. Suppose B is a finite Blaschke product of degree n and o € T.
Let A be any linear transformation on the n-dimensional space Kp. If My = (r; ;)
is the matric representation of A with respect to the Clark basis {ve,, - , v, }
corresponding to «, then A € Tp if and only if

r.._wB'(cn(cj PSS S )
W12 o = e G VB e g T

forall1 <i,j<ni#7j.

Remark 1.13. (1) Exactly as in the previous theorem, the matrix representa-
tion of a truncated Toeplitz operator is determined by the entries along the
main diagonal and the first row.
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(2) The proof of this theorem will also yield an algorithm for determining the
symbol ¢ from the matrix entries.

(3) When n = 2, the matrix
T, T1,2
2,1 T22

is the matrix representation of a truncated Toeplitz operator with respect
to the basis {v¢,,ve, } if and only if

C17”1,2 = C27”2,1~

If we alter the basis {v¢,, - ,v¢, } slightly, we get even more. Indeed, let

B ; 1
(1.14) B4 := Li(o), wy 1= e~ 3(ar8(Cs)—arg(Ba)) e¢, ‘= ————=Wske, .
1+ B(0)a VIB'(G)]

Garcia and Putinar in [4] show that {ec,,--- ,ec,} is an orthonormal basis which
not only diagonalizes the Clark operator U, but has the additional property that
the matrix representation of any truncated Toeplitz operator with respect to this
basis is complex symmetric. A matrix M is complex symmetric if M = M?, where
t denotes the transpose. This next theorem replaces the Clark basis {v¢,, -+ ,v¢, }
with this new basis {e¢,,--- ,ec, }-

Theorem 1.15. Suppose B is a finite Blaschke product of degree n and o« € T. Let
A be any linear transformation on the n-dimensional space Kg. If My = (r; ;) is
the matriz representation of A with respect to the basis {e¢,, - ,ec, } corresponding

to a, then A € Tg if and only if M4 is complex symmetric and
(1.16)

_ VBl 1 wj R Ui .
ST GG\ Bt g @ T

forall1 <i,j<ni#7j.

Remark 1.17. When n = 2, the theorem says that any complex symmetric 2 x 2
matrix represents a truncated Toeplitz operator with respect to the basis {e¢,, ec, }.
This was previously observed by Sarason [6, §5].

In [6, §12], Sarason began a discussion on how the Clark unitary operators some-
how generate the truncated Toeplitz operators (see Remark 3.3 below). In finite
dimensions, we have the following result.

Theorem 1.18. Let B be a Blaschke product of degree n and let ay,as € T with
a1 # ao. Then for any ¢ € L2, there are polynomials p,q of degree at most n so
that

(1.19) Ay =p(Ua,) + q(Uay).

Remark 1.20. (1) Sarason in [6, Thm. 10.1] proves that p(Uy) € T for every
polynomial p and every « € T. In fact, Theorem 1.18 can be gleaned from
the proof of Thm. 7.1 in [6] along with the spectral theorem for unitary
operators.

(2) We will see in Remark 3.3 that, in a certain sense, one can compute the
polynomials p and ¢ in (1.19) from ¢.
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2. PROOF OF THEOREM 1.4
For a given ¢ € L?, decompose ¢ as
o=11+va+m+7, 1,¢2€Kp, m,n € BH.
Now write A, as
Ap=Ay 17 T Anitm
and notice from [6, Thm. 3.1] that the second term on the right is zero. Thus

(2.1) {Ayy gz i 0n s € K =T,
We are assuming that the zeros ai,--- , a, of B are distinct and so the functions
s B(z)
ka;(2) = e T Lym

form a basis for K.
From the above discussion and (2.1), T consists of A, where

)Jer]C_aJ

and c;,d; are arbitrary complex numbers. Combine this with the identity

n

(22) w0=3e (

(23) kx ®f]{vj>\=A B -

Z—A

[6, Thm. 7.1] and its adjoint to see that Tp consists of operators of the form
(2.4) > cika, @ ka, + Y dika, @ ka,,
j=1 j=1

where c;,d; are complex numbers.

In a moment, we will find the matrix representation of the above operator with
respect to the basis {kq,, - ,kq, }. Before doing this, we need a few formulas.
Using the reproducing property of k,; and the definitions of k,, (1.3) and ’lgaj
(1.10) we obtain

= _Jo, if 1 # = = 1
(25) <kai,kaj> - { B,(aj)y le — J a'nd <kaivka]‘> = 1_7@
We know, since {kq,, - ,kq, } is a basis for K, that

n

%aj = Z hs(aj)ka,

s=1

for some complex constants hs(a;). Using (2.5) one can compute hgs(a;) and get

. 1
2.6 ——k,,.
( ) Z / asa] s

s=1

U:J
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We are now ready for the proof in Theorem 1.4. Let A, be of the form in (2.4)
and let

(bs,p)lésypén = MAV

be the matrix representation of A, with respect to the basis {kq,,--- ,kq,}. We
want to show that

A — —
(2.7)  bsp= (B (a1)> (bl’s(al as) + b1p(% a1)> , 1<s,p<n,s#p.

B'(as) ap — Os

A computation with (2.4), (2.5), and (2.6) will show that

A k’ap =cC B’(a )kap + _ — J - kag-
v P Y SZ:; B'(as) ; (1 —asa;)(1 —apa,) :

Thus

- 1 n d:
bsp = cpB'(ap)dsp + —— S — .
P P p)Ys,p B'(a,) ]zz:l (1 —asa;)(1 —apa;)

The identities in (2.7) follow from the formula

1 —a; 1 ay 1

(I —@ay)(1 —apa;) G- 1 —Tea; @ —a5 1 —Gpa;
One direction of the proof is now complete.

For the other direction, let V' denote the set of all matrices satisfying (1.5). These
identities show that each M = (r; ;) € V is determined uniquely by its entries along
the diagonal and the first row. Furthermore, M is a linear function of these entries.
It follows that V is a 2n — 1 dimensional vector space. We have already shown via
(2.7) that

Vi = {MAw :Atp E‘TB} cVv

and, from Sarason’s theorem, V; has dimension 2n — 1. Therefore, V; = V. The
proof is now complete.

Remark 2.8. (1) Note that {Di, -+, Dy, Ra, -+, Ry} is an explicit basis for
V. Here Dy, = diag(0,---,1,0,---,0) and Ry is the matrix satisfying (1.5)
withri =1,r1; =0if j # k, and r; ; = 0 for all j. For example, if n = 3,

then
10 0 000 000
Di=(0oo0 o0, Ds=(010], Ds=|00 0],
00 0 00 0 00 1
0 1 0 -
B’(a1) (a1—a2)B’(a1)
Ry= | B(a) ((’ SN e
0 (as—as)B(as)
0 0 1 :
(ag—a1) B’ (a1)
Ry=| 0 0 {as=an)F(az)
B’(a1) (a1—a3)B’(a1) 0

B/(ag) (agfas)B/(as)
In the above, * denotes complex conjugation of all the entries of the matrix
(not the conjugate transpose).
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(2) It
1

= =—=kq; @ ka,,

B'(a;)
notice from the above proof that

J

P?=P;, Y Pj=I PP =06,;P;, Tg=span{P;,P}:j=1,-- n}.
j=1

Similar identities hold for
* 1 7
P] = mkaj ®ka]"

These identities exhibit the linear dependence of the set of 2n operators
{P;, Py :j=1,---,n}. Alittle work will show, for example, that the set
{P;,Pf:j=2,---,n;l=1,--- ,n} forms a basis for Tp consisting of rank
one idempotents.

(3) Using similNar techniques, one can compute A, from (2.4) with respect to
the basis {kq,," -, ka, }. In this case, the b, entry of this matrix is

n

1 Cj
bs. =d,B'(a 63 + T r a:
D D ( P) P B’(as) z_; (1 — asaj)(l — apaj)

and the necessary and sufficient condition for a matrix (r,,) to represent

(with respect to the basis {ka,,- - ,kq, }) something from Tp is
B'(a1) (11501 —as) +rip(ap —a1)
Ts,p = B/(as) ap —a, ) 1 < S, p g n,s 7ép

3. PROOF OF THEOREM 1.18

The following lemma can be gleaned from [6, Thm. 7.1]. We include a proof
here.

Lemma 3.1. Suppose wy,--- ,wo,—1 are distinct points of T. Then the rank-one
operators

kwl & k’IU17 U 7kw2n—1 Y k;w2n—1
are linearly independent.

Proof. Suppose ¢y, ,co,—1 are complex constants such that
2n—1
(3.2) > ejku, @k, =0.
j=1
Since Ky, , - - - , kw, are linearly independent, there is a g € Kp such that

<kw1ag>:1, <k1Uj)g>:0, ]:2’771
Apply to this g the operator on the left hand side of (3.2) to see that

2n—1
crky, + Z i (9, kuw,; ) kw; = 0.
j=n+1
However, the vectors Ky, , kw, 1, kw,,_, are linearly independent and so ¢; = 0.

Now take an appropriate g to show that co = 0 and so on. (]
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Here is the proof of Theorem 1.18. Let ay,as € T with a3 # ao. Let (1, ,(n

and 7y, -+ ,n, be the points in T so that
a1 + B(0 oo + B(0
BG) = oy = PO gy — = 28 B0
14+ B(0)oy 1+ B(0)az
Notice that the points (1, -+, (n, 11, - -, M are distinct and recall that {ve,,--- v, }
is a orthonormal basis for K of eigenvectors of U,, . In a similar way, {vy,, -, vy, }

is a orthonormal basis for Kp of eigenvectors of U,,. Let
Py =g @ug, Py i=vg, @ogy, j =100,

and observe that these operators are the orthogonal projections onto the eigenspaces
spanned by k¢, (respectively k,;). In [6, Thm. 5.1] it was shown, for any ¢ € T,
that

ke @ ke = Ak<+E—1
and so these projections I, ;. also belong to Tp. Furthermore, by the spectral

theorem for unitary operators, we have, for any analytic polynomials p and ¢,

n

p(Ual) = ZP(CJ')UQ ® V¢ q(UOéz) = Zq(nj)vﬁj ® Un; -

Jj=1 Jj=1
and s0 p(Uy, ), q(Us,) € TB.
Then, to show that
Tp = \{(Ua)', (Uay)?, 1 <y j <},

it suffices to prove that

Tp = \/{P,. Py, :j=1,--- ,n},
which follows directly from Lemma 3.1 and the fact that 75 has dimension 2n — 1.

Remark 3.3. (1) Theorem 1.18 says that any A, takes the form p(Uy, )+q(Ua, )
for some polynomials p and q. We remark here that we can determine p
and ¢ from the symbol ¢ provided it is chosen in a particular way. To see
how to do this, notice in the proof of Theorem 1.18, how we have shown
that

\/{kcj @ k¢, by, @ky, :j =1, ,n} =Tp.
In fact any 2n — 1 of these will form a basis for Tp. But since
k?g‘ (9 k‘g = Akg+§—17

every operator in Tp can be written as A, where
n

o= cilke, + ke, = 1)+ > dj(ky, +Ep, —1).

Jj=1 Jj=1

Choose polynomials p and g of degree at most n for which

p(G) =\/IB'(Glej, alng) =+/IB'(m;)ldj, j=1,---,n.

Then we have
Aap = p(Ual) + Q(Uafz)'
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Indeed, from the spectral theorem,

n n

P(Uay) = Zp((:j)'UCj @ V¢ qUa,) = Zq(nj)vm & Uy, -

j=1 j=1

The result now follows.

Sarason [6, § 12] began a discussion on how the Clark unitary operators
generate Ty for a general inner function ¥. He used the Clark theory and
some recent results of Aleksandrov and Poltoratski to prove, for a bounded
Borel function ¢ and an inner function ¥, the following integral formula:

|da|
3.4 A, = Ua 5
(3.4) o= [owa)5
where the above integral is understood in the weak sense, i.e.,
|da
<A<pf7g> = <¢(Ua>fvg>277 fugeK'ﬂ‘
T us
When ¢ € L? (not necessarily bounded), there is also a version of this
formula, although it must be interpreted in a very special way. Sarason
also proves that Ty is closed in the weak operator topology. Is it the case
that
(3.5) Ty = \/{q(Ua) : ¢ is a trigonometric polynomial; o € T}?

In the above, \/ is the closed linear span in the weak operator topology.
This is certainly true when ¢ is a finite Blaschke product (Theorem 1.18).
In order to prove (3.5), it suffices, by means of (3.4), to prove that {A, :
p € L™} is dense (weak operator topology) in Ty. As mentioned earlier, it
is unknown whether or not the above set is actually equal to Ty.

4. PROOF OF THEOREM 1.11 AND THEOREM 1.15

Fix a1,a9 € T with a1 # as. Let {¢;,n; : j = 1,--- ,n} be the points of T for

which
B(Cj)zﬁap B(nj):ﬁaw j=1,n.
We know from Remark 3.3 that any member of Tp takes the form
> ik, @k, + Y djky, ® Ky,
j=1 j=1
for some complex constants c;,d;. Let e, = wsv¢,, where

(4.1) w, = e $@rE(C)—arg(Ba,)

To prove Theorem 1.15, let us compute

< Z cike, ® ke, + Z djkn; ® kn; | ec,, e§s> )

Jj=1 Jj=1

the matrix representation of this operator with respect to the basis {e¢,, -

c€¢, )
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Since {e¢,, - ,ec,} is an orthonormal basis for Kp, every f € Kp has the
‘Fourier’ expansion
n
f(z) =) (fec.)ec.( (2)
2 Z T
and so

_ - S(6)9(G)
(42) <f’g>_; |B/(Cs)| ’ f,geKB
First notice that

_ Ws Ws |B/(Cs)a ifs:q;
e 6) = ke @)= { Hese

From the above inner product formula in (4.2), we have

" (ke @ ke e ec¢, (¢q
T

q=1

= ((k€_1 ® k(j) )(CS)

~ VB G

Ws

= B0 |\/|B, @ cp(Cj)kcj(Cs)
s) p
:{ |B'(¢s)1, 1f5*p*j;

0, otherwise.

IB’( sl

<eCp7 ij >ij (CS)

In a similar way,
Ws

Wp
((kn; © ko, )ec, s ec.) VB (G)] \/‘B/(Cp ka (15)kn, (Cs)
™ w1 BGIEm) 1~ BbG
\/‘B/(CS)‘ \/‘B/(Cp Cpnj 1 —m5Cs
— W Wp 1- leﬁaQ 1- @ﬁoa
VIB(CVIB (G 1=Gny 1= TG
-, 2 Ws Wy 1 1
=Pl B B G 1= G 1%
=1 — BayBa,|? Ws Wp L 17 (=n;)%p
S VB COTVIB (G L = Gy L =156 (=15)Gp
Wy wpCp 1 1

_T]j‘l - ﬂazﬂm |2

VIB' (GO VIB (G 15 = s mj = Gp
The definition of w,, from (4.1) yields the identity

Use this identity to manipulate the last line of the above expression to

Ws w, 1 1
_5a177|1 Bazﬁal‘Q W P .
’ VIB VB ) m5 = Csmj — G
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Putting this all together, we get

n n
Z cike; ® ke, + Z djkn; @ ky; | ec, e,
j=1 j=1

w, 1 1

\/IB’ (I VIB ()l 5 = s i = G-

= ¢p| B'((p)|ds,p — B [1 = ﬁazﬁa1| 277] J

Using the partial fraction decomposmon
1 1 ( 1 1 )
i —Csmj — Cp G—C\ni—C 1 —C ’
one can verify the identities in (1.16). Thus the matrix representation of any
truncated Toeplitz operator - with respect to the basis {e¢,, - ,ec, } - satisfies the
conditions in (1.16). The proof of the converse is nearly the same as the proof of

the converse in Theorem 1.4.
Using similar calculations as in the proof of Theorem 1.15, one proves that

chij ® ij + Zdjkm ® km‘ V¢ V¢,
j=1 j=1

1 ¢ 1 1

VIB'COIVIB G 15— Csmi = G
Now follow the rest of the proof of Theorem 1.15 to prove Theorem 1.11.

= ¢ B'(()|0s,p = Boo |1 = Baas oy | an J
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